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Preface 


The early books on stability of structures by S.P. Timoshenko, and F. Bleich treat a variety 
of problems normally encountered in engineering. However, the discussion in these excellent 
texts is limited to classical techniques and to metallic materials. In view of the rapid advance- 
ment in computer technology and the development of new techniques for solving engineering 
problems, the classical techniques have become purely of academic interest. Further, new 
materials such as fibre reinforced composites are increasingly being used because of the 
many advantages they have over the conventional metallic materials. 

Today, the numerical techniques, for example, the finite element and finite difference 
techniques, are extensively applied for the solution of real-life problems. Accordingly, a large 
number of good books covering such techniques is available. However, each presents the 
applicability of only one or the other technique to structural stability problems. This text, on 
the other hand, lucidly discusses the structural applications of both the categories of techni- 
ques, i.e., numerical and classical, and, in the process, also compares their performance. It 
essentially consists of two ‘sections’. In one, mainly the one-dimensional structures, viz., 
columns, beams, and frames, are studied and, in the other, the two-dimensional structures, 
namely, plates, are dealt with. In both the sections, the elastic and inelastic behaviour of the 
structures is analyzed. The emphasis throughout is on the illustration of the techniques 
through numerous worked-out numerical examples. There is a conscious effort to present 
the results in a nondimensional form so that these results are applicable for different 
materials, including composite materials. 

The text is specially designed for the undergraduate/graduate in aeronautical, civil, and 
mechanical engineering. It would also be useful to the practising engineer. 

I am indebted to my graduate students, M.K. Patra, P.J. Soni, and S.P. Joshi, for the 
help they extended in solving the numerical problems. Also, the financial assistance granted 
by the Quality Improvement Programme established by the Ministry of Education and Culture 
at the Indian Institute of Technology, Kanpur, for the preparation of the manuscript is 
gratefully acknowledged. Finally, I am extremely thankful to my wife, Leela, and sons, Garud 
and Raghuram, for the patience they showed while I was busy completing this effort. 


N.G.R. Iyengar 


1 
Elastic Buckling of Columns 


11 INTRODUCTION 


The design of any modern structural system, for example, an aircraft, a rocket, a tall struc- 
ture, and a complicated machine, depends on a large number of factors, namely, the eco- 
nomic aspects, material availability, response of each structure of the system to static and 
dynamic loads, temperature effects, and so on. The designer is interested in arriving at an 
optimum design, taking into consideration all these factors. 

Structural analysis is normally concerned with the behaviour of a structure or the ele- 
ments of a structure under the action of external loads. The two important questions usually 
asked when analyzing a structure are: 


(i) What is the response of the structure when subjected to external mechanical loads 
and/or temperature changes? In other words, if the external loads are known, can we find 
the deformation pattern of and the internal stress distribution in the structure? 


(ii) What is the nature of the response of the structure? In other words, is the equili- 
brium of the structure stable or unstable? 


An understanding of (i) and (ii) is necessary for designing a safe structure. 

In many instances, instability is not directly associated with the failure of the overall struc- 
ture. For example, in an aircraft, if the skin wrinkles or a stringer locally buckles, the entire 
fuselage or wing does not fail. However, if a portion of the fuselage between two adjacent 
rings becomes unstable or a wing pane] becomes unstable, the entire fuselage or wing 
fails catastrophically. Thus, stability also plays an important part in designing a structure. 

A structure may have two kinds of failure, namely, (i) material failure and (ii) form failure. 
In material failure, the stresses in the structure exceed the specified safe limit, resulting in the 
formation of cracks which cause failure. In form failure, though the stresses may not exceed 
the safe value, the structure may not be able to maintain its original form. Here, the struc- 
ture does not fail physically but may deform to some other shape due to intolerable external 
disturbance. Further, form failure depends on the geometry and loading of the structure. It 
occurs when the conditions of loading are such that compressive stresses get introduced. To 
understand the cause of this failure, we need to know not only the equilibrium of the struc- 
ture but also the nature of the equilibrium. When the magnitude of the load on a structure 
is such that the equilibrium changes from stable to neutral, the load is called the critical 
l oad (or the limiting load at which the straight configuration of the structure ceases to be 
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stable). This phenomenon of change of equilibrium is called the buckling of a structure. The 
term “buckling load” is used synonymously with ‘“‘critical load’’. However, there is a subtle 
difference between the two terms. The latter defines the load, obtained theoretically, for an 
ideal structure, whereas the former is the load, obtained actually, for a real structure. The 
two may differ depending on the idealization. 

Even a simple structural element under an axial compressive loading behaves in a com- 
plex manner. In structural design, all types of structural sections are used. These can be 
broadly classified as closed sections and open sections. The instability of these sections depends 
on (i) flexural rigidity E/, (ii) torsional rigidity GJ, (iii) position of shear centre with respect 
to the centre of gravity, (iv) symmetry of cross-section, and (v) material behaviour. In order 
to study the behaviour of a column and to investigate the effect of each of these para- 
meters, it is advisable to start with a simple model and then improve it by making realistic 
assumptions. In so doing, the questions that arise are: Why does the column buckle? And 
how is the load to be estimated? These questions can be easily answered if we ascertain 
whether there is any equilibrium configuration other than the straight one. Such a probe 
could be conducted in several ways (depending on the method of generating the alternative 
configurations). 


1.2 STABILITY CRITERIA 


The techniques for generating alternative configurations can be broadly classified as static 
and dynamic. Such methods as use the equilibrium (Euler) approach, energy approach, 
and imperfection approach are called static. The method using the vibration approach is 
termed as dynamic. In what follows, we shall discuss each of these approaches. 


1.2.1 Equilibrium Approach 


The equilibrium approach deals with the equilibrium configuration of a perfect system. As 
we have already stated, the behaviour of a column under an axially compressive load is 
fairly complex. We shall therefore first study the behaviour of an idealized column, the 
Euler column. 

The column shown in Fig. 1.1 is assumed to have a uniform cross-section throughout the 
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Fig. 1.1 Simply-Supported Column under Axial Load. 
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length and to be made of a homogeneous material. We shall derive the equilibrium equation 
for this column by assuming that 


(i) the column is axially loaded, i.e., the centre of gravity of loading passes through 
the centre of gravity of the cross-section, 


(ii) the material is linearly elastic, 
(iii) the deflections are small (v < Ah), and 
(iv) the ends are simply-supported, 
where »v is the transverse displacement and h is the thickness of the beam. 


In view of assumption (iii), the moment-curvature relation becomes linear and can be 
written as 


d*y 
M= — Ele (1.1) 
where M is the bending moment and / is the second moment of area. For a deformed shape 
to be in equilibrium, the internal resistive moment and the external moment must be equal. 
The external moment is Pv. Hence, 


d?y/dz? +. ky = 0, (1.2) 


where k? = P/(EI). Equation (1.2) is a linear homogeneous differential equation with cons- 
tant coefficients. The most general solution for v can be written as 


v = Asin kz + Bcos kz. (1.3) 

The constants A and B are evaluated from the boundary conditions, which are (see Fig. 1.1) 
jf 

EI55=0 (=0,L), (1.4) 

v=0 (z = 0, L). (1.5) 


Relation (1.4) is identically satisfied in view of Eq. (1.2) provided Eq. (1.5) is satisfied. 
Using relation (1.5), we get 


B= 0, (1 .6a) 

A sin kL = 0. (1.6b) 
Relation (1.6b) can be satisfied in two possible ways, namely, 

A=0 or sin kL = 0. 


If A = 0, then we arrive at a trivial solution, that is, the straight configuration, which is 
known to be in equilibrium under any axial load. Hence, A cannot be zero. If sin kL = 0, 
then 


kL= nv, (1.7) 
where 7 = 1, 2,3... . The load P and the deflected shape are then given by 
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P = n*r*E]I/L?, (1.8) 
v = Asin we (1.9) 


Relation (1.8) gives the axial load P at which the column can be in equilibrium even when 
in a slightly bent form, as shown in Fig. 1.1. This load can have infinite discrete values. 
Each such value gives the critical load. The load P; corresponding to n = 1 is called the 
first critical load for n = 2, and so on. 

The deflected shape or the mode shape of buckling is given by Eq. (1.9). However, here 
the amplitude of deflection is indeterminate since A can have any value. A problem yielding 
such a solution is governed by a linear homogeneous differential equation and homogeneous 
boundary conditions and is characterized as an eigenvalue problem. In Section 1.6, we shall 
show that this is true only when a small deformation is considered. 

The value of P, obtained by setting 7 = 1, is 


Po = WEIN L?. (1.10) 


This load is known as the Euler load. It is the smallest load at which a column ceases to 
be in stable equilibrium. Figure 1.2 shows the load versus displacement curve for a column. 
As can be seen, up to the critical load, the 
column remains straight. At the critical load, 





the equilibrium bifurcates, that is, the column 
can remain straight or can have any displace- 
ment. The critical load marks the transition 
from stable to unstable equilibrium. Per 
From the design point of view, critical stress 
is important. It is defined as 
P; n*n?EI 
Ce = = T2A (1.11) 
or Umax 
nnE -Di 
aia pe (1.12) Fig. 1.2 Load-Displacement Curve. 


where p? = //A. 
The mode shape of a column for different values of n is shown in Fig. 1.3. 
In view of our foregoing analysis, we can make the following observations: 


(i) For a column, the stress at buckling is directly proportional to the elastic modulus 
of the material and second moment of area, and inversely proportional to the Square of the 
axial length. Thus, the critical load will decrease as the length increases for columns of the 
Same material. Further, the higher the slenderness ratio, defined as L/p, the lower the 
critical load. 

(11) For a column of given cross-sectional area, the critical load can be increased by 
increasing J. This can be achieved by removing the material from the central portion of the 
column and spreading it away from the centre. Thus, for a given cross-sectional area, a 
hollow cross-section can resist a load higher than a solid section. 
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Fig. 1.3 Mode Shapes of Buckling. 


(i11) For a column having specified dimensions, the critical load can be increased by 
choosing a material with a higher elastic modulus. 


It should be noted that the equilibrium approach is characterized by the fact that there 
exist discrete values of the load at which additional equilibrium configurations appear in the 
neighbourhood of the trivial one. 


1.2.2 Energy Approach 


The energy approach is based on an extremum principle in mechanics which employs an 
energy criterion and is characterized by the condition of equilibrium in an elastic system. 
The energy criterion can be used to arrive at the critical load at which the response of the 
system ceases to be in stable equilibrium. In addition, in situations where the exact solution 
of the differential equation is not possible or is difficult to obtain, the energy approach 
can be applied to get a good approximate solution since this approach has the inherent 
ability to converge to the exact solution if a large number of terms are taken to represent 
the deflection shape. 


Statement A conservative system is in equilibrium when the energy stored is equal to the 
work done by the external loads. 


Consider a column subjected to an axial load P. When the bar bends, the two ends tend 
to approach each other and there is a loss of potential energy. At the same time, the column 
develops bending energy. The external virtual work 6W, is given by 


dW, = 2 pjori, (1.13) 
where 67; represents the virtual displacement of the point of application of force P; projected 


along the line of action of P;. The strain energy 5U is due to the internal work. The principle 
of virtual work can then be expressed as 


SU — 8W, = 0. (1.14) 


Normally, the increment in the external work due to a virtual displacement is represent- 
ed as a change in potential energy as 


8V, = —8W.. (1.15) 
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Accordingly, Eq. (1.14) can be rewritten as 


6(U + V.) = 0 
or 

5(17,) = 0. (1.16) 
Hence, 

U + V. = IT, = constant. (1.17) 


The quantity U + V, = II, is referred to as the total potential of a system. Further, 
Eq. (1.17) is the energy criterion from which the limit of elastic stability can be determined. 
For the column we have just discussed, the strain energy U and the potential energy V, are 
obtained as follows. 

Assume that the column is slender and neglect the effect of shear deformation. Then, the 
strain energy stored in the column is due to bending alone, and is given by 


U=} | __ oits do, (1.18) 


where a, and e, are the bending stress and bending strain along the axis of the bar. Substi- 
tuting for o, from the constitutive equation, we have 


L 
ie + | | Ee? dz dA. (1.19) 
0 JA 
The strain e, at any point in the cross-section is given by 
d2y 
¢. = IT? (1.20) 


where y is the distance from the neutral axis. In view of Eq. (1.20), the strain energy U can 
be written as 


U=} | By2(42) dA dz (1.21) 
OJA dz* , 
Integrating with respect to the area A, we get 
U= | ” pney 4 1.22) 
=} » Gp Z: (1. 


The potential energy V, is given by 
e = —PAL. (1.23) 


To evaluate V,, it is necessary to obtain an expression for 4L, the distance by which the 
ends of the column come closer as a result of bending. From Fig. 1.4, 4Z is equal to the 
difference between the curved length S and the straight length JZ, i-e., 


4L=S—L. (1.24) 
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Fig. 1.4 Deformed Configuration of Column. 


The curved length ds of a differential element dz is given by 
ds? = dz* + dv? (1.25) 
or 


ds = (1 + Gy”. (1.26) 


Integrating both sides of Eq. (1.26), we obtain 


e 1/2 
s=| i + Oy dz. (1.27) 


Expanding the integrand by means of the binomial theorem and retaining terms only up to 
an order of (dv/dz)*, we get 


ApS h34 E (2? de (1.28) 


Using Eq. (1.23), we can obtain V, as 


L dow 
Ve= -5 |, Gy 4 Z. (1.29) 
Hence, the total potential I7, is given by 
EI dv. P.dv., 
1, =U+¥.=[ (Gay — 5G a. (1.30) 


For small values of P, 7, is positive in any nontrivial admissible function v(z). For suffi- 
ciently large values of P, IJ, is negative, making the equilibrium configuration unstable. 
Thus, the energy approach is characterized by the question: What is the value of the load 
for which the total potential of a perfect system ceases to be positive definite? 

The critical load can be obtained from Eq. (1.30) by assuming a suitable admissible 
function for v and integrating it over the entire domain. For the structure considered in 
Section 1.2.1, v(z) can be taken to be 


v(z) = Asin =. (1.31) 


Relation (1.31) satisfies all the four boundary conditions, namely, (1.4) and (1.5). As we 
shall subsequently see, in most situations, a number of terms have to be taken in the 
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representation for v. Substituting for v and integrating it with respect to z, we get 
Pop = 77 EI L2. (1.32) 


This result is the same as that given by Eq. (1.10) since the approximating function v(z) we 
have taken happens to be the exact function for the differential equation (1.2). This need 
not be true in most situations. In fact, it is not. 


1.2.3 Imperfection Approach 


In our discussion so far, we have assumed that the column is perfectly straight and the 
loading axis passes through the centre of gravity of the section. This is not so in a real-life 
structure. Both imperfection of shape and small eccentricity of loading are present in an 
actual structure. It is therefore worthwhile that we study imperfect columns and establish 
the criterion for predicting the critical loads of perfect columns. 


Initially bent column 


Assume that the column is initially bent (see Fig. 1.5). 
Suppose that all the other assumptions made in Section 1.2.1 
are valid. The initial deformation of the column is vp and 


Initial 
its final deflected shape as measured from the straight con- ae 
figuration is v. 
Let us assume that the initial bent shape is given by D pe 
VU = 2 an sin eae (1.33) 
n=1 L 
Since bending strains are caused by a change in curvature, 
the internal resistive moment at any section is 
2 Y,v 


d 
M = —EI55(0 — »). (1.34) 


Equating this to the externally applied moment Pv, we get 


d*v dy 
El73 + Po= EI. (1.35) 





Fig. 1.5 Column with 


Substituting for vp from Eq. (1.33), we obtain Pula Cuivature: 


d’y 2 MM, ANZ 
El + Pv = —El = a7) sin =. (1.36) 
The solution of Eq. (1.36) is 
v= Asin kz+ Boos kz+ Up; (1.37) 


where k? = P/(EI) and », is the particular integral. Let 


v= 5 F,sin 27”. (1.38) 
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ANZ NTZ 


— z F,) s sin 7. +e —— Zz F,, sin aie =— z a(-)? sin Tr (1.39) 
Considering only the n-th term, we have 
a, a, 
F,= PoE Sa (1.40) 
- EI nx? “ts Py. n 
where Pe = 7E]/L?. The total deflection » can then be written as 
, Qn nnZ 
v = Asin kz+ Bcos kz + 2 ——5~ sin =-- (1.41) 


The arbitrary constants A and B in relation (1.41) are evaluated from the boundary 
conditions. The condition 


v=0 (z = 0) 
leads to 

B=0, 
and from the condition 

v=0 (z = L), 
we get 


A sin kL = 0. 


This implies that A = 0. Hence, v can be written as 


Qn - ANZ 
v= Gee sin nde (1.42) 
PE n2 


Considering a single-term representation for the deflected shape, we can express the deflec- 
tion at the midpoint of the column as 


o(z = L/2) = (1.43) 


[= PP 
As P -> Pg, that is, the load applied approaches the Euler load for a perfect column, the 
deflection at the midpoint tends to infinity. Thus, we can define the critical load of a perfect 
column as the load at which an imperfect column develops an infinite displacement. 
At this stage, it should be noted that the problem of an initially bent column is not an 
eigenvalue problem since, for every load, there is a definite displacement. 
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Eccentrically loaded column 


In many situations, the centre of gravity of the section and that of the loading may not lie 
along the same axis. This means that there is an 
eccentricity in the loading. It may exist at both P 
ends, or at only one end, of the column. 1 
Figure 1.6 shows an eccentrically loaded column. 
It is assumed that the member is_ initially 
straight. The presence of moment due to eccen- 
tricity at one end gives rise to the reaction Pe/L 
at both ends of the column because the column 
is hinged, as shown. Equating the internal 
resistive moment and the external moment, we 
can write 

Pe 


ESS + Pu = — =z. (1.44) 


The boundary conditions are 
= 0 (z = 0), 
v=0 (21). 


Equation (1.44) is a nonhomogeneous ordinary Fig 1.6 Eccentrically Loaded Column. 
differential equation with constant coefficients. 
Its solution is 


(1.45) 





v=Asinkz+ Bcoskz+,. (1.46) 


The arbitrary constants A and B here are obtained from the boundary conditions. Follow- 
ing a procedure similar to that described earlier in this section, we see that 


sin kz 
oF a EE KL — pe : 


v—>o(0<2z< L) for kL->7, i.e., when the external load corresponds to the critical load 
of a perfect column, the deflection tends to be very large. This observation is similar to the 
one made earlier in this section. 

Once again, it can be noted that the problem no longer remains an eigenvalue problem. 


(1.47) 


1.2.4 Dynamic (or Vibration) Approach 


We have so far been assuming that the load is gradually applied such that static 
equilibrium is maintained at every increment of loading. Consider now a perfect column 
which is disturbed laterally throughout its length. As the column starts oscillating, inertial 
force, in addition to static force, develops. This inertial force has therefore to be included 
in the equation of equilibrium. This is done by invoking D’Alembert’s principle which states 
that a body, not in static equilibrium by virtue of some acceleration it possesses, can be 
brought into static equilibrium by introducing the inertia force; this force can be considered 
to be equivalent of the external force. This inertia force is equal to mass times the accelera- 
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tion of the body and acts through the centre of gravity of the body in the direction opposite 
to that of acceleration. 
Differentiating Eq. (1.2) twice with respect to z and assuming that E/ is constant, we get 


dy _@ 
Ele + P55 =0. (1.48) 


(In Section 1.4, we shall develop this equation from the first principles.) Equation (1.48) 
gives the equilibrium of static force. For a dynamic problem, following D’Alembert’s 
principle, the equilibrium equation for the bent configuration is 


aye g 
Elz + PSS + ms5 = 0. (1.49) 


Here, we have used the partial derivatives since v is a function of z and ¢; m, defines the 
mass per unit length of the beam. 

Consider a uniform column, hinged at both the ends. The governing equation of such a 
column is given by (1.49); this is a linear partial differential equation with even order deri- 
vatives, and therefore we can look for a variable separable solution in space and time. Let 
such a solution be given by 


o(z, t) = By (A, COS wat + B, sin wat) sin —, (1.50) 


where w, is the natural frequency of the n-th mode. Substituting Eq. (1.50) in Eq. (1.49), 
we have 


n'n4 n?272 
Esq — Py — mun = 0 (1.51) 
or 


5 nm? na? 


mow = Fy (EI-z- — P). (1.52) 


Considering only the fundamental mode, we find Eq. (1.52) reduces to 


2 2 
myw? = THE — P) (1.53) 
or 
2 2 
Myo, = TilPee — P), (1.54) 


where P,, = 7*EI/L? is the Euler load for the hinged end column. The three cases that now 
arise are (i) w? = 0, (ii) w? < 0, and (iii) w7 > 0. 

(i) When P > P,,, w? > 0. This means that as the applied load approaches the Euler 
load, the natural frequency tends to 0, and is zero at P = P,. 


(ii) If P > P.,, w? < 0. This implies that the deflection increases with time. In such a 
situation, the column is said to be unstable. 
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(iii) If P < Py, w? > 0. This means that the disturbance does not die out or amplify, 
and the column keeps on oscillating. 


Thus, as we have seen, the dynamic approach suggests a criterion for evaluating the load 
at which the column develops a steady configuration. 


1.3 SUMMARY 
We can summarize the various approaches for estimating the critical load of a column as 
follows: 

(i) Euler approach Is there any configuration other than the straight configuration 
in which the column is in equilibrium? 

(ii) Energy approach When is the column neutrally stable? 


(iii) Imperfection approach When does a column with initial imperfection develop 
infinite displacement? 


(iv) Dynamic approach Assuming that the column is initially set into oscillation, when 
does it cease to oscillate? 


One of these approaches can be used to estimate the buckling load of a column, depending 
on the ease with which it can be applied. In what follows, we shall detail some of these 
techniques. 


1.4 HIGHER ORDER GOVERNING EQUATION 


The second order differential equation, i.e., (1.2), we derived in Section 1.2.1 cannot be 
applied as it is for boundary conditions other than simple supports. In this section there- 
fore, we shall derive a general governing equation which is applicable for all types of peuns: 
ary conditions. 

Consider a uniform column subjected to an axial load P, as shown in Fig. 1.7a. Further, 
suppose that the assumptions made in Section 1.2.1 are still valid. Isolating a small element 
dz and indicating all the possible forces and moments (see Fig. 1.7b), we have, from the 
equilibrium of transverse forces, 


v4 de —V = 


or 
dV/dz = 0. (1.55) 


From moment equilibrium, we obtain 
—-M4+ 4 at vider SZ Y dz + Pdv=0. 
Simplifying, we get 


dM dv 
~My v4 PB a0. (1.56) 
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(a) Column under axial load 


M 
P 
dM 


dV 
V+ oe dz 
dz __—»| 


(b) Forces acting on element 


Fig. 1.7 Column with Internal Forces. 


Eliminating V by differentiating Eq. (1.56) with respect to z and using Eq. (1.55), we have 
d? dy 


Substituting for M from Eq. (1.1), we find that 


d* dv dy 
Gp lEl 3) + Py = 0. (1.58) 


Equation (1.58) is the governing equation for any column under axial load. For a non- 
uniform column, it is rather difficult, if not impossible, to obtain a closed-form solution. 
For a uniform homogeneous column, Eq. (1.58) reduces to 


d‘y dy 
El 4 + Pa == 0, (1.59) 
Unlike Eq. (1.2), which is the moment equilibrium equation, Eq. (1.59) is the transverse 
force equilibrium equation. The latter can be thought of as representing a beam loaded 


transversely, the load term q being replaced by a fictitious load given by (—P d?v/dz?). 


1.5 ANALYSIS FOR VARIOUS BOUNDARY CONDITIONS 


In what follows, we shall use Eq. (1.59) to estimate the critica] loads for columns with 
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different boundary conditions. Chajes [1] has also dealt with such problems. However, our 


approach here is slightly different from that he has presented. 


Both ends clamped 


If a column is clamped at both the ends, as shown in Fig. 1.8, the boundary conditions are 


v=0 (z = 0, L), 


(1.60) 
dv/dz = 0 (z = 0, L). 


Using a nondimensional parameter €, defined as € = 2/L, 
we see that Eq. (1.59) and the boundary conditions (1.60) 
reduce to 


a ef: wa 0, (1.61) 
1 dv 


where A? = PL*/(EJ) is a nondimensional buckling para- 
meter. Since the differential equation (1.61) and the 
boundary conditions (1.62) are homogeneous, the prob- 
lem here is an eigenvalue problem. The most general 
solution of Eq. (1.61) is 


v = C; CoS AE + cy sin AE + C3E + C4. (1.63) 


The arbitrary constants ci, c2, cz, and cq here are evaluated 


Initial 

shape 

Deflected 
shape 





Fig. 1.8 Clamped-Clamped 
Column. 


from the boundary conditions. Applying the boundary conditions (1.62) to Eq. (1.63), the 


simultaneous homogeneous algebraic equations we obtain are 


C+ c,= 0, 
CoA +c; = 0, 
cy, cosA+ c.sinA + ¢3 + co = 0, 
—c,A sinA + cA cosrA+c; = 0. 


(1.64a) 
(1.64b) 
(1.64c) 
(1.64d) 


For a nontrivial solution or nonzero values of the constants, the determinant of the co- 
efficients of c,, ..., c, given by the following matrix must vanish: 


[1 0 0 17] fy 


0 A 1 0 ; 
cos A sind 1 1 af 7 
L—AsinA AcosA 1 OJ (ea) 








This results in a characteristic equation, namely, 


2(cos A— 1) + Asin A =O. 


(1.65) 


(1.66) 
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Equation (1.66) can be simplified, using trigonometric relations, as 


. ALA A . A 
sin a5 cos 5 — sin 5 y= 0. (1.67) 


Equation (1.67) can be satisfied if (i) sin (A/2) = 0 or (ii) (A/2) cos (A/2) — sin (A/2) = 0. 
(1) If sin (A/2) = 0, then 





A/2 = nw (n = 1, 2, 3,...). (1.68) 
Hence, 
4n?n?EI 
P= — i (n = 1, 2, 3,...). (1.69) 


Now, since A = 2nz, sin A = 0 and cos A = 1. Therefore, 
c2=c3;= 0, a=-—% (1.70) 
and the deflected shape is given by 
v = ¢,(cos 2nnf — 1). (1.71) 


The mode shapes of the column for two different values of A are shown in Fig. 1.9. The 
first or the minimum critical load for 

n= 1 is four times higher than that P 
for a simply-supported column. In | 
other words, this column is four times 

stiffer than a simply-supported column. 


(ii) When 5 cos  — sin 3 =0, 


2 2 
A A 
3 = tan 2° (1.72) 


Equation (1.72) is a transcendental 
equation. Its lowest root is obtained 
when A/2 = 4.493. Hence, 


(symmetric) 
n= 1 


P., = 8.182?E1/L?. (1.73) 





—_ 
~~ 


The critical load given by Eq. (1.73) 
is higher than that obtained for case 
(i)—see Eq. (1.69)—and corresponds Fig. 1.9 Mode Shapes of Buckling. 
to the first antisymmetric buckling 
mode. 

As already stated, form failure occurs when the critical load is reached. Since the critical 
load for the first symmetric buckling is lower than that for the antisymmetric buckling, 


case (i) is of practical utility. 
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One end clamped and other free 


For the column shown in Fig. 1.10, the governing equation is the same as Eq. (1.61). How- 
ever, the boundary conditions are 


dv 
yv=0= ae (z=0), (1.74) I | 
dy 
—EI 5; = 0 (z=L), (1.75) P 
| 
d3v dv { 
EI + Pa = 0 (z=L). (1.76) . 
! 
In terms of the nondimensional parameter £, L 
the boundary conditions (1.74), (1.75), and 
(1.76) can be written as 2 
1 dv 
Y,v 
EI dv 
~~ [2 dé ~ 0 ( = 1), (1.78) Fig. 1.10 Clamped-Free Column. 


d3 d 
wt’ a =0 (€=1). (1.79) 


Applying these boundary conditions to Eq. (1.63), the simultaneous homogeneous algebraic 
equations we obtain are 


Ci +c4 = 0, (1.80a) 
CA +c; = 0, (1.80b) 
—c; cos A — cz sin A= 0, (1.80c) 
cs = 0. | (1.80d) 


Therefore, we can conclude that c. = c; = 0. From Eq. (1.80c), 
c; cos A = 0. (1.81) 
For a nontrivial] solution, c; ~ 0. Hence, 


(2n — 1)r 


Ota 0=4.= 5 (n = 1, 2, 3,...), (1.82) 
2n — 1)*7?EI 
p,, =~ at (1.83) 


The deflected shape is given by 
v = ¢,(cos AE — 1). (1.84) 
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The first critical load for n = 1 is 


2 EI 
a 7 a (1.85) 
Comparing relation (1.85) with Eq. (1.32), we observe that the critical load here is one-fourth 
that for a simply-supported column. In other words, a hinged end column is four times 
stiffer than a column with one end fixed and the other free. 


One end fixed and other hinged 


The boundary conditions for a column fixed at one end and hinged at the other (see 
Fig. 1.11) are 


v = dv/dz = 0 (z = 0), (1.86) 1" 
v= ~ HZ = (z = L). (1.87) 





In terms of the nondimensional parameter £, the boundary 
conditions can be written as 


v= 7 G=0 (é = 0), (1.88) } 
EI @ 
v= 5 ae (¢ = 1). (1.89) 


Applying these boundary conditions to Eq. (1.63), we 


obtain the algebraic equations Y,v 
ci +c, = 0, (1.90a) Fig. 1.11 Clamped-Hinged 
Column. 
CoA +c = 0, (1.90b) 
c, cosA + co sinA + c,A + c= 0, (1.90c) 
c, cos A + cz sin A = 0. (1.90d) 


For a nontrivial solution, the determinant of the coefficient matrix must be zero. This leads 
to the transcendental equation 


c(A — tan A) = 0, 
and hence 
tanA =A. (1.91) 


To solve relation (1.91), we can resort to the graphical method. The smallest root we thus 
obtain is 


A = 4,493 (1.92) 
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and the corresponding critical load is 
EI 
P= (20.2)73- (1.93) 
Table 1.1 gives the values of the buckling parameter A for the first three modes of buck]- 
ing for different boundary conditions. Using these values, we can estimate the critical or 


buckling load for a uniform column. 


Table 1.1 Backling Parameter \ for Uniform Column 


End condition At Az A3 
Both ends simply-supported 7 2a 32 
One end fixed, the other end free ar/2 32/2 Sar/2 
One end fixed, the other end hinged 4.493 10.903 17.221 
Both ends clamped (symmetric modes only) 2a 4r 67 


Columns with elastic support 


The end conditions we have considered in our foregoing discussion are ideal boundary con- 
ditions. However, in real-life structures, such ideal situations are rare. Instead, the columns 
are usually connected to other members, for 
example, as in a building frame and a steel 
structure, which are elastic in nature. In view 

of this, the member deformations interact with 

the column deformations. This type of support 

is, in general, referred to as the elastic restraint. 
The support reactions depend on the relative 
rigidities of the members. 

Consider a column hinged at the lower end 
and elastically restrained by a beam at the ; 
upper end (see Fig. 1.12). For simplicity, assume 
that the length and the bending stiffness of the 
beam and column are the same. Assume also 
that there is no bending of the beam on account 
of the load P. Further, bending is initiated due 
to the column buckling. Since continuity has to 
be maintained at the joint B, the column rota- 
tion and the beam rotation are related to each 
other. The method described here is quite Fig. 1.12 Column with Elastic Support. 
general and can be applied to different lengths 
and bending rigidities by introducing these quantities at the appropriate places. 
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The boundary conditions for the column are 


d@? 
oe —EI 7p =0 (é€=0), (1.94a) 
dv 

Ele for column = losers (1.94b) 
v=0 (€=1). (1.94c) 


The governing equation and the general solution are given by (1.61) and Eq. (1.63), res- 
pectively. The slope of the beam at the point B is obtained by treating BC as a beam fixed 
at one end and hinged at the other and subjected to a bending moment. Following 
Peery [2], we write the bending slope as 


~ = ML/(4EN), (1.95) 


where L is the length and EJ the bending rigidity of the beam. 
For the column at é = I, 


EI d*v 


= Ti gt (1.96) 
Substituting for M in Eq. (1.95), we have 
1 dy 


Replacing in Eq. (1.94b) and making use of the boundary conditions (1.94a) and (1.94c) 
along with the general solution (1.63), the equations relating the arbitrary constants we 
obtain are 


atca=0), (1.98a) 

(1 = 0, (1.98b) 
A2 : A? 

aly cos A+ Asin A) + eZ sin A — A cos A) — c; = 0, (1.98c) 

C; COs A + C2 sin A +o+0o%= 0. (1.98d) 


After simplification, the characteristic equation for A is 


tanA = (1.99) 


4A 
A2 +. 4° 
The smallest root of practical interest is A = 3.83 and the corresponding critical load Pc, is 


Pay = (14.1) 59 (1.100) 


It is interesting to note that the value given by Eq. (1.100) lies between the values for 
the simply-supported and fixed-end conditions (see Table 1.1). Thus, it can be seen that 
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the ideal boundary conditions provide the upper and lower bounds for the buckling load 
of a column. From the design standpoint, a structure designed on the basis of the lower 
bound value is quite safe. However, in a situation where weight is a criterion, it is advisable 
that a realistic estimate of the load be made. 


1.6 LARGE DEFLECTION OF COLUMNS 


So far, we have supposed that the deflections are small. As a result, the moment-curvature 
relation becomes linear. Further, the magnitude of the deflection at buckling remains un- 
determined. To determine this magnitude, an exact expression for curvature can be used. 
The elastic curve thus obtained is termed as elastica. 

Consider a simply-supported column as shown in Fig. 1.13. Except the small deflection 
assumption, all the other idealizations we have 
so far made are still valid. The column is 
straight and the material is assumed to be 
homogeneous and elastic. Taking the coordi- 
nate axes as shown in Fig. 1.13 and measuring 
s along the column from the point A, we find 
the exact expression for the curvature is d@/ds. 
As we know, the internal resistive moment of 
a column is the product of bending rigidity 
and curvature. Equating this resistive moment 
with the external moment, we get 


d@ 
El5- + Po = 0. (1.101) 


Equation (1.101) is a nonlinear differential 
equation and for such an equation, it is rather 
difficult, if not impossible, to obtain a general 
solution. The analysis presented here follows 
that given by Timoshenko and Gere [3]. 
Differentiating Eq. (1.101) with respect to s Fig. 1.13 Large Deflection of Column 





and replacing dv/ds by sin 0, we get (after Chajes [1)). 
d*o. P ., 
<a + 77 sin 9 =0. (1.102) 


In terms of the nondimensional parameter 7, defined as s = Ln, Eq. (1.102) can be written 
as 


2 
i +k? sin 0 =0, (1.103) 


where k? = PL?/(EI). Multiplying both sides of Eq. (1.103) by d6 and integrating, we have 


| d*6d0 


ocean: ar: a3 
Gag, + | k2 sin 6 do = 0. (1.104) 
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This equation can be expressed in the form 
d dd, ; f a 
+ [2G an + i? | sin 0 do =0. (1.105) 
Carrying out the integration, we get 
do. ; 
MeN ee: = @. .106 
4) k* cos9=c (1.106) 
The constant of integration c is obtained from the condition 
c = —k? cos « (1.107) 
and Eq. (1.106) then becomes 
a0 5... ae 
Gi = 2k*(cos 8 — cos «) 


or 


dé 


a + 2k(cos 8 — cos «12, (1.108) 


Only the negative sign is retained in Eq. (1.108) since the curvature increases as 0 decreases. 
Therefore, 


dé 


NSS 1.109 
: V/2k(cos 6 — cos «)#/2 (1.109) 
Integrating both sides, we have 
? oa do 
0 a V2k(cos 6 — cos «)!/2 
or 
2 dé 
Pe | a/ollans 8 cos w\lia 1.110 
-a V2k(cos 8 — cos «)!/2 ( ) 
Equation (1.110), when simplified, gives 
a dé 
oe 2k | _q (sin? («@/2) — sin? (6/2)}!/2° (1.111) 


This integral can be simplified by using the notation p = sin (a/2), introducing a new vari- 
able ¢, defined by 


sin ; = p sind = sin 5 sin ¢, (1.112) 


and replacing the 0-terms by the corresponding ¢-terms. From Eq. (1.112), 


i = 2 sin (a@/2) cos ¢ 2p cos ¢ 


cos (02) ~ Visor aint © (1.113) 
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Further, as 6 varies from —« to «, sin ¢ varies from —1 to 1, i.e., ¢ varies from —2/2 to 

/2. Equation (1.111) can be written in the form 
2 pzl2 dd 

in /f = 1.114 

KJo V1 — p? sin? d oe 


or 


__ 2K(p) 
l= —-. (1.115) 


The integral in Eq. (1.114) is known as a complete elliptic integral of the first kind and is 
designated as K(p). Substituting for k, we can write Eq. (1.115) as 


_ 2K(p) 
= VBE (1.116) 


For a given value of p = sin («/2), K(p) can be obtained from the table of elliptic integrals. 
If the deflection of the bar is small, « and p will also be small and the magnitude of the 
term p? sin? ¢ in Eq. (1.114) will be negligible as compared with unity. We then have 


2 (m2 1 
l=Z|) w= 7 (1.117) 
P = Px = wEI/L?. (1.118) 


Thus, for a small deflection, the linear theory and the nonlinear theory lead to the same 
result. 

As the value of « increases, the integral K(p) and the load P also increase. As an example, 
take « = 60° and p = sin («/2) = 1/2. From the table of elliptic integrals, we have, for 
p = 1/2, K(p) = 1.686, Substituting this value for K(p) in Eq. (1.116), we get 


Te VFED (1.119) 
or 
P = 11.37EI/L?. (1.120) 
Taking the ratio of P to P.,, we have 
P/ Pep = 11.37/22 = 1.152. (1.121) 


Thus, a load 15.2 per cent more than the Euler load will produce a deflection corresponding 
to an angular deflection of 60° at the ends of the column measured with respect to the vertical. 
This means that if a provision is made for a large deflection, a column can be made to with- 
stand a large load. 

Equation (1.12) gives the stress at buckling, based on the linear theory. Allowing for a 
large deformation implies that a column is permitted to bend. Hence, as the bending in- 
creases, at any cross-section of the column, the bending and axial stresses act. As a result, 
these stresses may cross the elastic limit of the column material long before the deformation 
becomes large. 
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1.7 BUCKLING OF LAMINATED COMPOSITE COLUMNS 


Metallic materials are isotropic at the macroscopic level. In an isotropic material, it is 
impossible to achieve an enhanced strength or modulus in any direction. A composite 
material (e.g., glass fibre in epoxy matrix and boron fibre in epoxy matrix), on the other 
hand, has high strength and high modulus. Since, invariably, an optimal structure may not 
have the same modulus throughout its length, composite materials are increasingly being 
used in structural design because their modulus and strength can be varied as required. 
Also, the weight saving in a composite material structure over a conventional metallic 
structure can be substantial. What is more, unlike an isotropic material, the plies of a lami- 
nate can be oriented such that the laminate meets both the load and direction requirements. 


1.7.1 Governing Equation 


Figure 1.14 shows a laminated column along with the coordinate system. In deriving the 
governing equation for an isotropic column, 

we assumed that the middle plane does not N N 
stretch and that there is no coupling bet- 
ween the bending and inplane deforma- 
tions. However, in an anisotropic column 
(column of composite material), coupling 

exists. Following the small deflection Y.v 
theory, we can write the strain-displace- 
ment relations for a uniaxial member as 


X 


Fig. 1.14 Laminated Composite Column. 


=) Guo 0*y —. oe 
Ee, = Oz ae Var” g= 0, Vxz = 0, (1.122a) 


where wy is the inplane deflection and y is the distance of the surface measured from any 
reference point. The constitutive equations for the k-th lamina can be written, following 
Eq. (1.20)—see Appendix I—, as 


k k 
oo, = 0; 1€z5 


ke 
ox = Ole, = Gia t (1.122b) 
On 
k 
rh, = Obese, = ZiSot. 


The contribution of this lamina to the stress resultants is given by 


h 
vt = [° at dx, NE=]) 
h h 


h 
ok dx, Ni,= I, Try AX, 
; . = ‘. (1.122c) 
Mi = | * okx dx, Mk = | otxdx, My= | Thyx dx. 
fees he-s he-s 


&—{ 
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Substituting ¢, from Eqs. (1.122a) in Eqs. (1.122b) and then substituting the result in 
Eqs. (1.122c) and integrating, we get 


N, = Aue? — BSS, 

Ny = An? — Bue, (1.123) 
Nix = Ae os Bis 

M, = Buse — Duss, 

M; = Brg _ Dis, (1.124) 
Mem 3.2 Dy 


For a stability problem, N, = N and M, = 0. The first of Eqs. (1.124) yields 


Aur Dy; ay 
oz Ba de® (1.125) 


Substituting this equation in the first of Eqs. (1.123), we find that 


ray By 
oe De. (1.126) 


For the surface to remain flat, 07v/dz2 must be zero. This implies that the quantity 
Bi/(A11D1; — Bz) must be zero for all values of N. Assume that the column buckles elasti- 
cally and the moment M,(z) = Nv(z). Further, since the curvature is negative, the governing 
equation can be obtained by putting N, = 0 in the first of Eqs. (1.123) and then substituting 
in the result so obtained the expression for dwo/dz [given by the first of Eqs. (1.124)] as 


d*v Ait os 
i Be AD (1.127) 


Equation (1.127) is valid for a laminated anisotropic Euler column. In terms of the non- 
dimensional parameter &, defined as = z/L, Eq. (1.127) can be written as 


dv Au 


Sa a ceo ell oe POA es 
det Bi, =A Di Nv = 0. (1.128) 


Equation (1.128) is of the same form as Eq. (1.2), and hence its solution can be written as 


v = Asin Aé + Boos 2X, | (1.129) 
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where 
Ay, L? 


Ne 
Be, — AnD 


and A, B are arbitrary constants to be evaluated from the boundary conditions. If the 
column is assumed to be hinged at both the ends, the boundary conditions are given by (1.5). 
Following a procedure similar to that in Section 1.2.1, the critical load N for the first mode 
of buckling we obtain is 


Bi, — AnD 7 
Ner sae T2’ (1.130) 


It should be noted that if (B?; — Ai;D11)/A11 is replaced by the isotropic flexural rigidity E/, 
Eq. (1.130) would then correspond to the critical load for the Euler column. Thus, we can 
conclude that a good estimate of the critical load for a composite column with boundary 
conditions other than those considered in this section can be obtained by replacing E/ in the 
expression for the critical load for an isotropic column by the corresponding term. 


1.8 APPROXIMATE TECHNIQUES 


The differential equation approach can be used mostly for uniform columns with simple 
boundary conditions. This technique fails when the geometry of a column cross-section varies 
with column length or when the boundary conditions are complicated. In such a situation, 
an attempt can be made to apply one of the approximate techniques, e.g., the energy 
approach (see Section 1.2.2), which have the inherent ability to converge to the exact solu- 
tion. Further, the energy approach, when used in conjunction with the calculus of variations, 
leads to the exact differential equation and the associated boundary conditions (see 
Section 1.8.3). 
In what follows, we shall discuss the approximate methods based on total potential. 


1.8.1 Timoshenko’s Method 


According to Timoshenko and Gere [3], straight configuration is stable if 7, [defined by 
Eq. (1.30)] > 0 and unstable if J7, < 0. A critical condition is reached when JJ, = 0. This 
leads to 


Lav, , Per ft dv, 
4 [, El) dz = eI (7) dz, (1.131) 


where P = P,, at buckling. Therefore, to obtain P,,, we need to assume a suitable displace- 
ment function v. Such a function is so chosen that it satisfies both geometric and natural 
boundary conditions. However, it should be noted that satisfying the boundary conditions 
does not necessarily mean that an exact solution can be obtained. 


EXAMPLE 1.1 (Critical load of cantilever column) Consider a uniform column under a 
constant load P (Fig. 1.15). As the load is increased, the work done by the force P gets 
stored in the structure as bending energy. The boundary conditions here are 


v=0 (z = 0), 


dvjdz=0 (z=0), (1.132) 
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dv 


EI7,=9 (z = L), 
oe (1.133) 


Equations (1.132) are referred to as the geometric or kine- 
matic boundary conditions and Eqs. (1.133) are known as 
the natural or dynamic boundary conditions. 

Let us now choose a function for v(z), namely, 


v(z) = Az?. (1.134) 


As can be seen, this satisfies only the geometric boundary 
conditions, i.e., (1.132). Substituting this in Eq. (1.131) and 
integrating, we get 

P,, == 3EI/L? (1.135) 
which is 21.3 per cent higher than the exact value [given 
by Eq. (1.85)]. 

Consider another shape function, namely, 
v(z) = Az*(3L — 2). (1.136) 


This satisfies the boundary conditions (1.132) and the first 
of the boundary conditions (1.133). Now, 


d?v/dz? = —6Az + 6AL, 
dv/dz = —3Az? + 6ALz. 
Substituting for d2v/dz? and dv/dz in Eq. (1.131), we get 





Fig. 1.15 Uniform 
Cantilever Column. 


(1.137) 


L 
> J 0 (36.4222 +. 3642? — 72zL) dz = “2 | (9.4224 + 36A?L?z? — 36A?Lz>) dz. 
0 


1.138 
Equation (1.138) on integration and simplification results in 
Poa = (2.5) (1.139) 
This value is about 1.3 per cent higher than the exact value [given by Eq. (1.85)]. 
Consider yet another shape function, that is, 
v(z) = A(1 — cos =). (1.140) 


2L 
This satisfies the geometric as well as natural boundary conditions. Following the same 
procedure as just described, we obtain 

Pop = wET/(4L2). (1.141) 


This, of course, is the exact solution, because the shape function we have chosen happens 
to be the exact shape function. 
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It should be noted that the energy approach gives a value higher than the exact. How- 
ever, by choosing a proper shape function when using this approach, we can minimize the 
difference. 


EXAMPLE 1.2 (Critical load of simply-supported column) Consider the simply-supported 
column shown in Fig. 1.1. The boundary conditions are (1.4) and (1.5). 
Assume that »(z) is given by 


v(z) = A(L — z)z. (1.142) 


This shape function satisfies the condition that the displacements are zero at z = 0, L. Then, 
from Eq. (1.131), we have 


Pep = 12EI/L?. (1.143) 


This value is higher than the exact value [given by Eq. (1.32)] by 21.3 per cent. 
If we now choose a function that satisfies the natural boundary conditions as well, we 
can expect a better solution. Let 


v(z) = A(z* — 2223 +. L3z) (1.144) 
be the shape function. Then, 
dvjdz = A(4z3 — 6Lz? + L’), 


1.145 
d*y/dz* = A(12z2 — 12Lz). ( ) 
Substituting Eqs. (1.145) in Eq. (1.131) and integrating, we have 
Po = (9.88) (1.146) 


which is approximately 0.13 per cent higher than the exact load [given by Eq. (1.32)]. 


EXAMPLE 1.3 (Buckling of column with stepped 
cross-section) Consider a stepped column as 
shown in Fig. 1.16. We can analyze this struc- 
ture by using the differential equation approach, 
but this approach is quite involved. Since the 
energy technique leads to a good approximate L 
solution, we shall apply it instead. 

As already stated, a function of the type 
(1.140) satisfies both kinematic and natural L 
boundary conditions. The strain energy U due 
to bending and the potential energy V, are 
given by 


U=4} | ; E153) dz, (1.22) 





V, = 7 | . ey dz. (1.29) Fig. 1.16 Stepped Cantilever Column. 
0 
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Now, the strain energy U for the given column is 


[5 Elp LE 


v= As) cos? 52 dz + [. = AST) cos? 57 dz 


2L 


El, 


= 2 A at (1 ++ cos or) dz + sgt f (1 + cos i) dz 


Eh 2nz Ly, El nz 2L,, 


2 
ASS) + sin 57-5 TAG iz + sin 57 5M, 


_ Fle yy ™ 4 L in? oh ge 4 —=sin* 
= 474 (sp) [L2 + — sin|~-]+ 7-4 (7) [((L — Lp) = sin” m2) 
_ Elr »y P L. wl, , El,» j L.. wl 
<P AMS) Le + = sin 7] + SAG )ILi — = sin 4 
= Bae 7) tha + fh a5 = sin 71 = Dh (1.147) 
Further, the potential energy V. for the given column is 
ogee 2 2 a ae 
Ve= sf. As) sin = dz 
= —) LA wad (1 — cos om) dz 
nom 2L.r 
ead aoe ge 2 
= 9G — sin FF Feb 
— Py 72 
om: —74 (57) B: (1.148) 
At buckling, 
U = —V,. (1.149) 
Thus, 
PAG) la + BL + 20 — FY sin 3] = Fea eye. (1.150) 
Simplifying, we get 
a rET, 1 
a By BEM By sin ae 
LLG L _ 


We can also obtain the critical load by replacing the curvature term in Eq. (1.22) by the 
moment term using Eq. (1.1). Thus, 


L 2 
U = |. a dz. (1.152) 
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F or the given column, 
M = —P(A— »v). (1.153) 


Substituting for v in Eq. (1.153), we can write M as 


M = —AP cos a (1.154) 
Therefore, 
U = +{- _| 42p2 cos* 5 id 7 # +4 [i | gp? cos? => 2 dz. (1.155) 
9 El, El, 2L ° 


The expression for V. remains unchanged and is given by Eq. (1.148). Simplifying Eq. (1.155), 
we get 


I L 
U= Tt eae A + a — 2) sin "I. (1.156) 
Hence, 
Se ET * 
oo GL (E2 hb hh, a > sin mez} Ga) 
CL os we 


As we can see, the expressions within the square brackets in Eqs. (1.151) and (1.157) are 
not identical. In view of this, the critical loads we have obtained using the two alternatives 
are not the same. Normally, the lower of the two is taken as the critical load for purposes 
of design. Of these two loads, which one would be closer to the exact value would depend 
on how closely the curve we choose represents the deflection or the moment. However, it can 
be seen that, for a uniform column, both the alternatives would yield the same result. 


1.8.2 Rayleigh-Ritz Method 


According to the neutral equilibrium concept, the critical load is the load at which a system 
can be in equilibrium even when it is in a slightly bent configuration. Thus, the problem of 
finding the critical load for a system is equivalent to that of finding the deflected shape for 
which the system is in equilibrium. This can be done by making the first variation of total 
potential to vanish. This is expressed by Eq. (1.16). We shall illustrate the Rayleigh-Ritz 
method by again considering Example 1.1. 


EXAMPLE 1.4 (Critical load of cantilever column) Let us choose a function for v(z) as 
v(z) = Az’, (1.158) 


This satisfies the geometric boundary conditions (1.132) for the cantilever column 
(Example 1.1). 
The strain energy due to the bending is 


L dy EI (# 
=>]. (Sy de = >|, 4A? de = 2EIAPL. (1.159) 
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The potential energy due to the external load is 


V, = 5[ 4 (Sy dz = — sf. 4222 dz = —3PAPL3, (1.160) 


The total potential J7, is given by 

IT, = U+ V, = 2EIA*L — 2PA?L?. (1.161) 
The total potential is a function of the single parameter A. Thus, the expression 

&(U + V.) = 
can be replaced by 


fu + V.)8A = 0. (1.162) 


Since 5A is arbitrary and cannot be zero for a nontrivial solution, 


fu + V.) = 0. (1.163) 
Substituting for U and V, in Eq. (1.163) and carrying out the differentiation, we obtain 

A(EI — 4PL?) = 0. (1.164) 
Since A ~ 0, 

Pop = 3EI/L?. (1.165) 


This result is the same as given by Eq. (1.135) and is approximately 21.3 per cent higher 
than the exact value [given by Eq. (1.85)]. 

We can obtain the exact buckling load by assuming a displacement function with infinite 
terms. However, we can get a good approximate solution if we replace an infinite-degree-of- 
freedom system by a finite-degree-of-freedom system. For our example, we can achieve a 
solution better than that given by Eq. (1.165) if we consider a two-term displacement 
function, namely, 


v = Az? + Bz}, 

The first and the second derivatives of v are 
dv/dz = 2Az + 3Bz?, 
d*vy/dz? = 2A + 6Bz. 

The strain energy due to the bending is 


EI L dy 
ov =|, (7 


= 2EIL(A2 + 3B2L? + 3ABL) (1.166) 


)dz = =|, (442 + 36B2z2 + 24ABz) dz 
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and the potential energy due to the external load is 


L L 
Ve=— f | (2,2 dz= — 5 | (4A42z2 +. 12ABz3 + 9B2z24) dz 
2 0 dz 2 0 


PL’, 2 2 R272 
— (34? + 34BL + $B1?). (1.167) 


Adding Eqs. (1.166) and (1.167), we get 
3 
Il, = U+ V, = 2EIL(A? + 3B?L? + 3ABL) — ota + 3ABL + 8B?L7). (1.168) 
The total potential J7, is a function of the two variables A and B. Hence, 
d 0 
6(U + Ve) = —(U+ V.) 0A + 55(U + V.) OB = 0. (1.169) 
OA oB 
Since dA and OB are arbitrary, Eq. (1.169) can be satisfied only if 
dg d 
54U 4+ V.) = 0, 5p U + V.) = 0. (1.170) 
Differentiating Eq. (1.168) with respect to A, B, we obtain 


3 
2EIL(2A + 3BL) — EA + 3BL) = 0, 


i (1.171) 
2EIL(3AL + 6BL?) — —"(3AL + 42BL?) = 0. 
Introducing the notation 8 = PL?/(EI), we can rewrite Eqs. (1.171) as 
(24 — 8B)A + (36L — 9BL)B= 0, 
(1.172) 


(20 — 5B)4 + (40L — 6BL)B = 0. 


Equations (1.172) are a set of simultaneous homogeneous algebraic equations in A and B. 
Hence, for a nontrivial solution, the determinant of the coefficient matrix of A and B must 
be zero. Thus, 


24—88 36L —9BL 


20 — 58 40L —6ezl~ * (1.173) 
The characteristic equation for 8 is 

3p2 — 1048 + 240 = 0. (1.174) 
The roots of this equation are 

B, = 2.49, B2 = 32.19. (1.175) 


Of these, the smaller is 8 = 2.49. From this, we obtain 


Pop = 2.49EI/ 12. (1.176) 
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This solution differs from the exact value [given by (1.85)] by 1 per cent. Thus, we can 
improve the solution by increasing the number of terms in the deflection function. The 
second root of Eq. (1.174) corresponds to a higher mode. But a two-term representation 
for such a mode would give a crude approximation. However, in this situation too, we can 
improve the accuracy by considering more terms in the representation for displacement. 


EXAMPLE 1.5 (Buckling of column with stepped cross-section) Consider Example 1.3 with 


a two-term representation for displacement as 


1Z 37Z 
v = A(l — cos 5) + BU — cos 5). 
With this representation, 
dv v7. . WZ 37... 3nz 
Pe = AF) sin aL + B=) sin oT” 


dv ; 3nz 
Fa = Agz? 008 57 i BGT) OOS aE 


Substituting for d?v/dz? in Eq. (1.22), we get 


30Z 


=|. » El, )4( 42 cos? = ; + 81B? cos? —— oT 


Gr 


+ 18AB cos — 


aE 


L 
A [4 El, 7 sp (# cos? = > + + 81B? cos? a + 18AB cos — cos —— 
La 


as 3 El, «7 UZ 5 67z 
[4 LAX + cos 272) + 81B%(1 + cos a 


+ 184B(cos aL fe cos ay) dz +[. 5 fis 


67Z Anz 27Z 
2 oes a aes oe 
+ 81B°(1 + cos aT? + 18AB(cos aE + cos 47) dz 


Gr 5p la + sin = Tr ZS + 81B%(z+ sin 5 ee oe = 


_ Flys 


+ 184B(sin “7 4+ sin 72 Syits Bie 


stad ao cos 5 aD) 


7 


TZ 


)*[4%(z + sin = ra z=) 


+ 81B¢(z + sin sat =) + 184B(sin 272 = on or sin 7 = 


_ Ely 7 ort = 


4 GL = A(L2 + sin ae + 81B%(L, + sin 





20 ee aL 


+ sin) 4 St" 





+ 184B=(4 sin 


3rL> 2rL> 


+ 81B*(L, -= sin ar + 18AB= “(-4 sin a sin 


4 OL AL — = sin — 


3,) 


wy 


nL 
7? 


cos ay dz 


a 


TL) # 


(1.177) 


(1.178) 


(1.179) 
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= Ss SA 81B\(Lat Ls) + Ae sin mba 4) 4 gy pe sin sna — ty 
L Lh 3m I 
+ 1848 (4 sin =—2(1 — 3) + sin 7 — Fp (1.180) 
Defining 
J I; El, 7, _ aly 
oi Cheo) B= Fr aT” a L” 


we can write Eq. (1.180) as 


U=Bl(A24 81B°\(La + pL) + AL sin y+81BL3 sin 3y+18ABLa(4 sin 2y-+sin y)]. 
2 


(1.181) 
Now, substituting for dv/dz in Eq. (1.29), we get the potential energy V, as 
32z 30Z 
— 2 a5 2 2 2 es 3 2 
Voc -F[. [457 D sin a7 t BAST) sin a7 + bAB(s-) sin = sin 5 51 

spe “(#0 — cos os 274) + 9BA1— ee eye 24B(cos — cos wy dz 
— #2L 2E 2 

(1.182) 
ae eee 2 2 32z = mzL . daz Lb 
_ -— 4G =r) [A (z—sin — 2“) 498 (z—sin T ~)+3 $AB(sin=- ——sin alo 
—— Fr) A? + 9B2)L (1.183) 

4°2L " 


Substituting the expressions for U and V, in Eq. (1.169) and differentiating with respect to 
A and B, we get 


2Af(Lo + ZL) 4+ Lu siny} + 18BLa(} sin 2y + sin y) — SASL “PAL = 0, 
(1.184) 


162B{(L2+ ED+L3 sin y} + 18ALa(} sin 2y+sin y) — ~—)*BL=0. 


SAGE 
Equations (1.184) are a set of simultaneous homogeneous algebraic equations in A and B. 
Therefore, for a nontrivial solution, the determinant of the matrix formed from the co- 
efficients of A and B must be zero. This leads to the characteristic equation from which P,, 
can be obtained. 


1.8.3 Galerkin’s Technique 


The Galerkin technique is yet another method for obtaining an approximate buckling load. 
The main difference between this and the Rayleigh-Ritz method is that it requires the 
integration of the governing differential equation, whereas the latter requires the integration 
of the energy expression, of a system. 
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As already stated, the strain energy and the potential energy for a column are 


Ege 

U=} | "EG? a2, (1.22) 

yest fT Ca (1.29 
Z I. o)? de. 29) 


Hence, the total potential J7, for the column can be written as 


EI d? d 
ut+K=[ Ser - Fa a. (1.185) 


Assume that a deformed shape v = (z) exists for which 6(U + V,) = 0. The function »(z) 


must therefore satisfy all the boundary conditions, namely, the kinematic and natural 
boundary conditions, and must be continuous in the domain. Thus, 


aU + Ve) = af HENGE) — FG de] = 0. (1.186) 


Taking the variation of » as 8v and assuming that the order of derivatives can be inter- 
changed, we get 


[. EIS oy © (8) - £(30)) dz =0. (1.187) 
Integrating Eq. (1.187), we obtain 
dy d dy dv 
[EIS 5, (60) — Elzx8v — PL BoE + i ee as vip a de (1.188) 


Since dv is arbitrary, Eq. (1.188) can be satisfied only if each of its two parts is separately 
set equal to zero, that is, 


[, ee = ae PSS} dz =0, (1.189) 
dy d d3 d 
[EI=5 3-(6v) — El55u — Pato]; = 0. (1.190) 


For Eq. (1.189) to be zero, the integrand must be zero. That is, 


d‘y d’y 
Els 7 +- Pant 0. (1.191) 
This is the differential equation of an axially loaded member, obtained earlier (see Section 1.4) 
from the first principles, and is the same as Eq. (1.48). 
Equation (1.190) leads to following possible boundary conditions: 


dy 
EIz,=0 (z=0,D), (1.192a) 
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dv/dz = 0 (7 = 0.7); (1.192b) 
dv dv 

EIT; + PS = 0 (z = 0, L), (1.192c) 

v=0 (z = 0, L). (1.192d) 


Equation (1.191) can be solved by choosing an approximate series form for v such that 
each term of the series satisfies all the boundary conditions of the given problem. The 
advantage in doing this is that the series can be suitably truncated depending on the accuracy 
desired. Let % be the approximating function, defined as 


oe z af,(2). (1.193) 


Since each of the functions /,(z) satisfies all the boundary conditions, Eq. (1.190) is satisfied 
exactly when »v is replaced by ¥. To satisfy Eq. (1.189), the coefficients a, must be chosen in 
such a way that ® satisfies the differential equation (1.191). 

Defining the operator L as 


ax d4 d2 . 
L= EI + Po» (1.194) 
we can write Eq. (1.189) as 
Be rcs 
| "(685 dz = 0. (1.195) 
Since 3 is a function of m parameters, its variation is given by 


gt OD Ov av 
65 = 5a, + 5a;°? a ete Se 3a, oa" 


= 2 filzjea (1.196) 
Substituting for 6, we can write Eq. (1.195) as 
Gx n 
| Le) E fi(z)sa dz = 0. (1.197) 


Since the functions f(z) are independent, the only way Eq. (1.197) can be zero is that, for 
each term, the equation should vanish identically. Thus, 


| 
[, L(3) fi(z)8a, dz =0 (i=1,2,...,n). 
Since the Sa,’s are arbitrary, 
) ae 
[, L@) f(z) dz=0 (=1,2,...,7). (1.198) 


Equations (1.198) are referred to as the Galerkin equations. For any given problem, these 


36 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


lead to a set of simultaneous homogeneous algebraic equations, the characteristic equation 
of which yields the critical load. We may note here that it is rather difficult to choose a dis- 
placement function which satisfies both geometric and natural boundary conditions. In view 
of this, the Rayleigh-Ritz technique is preferred to the Galerkin technique. 

We shall illustrate the Galerkin technique through examples. 


EXAMPLE 1.6 (Buckling of column with stepped cross-section) Consider the stepped column 
shown in Fig. 1.16. We have already analyzed it using the Rayleigh-Ritz technique 
(see Example 1.5). Here, we shall demonstrate the application of the Galerkin technique. 

A displacement function of the type 


v= +2 A(1 — cos 5 


ae xp i=1,3,5,..., (1.199) 


satisfies the geometric boundary conditions at z= 0 and the natural boundary conditions 
at z= L. For simplicity, we shall consider only the first term of the series for 0, namely, 


v= A\(1 — cos 5 57). (1.200) 
Substituting for 0 in Eqs. (1.198) and replacing Z in Eqs. (1.198) by Eq. (1.194), we get 


Ty 7 TZ 7 TZ WZ 
4 2 ot 
| : (ELF) cos a7. + Palsy ? cos apt — cos a7 dz 





L T WZ 7 mZ 1Z 
es CENA ese Ta BONG a= —“) dz = 0. 
+ [| €ENGp) 008 FF + Pe zz)? 608 FFU — 608 57) dz = 0 (1.201) 
Integrating Eq. (1.201) and substituting the limits for z in the result so obtained, we have 
LL a 7 4 . wy 
Po, = Eng We see LT + xa ~ si = C= 1) sin 577]. (1.202) 


EXAMPLE 1.7 (Buckling load of clamped-simply-supported column) Consider the column 
shown in Fig. 1.17. The boundary conditions are 


P 
v= 0 (z = 0), | 


(1.203) 
dv/dz =0 (z = 0), 
i 
dv { 
El- qi = 0 (z = L), | 
(1.204) 
v=0 (z= L). L ! 
Since it is rather difficult to select a trigonometric function 
which satisfies these boundary conditions, we choose, Z 
instead, a polynomial in z as 
v= Ao + Ajz + Anz? + A32? + Agz'. (1.205) Y,»v 


In the polynomial so chosen, the number. of terms Fig. 1.17 Clamped-Simply- 
should be one more than the number of boundary conditions Supported Column. 
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to be satisfied. The constants (here, Ao, A, ..., 44) canthen be determined from the bound- 
ary conditions. In doing this, one of the constants, obviously, will remain undetermined. 
Substituting Eq. (1.205) in the boundary conditions (1.203) and (1.204), we obtain 


Ay = 0,7 A, = 0, A; = —8AQ4L, Az = 3A,L?. (1.206) 
In terms of a new constant, the approximate displacement function ® can be written as 
0 = A(2z4 — 5Lz3 + 31222). (1.207) 
Then, 
L(®) = A[48EI + P,,(24z? — 30Lz + 6L?)], 
F(z) = 224 — 5L23 4+ 3L22?, 


Substituting these two expressions in Eqs. (1.198), we get 
L 
| A48EI(2z4 — 5Lz3 + 31222) + Pox(4826 — 60Lz5 + 12L2z4 — 120L23 
0 


+ 150L2z4 — 30L3z3 + 72L2z4 — 90L3z3 + 18L4z?)] dz = 0. (1.208) 
Integrating Eq. (1.208) and simplifying, we get 
A(3SEI — 22P,,) = 0. 


Since A + 0, the critical load is 
P., = 21EI/L?. (1.209) 
The exact buckling load for the given column is 20.2E//L? [see Eq. (1.93)]. 


1.9 NUMERICAL TECHNIQUES 


The differential equation approach is useful when it is possible to get a closed-form solu- 
tion. In the Rayleigh-Ritz and Galerkin techniques, where the approximation function is 
quite involved and/or contains a large number of terms, it is, in general, difficult to obtain 
a closed-form solution because the resulting system of algebraic equations is so complicated 
that a computer is needed to solve it. Since structural modelling is quite complex, it requires 
the use of comparatively more efficient methods. With the availability of large size and fast 
computers, the numerical techniques are finding a wider application in this area. Of the 
available techniques, the finite difference and finite element techniques are well-suited for 
computer application. (Strictly speaking, the Rayleigh-Ritz and Galerkin techniques should 
be classified as numerical techniques.) The scope of the former is limited to well-defined 
boundaries, whereas that of the latter is more general and can therefore be applied to all 
types of problems. Both the techniques have the ability to converge to the exact solution. 


1.9.1 Finite Difference Technique 


The finite difference method is a numerical technique for solving differential equations. It 
essentially reduces a problem having infinite degrees of freedom to one with finite degrees 
of freedom. This is achieved by substituting an algebraic expression for each unknown func- 
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tion and its derivative. Since each derivative is replaced by the value of the function at the 
reference and neighbouring points, the accuracy of the derivatives, and hence of the solu- 
tion, can be increased if these points are so chosen that they are as close to each other as 
possible. This technique has the disadvantage that it gives the value of the function only at 
discrete points. Thus, if an analytical expression has to be obtained for a deflected shape, 
a curve has then to be fitted passing through all these points. For an extensive discussion 
on this technique, see Salvadori and Baron [4], Ralston [5], Scarborough [6], Ralston and 
Wilf [7], and Szilord [8}. 

For deriving finite difference relations, the Taylor series expansion can be applied if the 
grid points are evenly-spaced. Depending on the definition of the derivatives at a reference 
point in terms of the differences of the neighbouring points, a large variety of practical 
approximations for the derivatives can be obtained (Ralston and Wilf [7]). Notable among 
these are (i) backward differences, (ii) forward differences, and (iii) central differences. As 
the name suggests, the backward differences are defined by the points to the left of the 
reference point. The forward differences, on the other hand, are defined by the points to 
the right of the reference point. Of (i)-(iii), the central differences are more accurate as the 
grid points in this are symmetrically located on either side of the reference point. Central 
differences are particularly useful in the solution of boundary value problems. Figure 1.18 
schematically indicates the grid points for central differences. 





Fig. 1.18 Grid Points for Central Differences. 


Let the function v(z) be known at evenly-spaced points and also at the midpoints of the 
evenly-spaced points. Then, the first central difference of v(z) at i is defined by 


(Po dor = [0(21 + 4) — ofa — Ale 


= (Vj44/2 — Yi—Kj2)/h. (1.210) 
This can also be written as 


Ey Fe bv, = [v(z, + h) — v(z; — A)]/(2h) 
= (048 — ¥j-1)/(2A). (1.211) 
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The second difference at i is the difference of the first difference. Hence, 


dy 
(Fea FS 8, = 8801) = [rp u2+12 — %—1724112)i— (M412-12 — Y4,-1)2-1)2)]/h? 
= (Yj41 — 20; — 4-1)/h?. (1.212) 
In a similar manner, the third difference can be written as 
d3y ‘ ‘ 
Ip © S°v;, = (014372 — 30;4172 + 30j~172 — Yi-372)/h 
or 
dy . 313 
(Feat = ita — 3M + 34-1 — v;~3)/(2h°). (1.213) 
Further, the fourth difference is given by 
d‘y i j 
Gai ee Sy, = (vj42 — 40j41 + 60; — 4-1 + 9j-1)/F".. (1.214) 


These difference expressions replace the corresponding derivatives.in.a governing equation. 
We shall now illustrate the application of the technique to two typical problems. 


EXAMPLE 1.8 (Buckling of uniform column fixed at one end and hinged at other) The 
analysis we give here is similar to that presented by Chajes [1]. 

Consider the uniform column shown in Fig. 1.19. The governing equation is given by 
(1.59). Further, the boundary conditions in the nondimensional:form are given .by (1.88), 





Fig. 1.19 Clamped-Hinged Column. under. Axial Load.: 


and (1.89).. Dividing the interval (0, 1) of £ in m equal parts, each of length h = 1/n, and 
substituting Eqs. (1.212) and’ (1.214) in Eq. (1.59), the finite difference equation at any 
internal point i we obtain is 


V142 — 40j41 + 60; — 40; + Yj-2 + A,(O41.— 20; + ¥j-1) = 0, (1.215) 
where 


d, = PL4/(n?EI). (1.216). 
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Equation (1.215) can be rewritten as 
42 + (An — 4)¥i41 + (6 — 2A,)0; +A, — 4)0i-1 + 4-2 = 0. (1.217) 


Equation (1.217) holds at the (n — 1) internal points i= 1, 2,...,n—1. The boundary 
points of a column are designated as 0 and n. For the boundary conditions, defined at 0 and n, 
to be satisfied, additional points need to be defined to the left and to the right of the points 
0 and a, respectively. 

In terms of the central differences, the boundary conditions (1.88) and (1.89) can be 
written as 


Vg = 0, 0.1 = U1, 0, = 0, Un+l = —Un-1- (1.218) 


For a simple support, these mean that the value of the displacement function at a distance h 
outside the support is approximated by the negative of the functional value at a distance h 
inside the support. For a fixed support, on the other hand, the value of the displacement 
function at a distance h outside the support is assumed to be equal to the value of the dis- 
placement function at a distance h inside the support. Equations (1.217) lead to a set of 
(mn — 1) linear homogeneous algebraic equations, and have a nontrivial solution only if the 
determinant of the coefficients of »;’s is identically zero. It is always advisable to start the 
Solution with a small value of m and then increase the value in stages. This results not only 
in a saving of the computer storage space and time, but also helps check the convergence of 
the solution. 


First approximation (n = 2) The column is divided into two segments, that is, h = 1/2. 
Further, the ends of the segments are denoted as 0, 1, and 2. Writing Eq. (1.217) for the 
internal point i = 1, we get 


V3 + (Az — 4)v2 + (6 — 2A2)01 + (A2 — 4)v0 + 0-1 = 0. (1.219) 
From the boundary conditions (1.218), we have 

Vp = 0, v-1 = 14, v2 = 0, V3 = —Y. (1.220) 
Substituting Eqs. (1.220) in Eq. (1.219), we find the latter reduces to 

(6 — 2A2)v, = 0. (1.221) 
Since v,; ~ 0, we should have 

A2 = 3. (1.222) 
Using this value, we get 

Pop = WIEI/L?*. (1.223) 
This solution differs from the exact value [given by Eq. (1.93)] by —41 per cent. 


Second approximation (n = 3) The column is divided into three segments with h = 1/3. The 
reference (i.e., end) points are denoted as 0, 1, 2, and 3. Writing Eq. (1.217) for the internal 
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points 1, 2, we get 


v3 + (Az — 4)v2 + (6 — 2A3)01 + (Az — 4)v0 + 9-1 = 0, 


(1.224) 
v4 + (Az — 4)u3 + (6 — 2A3)v2 + (Az — 4)01 + 09 = 0. 
From the boundary conditions (1.218), we have 
vy) = 0, v1 = %, v,= 0, 04 = —V>. (1.225) 


Substituting these in Eqs. (1.224) and simplifying, we obtain the following two linear homo- 
geneous algebraic equations: 


(7 — 2A3)01 + (A3 — 4)v2 = 0, 


(Az — 4)o1 + (5 — 2A3)v2 = 0. (1.226) 
The coefficient matrix of Eqs. (1.226) is given by 

[7—2A3 A3—4 | 

L a —-4 5- a3 { (1.227) 


As can be observed, the matrix is symmetric about the main diagonal. This property can 
be made use of in minimizing the computer storage space. The characteristic equation corres- 
ponding to matrix (1.227) is 


343 — 164, + 19 = 0 (1.228) 
whose smallest root A; is 1.78. Hence, 
EI 
Pa 16.603)73. (1.229) 
This solution differs from the exact value [given by Eq. (1.93)] by about —20 per cent. 


Third approximation (n = 4) The column is divided into four segments. The end points are 
denoted as 0, 1, 2, 3, and 4. We can now write Eq. (1.217) for the internal points 1, 2, 
and 3 as 


03 + (Aq — 4)v2 + (6 — 2Ag)0, + (Ag — 4)¥9 + 9-1 = 0, 
04 + (Aq — 4)03 + (6 — 2Ag)v2 + (Aq — 4)01 + 10 = 0, (1.230) 
Us + (Aq — 4)v4 + (6 — 2A4)v3 + (Aq — 4)v2 + 01 = O. 
From the boundary conditions (1.218), we have 
v = 0, v1 = 1, vw, = 0, Vs = —03. (1.231) 
Equations (1.230) then reduce to 
(7 — 2A4)v1 + (Aq — 4)v2 + 03 = 0, 
(Aq — 4)01 + (6 — 2A4)v2 + (Ay — 4)03 = 0, (1.232) 
Vy + (Ag — 4)v2 + (5 — 2A4)03 = 0. 


42 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


The smallest root of the characteristic equation corresponding to Eqs. (1.232) is A, = 1.111. 
Thus, 


Po = (17.772), (1.233) 


This solution differs from the exact value [given by Eq. (1.93)] by —11.6 per cent. 

We can further improve the accuracy by reducing the spacing between the reference 
points. For this, we shall, instead, use the existing results, i.e., Eqs. (1.223), (1.229), and 
(1.233), and extrapolate them by applying Richardson’s extrapolations (Ralston and Wilf [7]), 
one of which is 


nj 
nz — n? 


n2 p 
(P cr), ng aoa cr) ng =e 





(Per)ms (1.234) 


where (Pers, (Pern, are the values at nz, 7, (i.e., the number of segments) and (Pe)n, 2, iS 
the extrapolated value based on these segments. Let us consider n, = 3, and nz = 4. Then, 


42 x 
(Per)3,4 = Ga aa(Per)a — qe cr)3 


= 48(17.772) — 2(16.603) = 19.969. (1.235) 


This value differs from the exact value [given by Eq. (1.93)] by —1.1 per cent. 


EXAMPLE 1.9 (Buckling of simply-supported column resting on elastic support). Consider 
a simply-supported column resting on an elastic support of stiffness k per unit length, as 


» be 


—— + 


Fig. 1.20 Column on Elastic Support. 


shown in Fig. 1.20. The governing equation can be written as 
dty dy 
EIA + kv + Po = 0, (1.236). 


where kv is the force due to the elastic support. In terms of the nondimensional parameter 
&, defined as € = z/L, Eq. (1.236) can be written as 


d‘y  kL* PL? dv 
iz ap er qe = °- (1.237) 
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Dividing the interval (0, 1) of € into m equal parts, each of length A = I/n, the difference 
equation at any internal point i we get is 


Vj42 — 4vj41 +- 60; = 4v;_1 + vjy-2 + K, 2; + ACY 41 — 20; +- V;-1) = 0, (1.238) 


where 


K= kL‘ __ PL 
"WEP "WET 
Equation (1.238) can be rewritten as 
Vi42 + (An — 4) 041 + (6 + Ky — 2A,)0; + (An — 4)0j-1 + vj-2 = 0. (1.239) 


The boundary conditions are given by (1.4) and (1.5). In terms of the central differences, 
these give 


Vo = 0, Vy = — VI, Vv, = 0, Un41 = —Un-1- (1.240) 


First approximation (n = 2) The column is divided into two segments. The ends of the 
segments are defined as 0, 1, and 2. For the internal point i= 1, Eq. (1.239) can be 
written as 


V3 + (Az — 4)v2 + (6 + Ko — 2A2)01 + (Ao — 4)u0 + 9-1 = 0. (1.241) 
Using the boundary conditions (1.240), we can rewrite Eq. (1.241) as 
(4 + Kz — 2A2)v, = 0. (1.242) 


As v, 4 0, we have Az = 2 + K2/2. Hence, 


SEI kL? 
Por = (Fz + =). (1.243) 


Second approximation (n = 3) The column is divided into three segments. The ends of the 
segments are denoted as 0, 1, 2, and 3. The algebraic equations for the internal points 1, 
2 are 


v3 + (A3 — 4)v2 + (6 + Ky — 2A3)01 + (Az — 4)v0 + v-1 = 0, 


(1.244) 
v4 + (A3 — 4)v3 + (6 + Ky — 2A3)v2 + (Az — 4)01 + 09 = 0. 
Incorporating the boundary conditions (1.240), we obtain 
5 + Kz — 2A3)v, + (Az — 4)v2 = 0, 
(5 + Ky; 3) + (Az — 4)v2 (1.245) 
(Az — 4)o, + (5 + K3 — 2A3)v2 = 0. 
The characteristic equation corresponding to Eqs. (1.245) is 
3A3 — 4(Ky + 3)A3; + K? 4+ 10K; +9=0. (1.246) 


Knowing 43, we can obtain P,,. 
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1.9.2 Improved Finite Difference Technique 


The error in derivatives (1.210)-(1.214) is of the order of h?. It is inherent in the derivatives 
and cannot be eliminated. However, it can be minimized by representing the derivatives by 
higher order difference expressions where the error is of the order of h*. These expressions 
are given as 


Av; = aay (t-2 — 8v;-1 + 80:41 — V+2), (1.247a) 
A?v, = al -2 + 160;-1 — 300; + 160,41 — v;42), (1.247b) 
Atv; = apaler-s — 8v;-2 + 130;-1 — 130541 + 82;42 — v;-3), (1.247c) 
Atv; = (—vj~-3 + 12v;-2 — 39v;-1 + 560; — 390;44 — 120542 — 0443). (1.247d) 


6h4 
For a detailed derivation of these equations, see Szilord [8]. 


EXAMPLE 1.10 (Buckling of uniform column fixed at one end and hinged at other—Modi- 
fied scheme) Here, Eq. (1.215) for any internal point i is written as 


4(—0,~-3 + 120j,-2 — 39v;-1 + 560; — 39v41 — 120;42 — 9443) 


An 
+ 2 —Vj;-2 + 16v;-; = 302; + 16v;4 aaa 0342) = 0. (1.248) 


Also, the boundary conditions given by (1.88) and (1.89) reduce to 
vo >= 0, 
v_2 — 8v_; + 80; — v2 = 0, 
(1.249) 
v, = 0, 


—Un-2 + 16v,_-; ez 30v, + 160n+1 — Un42 = 0. 


First approximation (n= 2) The column is divided into two segments. The ends of the 
segments are marked as 0, 1, and 2. Writing Eq. (1.248) for the internal point 1, we get 


$(—v-2 + 120.1 — 39v9 + 5601 — 3902 + 1203 — 4) 
A 
+ (7-1 +- 16v9 — 300, + 16v2 — v3) = 0. (1.250) 


From the boundary conditions (1.249), we get 
Vp = 0, 
2— 8v_; + 8v, —2=> 0, 
(1.251) 
v2 == 0, 


—v + 16v; — 30v2, + 1603 — y= 0. 
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Making use of relations (1.251) and physical reasonings, we obtain 
(56 — 15A2)v, = 0. (1.252) 
Since v, + 0, we should have 


Ap = 3.735. (1.253) 


Using this value, we get 
P= (14.94), (1.254) 


Comparing Eqs. (1.254) and (1.223), we find that the former represents an improvement in 
the solution. Similarly, we can build up higher approximations. 


1.9.3 Finite Element Technique 


Most numerical techniques lead to solutions that yield approximate values of unknown 
quantities, e.g., displacement and stiffness, only at selected points in a body. A body can 
be discretized into an equivalent system of smaller bodies. The assemblage of such bodies 
(or subsystems) represents the whole body. Each subsystem is solved first and the results 
so obtained are then combined to obtain a solution for the whole body. Of the numerical 
techniques, the finite element technique is the most suitable for digital computers. It is 
applicable to a wide range of problems involving nonhomogeneous materials, nonlinear 
stress-strain relations, and complicated boundary conditions. Such problems are usually 
tackled by one of three approaches, namely, (i) the displacement (or stiffness) method, 
(ii) the equilibrium (or force) method, and (iii) the mixed method. The displacement method, 
to which we shall confine our discussion, is widely used because of the simplicity with 
which it can be handled on a computer. 

The finite element method was derived on the basis of physical considerations in 
structural mechanics. A mathematical interpretation of the method was later given by 
Courant and Hilbert [9]. The credit for making important contributions in developing the 
technique goes to Turner et al [10] and Argyris and Kelsey [11]. The term ‘finite element’”’ 
was first proposed by Clough [12]. For a detailed discussion on the application of this 
technique to solid and fluid mechanics, see Zienkiewicz [13], Martin and Casey [14], Desai 
and Abel [15], Gallagher [16], Cook [17], and Bathe and Wilson [18]. 

In the displacement approach, a structure is divided into a number of finite elements 
and these elements are interconnected at joints termed nodes. The displacements within 
each element are then represented by simple functions. The unknown magnitudes of these 
functions are the displacements or the derivatives of the displacements at the nodes. A 
displacement function is generally expressed in terms of a polynomial. From the conver- 
gence point of view, such a function is so chosen that it (see Desai and Abel [15]) 


(i) is continuous within the elements and compatible between adjacent elements, 
(11) includes the rigid body displacements and rotations of an element, 
(111) has a constant strain state. 


The elements which satisfy conditions (i) and (ii) are termed as compatible or conforming. 
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Further, the elements which satisfy conditions (ii) and (ili) are known as complete. 

When expressing a displacement function in terms of a polynomial, the order of the 
polynomial has also to be carefully chosen. We shall discuss this in Chapter 5. 

The element stiffness matrix is calculated by applying one of the variational principles 
of solid mechanics. The total potential J7, for an element can be written as 


(IT,)e = Strain energy (U) + potential energy of applied force (V.) (or negative of 
work done) 


=: 4 | elo dv — I, (du + dyv + dw) dS; -| au + Y,v + Z.w) dv, 
(1.255) 


where S; is the part of the surface of the body on which the surface forces ¢,, gy, gz are 
imposed; X,, Y,, Z, are the prescribed body forces per unit volume; u, v, w are the dis- 
placements along the X-, Y-, Z-direction; and a, e represent all the six independent compo- 
nents of stress and strain for a three-dimensional body. Because the integral of the summation 
is the same as the sum of the individual integrals, the total potential can be written as 


N N 
Iy=4 | ea dv — 2 I. (gu + dv + dew) dS; 
=i Jvo e=m|} 1 
N Se ns oe 
— 2 [ Gut ¥v + Zw) do, (1.256) 
e= vol 


where e is the index denoting an element and JN is the total number of elements of the 


structure. 
For a one-dimensional structure, a displacement u(x) within an element can be approxi- 


mated by a polynomial as 
U(x) = a + wax + ax? +... + Onyx", (1.257) 


where the coefficients «1, %,..., %n4; are called the generalized coordinates. These are so 
named because they do not represent any physical quantity, e.g., displacement and rotation, 
on a one-to-one basis. In general, they are linear combinations of some of the nodal dis- 
placements and the derivatives of these displacements. The larger the value n, the greater 
the accuracy with which the displacement is approximated. In matrix notation, Eq. (1.257) 
can be written as 
u(x) = $74, (1.258) 
where 
Ten{l x x7... x", 
? | (1.259) 


OF = [ay O2... Snqil. 


The relation between the nodal degrees of freedom q:, q2,...,qm and the generalized 
coordinates «1, %2,..., %,41 cam be expressed as 


u = [d]a. (1.260) 
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If we denote g; = u (at node 1), g. = u (at node 2), and so on, then 


f Unode 1 1 [ [P]aode 1 "| 
aay Unode 2 = [Plnose 2 
| 


Unode MJ [Sloode M a) 





q a = (Ala, (1.261) 


where M is the total number of nodes for an element and-g is the vector of nodal displace- 
ments. Substituting for « from Eq. (1.260) in Eq. (1.261), we have 


u = [¢][A]}-'g 
= [N]q. (1.262) 


Equation (1.262) expresses the displacement at any point in terms of the nodal displace- 
ments. To obtain the stiffness matrix from the total potential, we need an expression for 
stress and strain in terms of the displacement. The strain-displacement relation is given by 


e = [Bl (1.263a) 
or | 

s = [B,]a. (1.263b) 
The matrices [B] and [B,] are related as 

[B] = [B.)[4]-". 


If the material is linearly elastic, the stress and strain are related as 


o = [Xj], (1.264) 

where [X] is the material matrix. Substituting for ¢ from Eq. (1.263a) or (1.263b), we have 
o = [X][B,]a (1.265a) 
= [X][Bl¢. (1.265b) 


Now, substituting Eqs. (1.262), (1.264), and (1.265b) in Eq. (1.255), we obtain 

(IT p)e = + | - q' (B(x Blg dv — J. q(N]"¢$ dS; — | i q™[N]?X dv. (1.266) 
Applying the variational principle 5/7, = 0, we get 

Be7t[  (BYTXIBIg do — [ ivrx— | ,_ NIG asi] = 0. (1.267) 


Since 8g’ is arbitrary, for Eq. (1.267) to be satisfied, the expression within the square brackets 
must be zero. This gives the equilibrium equation for an element as 


(klq = Q. (1.268) 
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where [k] is the elemental stiffness matrix given by 

re =| (BERLE) do (1.269) 
and Q, is the external load vector written as 

Q.=[ INXdo +] (Ny¢ asi. (1.270) 


As stated in Section 1.2.2, a stability problem can be formulated by using the principle 
of stationary total potential 


8(U — W,) = 0, (1.271) 


where U is the strain energy and Wg is the work done by the inplane loads. In terms of 
finite elements, U and W, can be written as 
U = tq" [K]q, 
r (1.272) 
Wa = 59 (Gl, 


where [K] and [G] are the elastic stiffness matrix and the geometric stiffness matrix, respec- 
tively, for the structure, g the vector of global displacements, and A the eigenvalue. 
Equation (1.269) gives the elastic stiffness matrix for an element. The total stiffness matrix 
can be obtained by adding the element stiffness matrices, 

To obtain [G], consider an element subjected to the inplane stresses o,, cy, and 7,,. The 
work done by these inplane stresses due to lateral deformation of the element is given by 


Wem tox | GOED do tte, | GOGY do try f GOG do. (1.273) 
Using Eq. (1.260), ie., w = [¢]a, we obtain 


Waa toatl] GEGE delat toart| SOG) dole 


x 
+ roel GEE dole. (1.274) 
2 vol Ox oy 
Taking the variation with respect to a, we get 
(Gayton EGE do +0 | GEG dv t+ dry f GOED dr]. (1.275) 
The geometric stiffness matrix [g,] is given by 


(eel = ox | GEE) do + oy | GE MGE do + Ora, | GEES) do. (1.276) 


The geometric stiffness matrix [g] in terms of the nodal displacements g is obtained, using 
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Eq. (1.261), as 
[g] = [4-']"[g,][4-#]. (1.277) 


Knowing the element geometric stiffness matrix [g], we can obtain the total geometric stiff- 
ness matrix [G]. There are two methods for obtaining the geometric stiffness matrix [g], 
namely, (i) the consistent geometric stiffness technique and (ii) the nonconsistent geometric 
stiffness technique. In the former, the same displacement function is used to derive both the 
elastic stiffness matrix and the geometric stiffness matrix, whereas, in the latter, a lower 
order displacement function is employed to get the geometric stiffness matrix. The main 
advantage of the consistent geometric stiffness method is that the eigenvalues are more 
accurate and are proven upper bounds to the exact solution (Zienkiewicz [13]). In the non- 
consistent stiffness approach, it is not possible to say a priori how the solution will converge. 


EXAMPLE 1.11 (Buckling of uniform column) Here, we shall first derive the elastic stiff- 
ness and geometric stiffness matrices 
for a uniform column under axial P 
compression and then obtain these 
matrices for specified boundary % 
conditions. 
Figure 1.21 shows a uniform 
column. It is divided into two ele- 
ments of length J; each element has L 
two degrees of freedom, correspond- Z 
ing to translation and rotation, at 
each node. Thus, there are four 
degrees of freedom for each ele- 
ment. Accordingly, we take the dis- Y,v rH ”% 


placement function as ; v2 


Us 


% 


v= oz + x32? z 
a a on Fig. 1.21 Uniform Column and Its Finite 


Element Idealization. 
This function satisfies the conditions 
of constant shear and linearly varying bending moment that exist in a beam element. If 1, 
v, and v2, v4 represent the nodal displacements and rotations, respectively, then the dis- 
placement v at any point within an element is given by 


" 
pe ee eS a ey (1.279) 
3 z | [2 7 [3 “J I" | v3 
U4 
Hence, 
“= _ 12z 6 6z 12z. 6z _2 v2 


(% 
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Since this is the only strain component present, comparing Eq. (1.270) with Eq. (1.263a), we 
get 


12z 6,62 4, 6 , 122 62 2 
[B] = —(- + Dos — -pt PGE - |p (1.281) 


From Eq. (1.269), we have 
i= | (BYXB) da dz. 


For a linear, elastic, isotropic material, [X] is given by the elastic modulus £. Substituting 
the expression for [B] in Eq. (1.269) and integrating, we get 


v1 v2 V3 % 
12/3 9? —12/2 —6/P 
6/2? 4/1 = g/l 


oe —2/P 6P 1278 6/P|' en 
—6/l2 2 6/PR 4/1 J 
Similarly, we can obtain the consistent geometric stiffness matrix [g] as 
[ 6/5. —1/10 —6/5! —1/10] 
Sacer —1/10 21/15 1/10 —I/30 (1.283) 


—6/5I 1/10 6/51 1/10 | 
—1/10 —J/30 110 29/15 


Matrices (1.282) and (1.283) are for a single element. For the given column which is 
divided into two elements, the nodal displacement vector is givenby[v, 2 v3 % Ys ui)", 
¥1, 03, Us representing the displacements and v2, v4, v¢ the rotations. 

To obtain the elastic stiffness matrix for the complete structure, the element stiffness 
matrices are superimposed. This is done by writing each element matrix for all the degrees 
of freedom and adding the matrices element-wise. Thus, 


V1 vl v3 val Vs = Ul 


12 -6 —12 -6 0 07 
—6 4 6 2 0 0 
= El}\—-12 6 12 6 O 0 nog 
[3 6 2 6 4 0 0 9 (1. ) 
0 0 0 0 O 0 
0 oO 0 0 oO 0 
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V) Val V3 vl Us vel 


0 0 0 0 0 oO 
0 0 0 0 0 0 
: E1\0 O 12 -—6 —12 —6 (1.285 
Uh=Blo 9 6 4 6 2I as 
0 0 —12 6 12 6 
0 0 —6 2 6 4| 
Combining Eqs. (1.284) and (1.285), the total elastic stiffness matrix we obtain is 
[K] = [k}, + [kh 
V1 vol v3 val Vs v6 
[f 12 —6 —12 —6 0 0 
—6 4 6 2 0 0 
—{12 6 24.0 —12 —6 
= =e (1.286) 
Bl -6 2 0 8 6 2 
0 0 —12 6 12 6 
9 0 —6 2 6 
In a similar manner, the total geometric stiffness matrix can be written as 
v1 Vol V3 vl Vs vel 
6/5 —1/10 —6/5 —1/10 1) 0 
—1/10 2/15 1/10 —1/30 0 0 
P| —6/5 1/10 12/5 0 —6/5 —1/10 
[G] = —- ; (1.287) 
I} —1/10 —1/30 0 4/15 = 1/10 —1/30 
0 0 —6/5 1/10 6/5 1/10 
| 0 0 —1/10 —1/30 1/10 2/15 _| 


The governing equation for buckling is 
[[K] — A[G]]v = 0. (1.288) 
Since p is not zero, for a nontrivial solution, the determinant 
[K] — AGI] = 0. 
We shall now derive the stiffness matrices for specific boundary conditions. 


(i) Simply-supported column For the first mode of buckling, which is symmetric, 
Vv, = 04 = vs = O. Further, we can consider only one half of the column as the column is 
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symmetric. The elastic and geometric stiffness matrices reduce to 
Eir4 6 Ppr2/15 =: 1/10 
Ki= a | = ~4| |. 1.289 
I= Ble 24 iG IL1/10 12/5 ee 
Therefore, 


4E_2P GET P 
B15 [3 10/ 











K] — A[G]| = = 1.290 
I-A |, pact ap (1.290) 
B 10] ie Sl 
The lowest value of P = P,, is then 
a 2.45EI  9.8ET 
oO ~ Fa? 
2 9. 
P., (exact) =F = a (1.291) 


(ii) Clamped-clamped column From the boundary conditions, v) = v2 = v4 =vs5= v6=0. 
Once again, considering only one half of the column, the characteristic equation we obtain is 


24EI/I3 — 12P.,/(51) = 0 (1.292) 
or 

Pop = 10EI/I? = 40EI/L?, (1.293) 

Po, (exact) = 4n?EI/L?. (1.294) 


EXAMPLE 1.12 (Buckling of tapered simply-supported column) For a linearly tapered 
column of rectangular cross-section, 


K(é) = lo + (hh — Lo); (1.295) 


where Jp is the second moment of area at z = 0 and « is the taper parameter. Equation 
(1.295) is also true for a column of rectangular cross-section with constant breadth and linear 
depth taper (Fig. 1.22). Such a column can be divided into a number of elements depending 


r mae 


i LF 


Fig. 1.22 Tapered Beam of Rectangular Cross-Section under Axial Compressive Load. 


Ah 
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on the desired accuracy and also on the mode of buckling. We shall, however, assume that 
it is divided into two elements, and derive the elastic stiffness and geometric stiffness 
matrices, using both the consistent and nonconsistent approaches. 


(i) Consistent approach The column is divided into two elements 1 and 2 (see 
Fig. 1.23). This figure also shows the nodal degrees of freedom. 


Fig. 1.23 Element Discretization with Nodal Degrees of Freedom. 
Let us consider the cubic displacement function 
Vv = & + AZ + 0327 + a4z° (1.278) 


over an element and derive the element matrices [k] and [g]. The generalized coordinates 
1, %2, %3, and a, can be obtained in terms of the nodal degrees of freedom 1, v2, v3, and v4. 
Further, the matrix [B] for an element is given by (1.281). The elastic stiffness matrix can 
therefore be obtained by using Eq. (1.269). As already noted, the geometric stiffness matrix 
for an element is 


ON,,.ON 
[3] = o.| [=-VI5-] av. (1.296) 
Integrating Eq. (1.296) over the cross-sectional area, we get 
ON. 
(el = Pf tael"tgr ae, (1.297) 


For element 1, 
Zz 
I(z)=hh+(h— ho)F 
ie oie = I) (1.298) 
In terms of the nondimensional parameter ¢ (z = /£), we find Eq. (1.298) becomes 


(6) = lo + (h — WS (1.299) 
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From Eq. (1.269), we have 


veh = [CB DAB) ao 


= f { _(BIFELBY dg dé. | (1.300) 


Substituting for [B] from Eq. (1.281) in Eq. (1.300) and integrating with respect to the area 
A., we get 


1 
(eh = [cee ae, 


[ 36(1—4£+-4¢2) Symmetric 
12(—-667-+7€—2)l — 4(4—126 +969) 


(eel! 6(1—4e4-46)  —12(— 62+. 7E—2)1-36(1 48 +48) (1.301) 
12(—-1+5§—6£?)I A(2—-9E +9) = —12(—14+5£—66*)1  4(1—6€ +98")? 
Substituting for 1(£) from Eq. (1.299) in Eq. (1.301) and integrating, we obtain 
1 V2 V3 V4 
Oo + 3K; Symmetric 
-KSlo+h) Fo + bh) 
FB) _o, 3 KSl+1) 9+ 3h ae 


2 2 
—K4lo+ 2h) FGb+1) W4b+2h) z6h+ 31) | 


If we use the same representation for J(€) as in Eq. (1.299), then ¢ varies from 1 to 2. 
‘We therefore rewrite J(€) such that € once again is defined within the limits 0 to 1. I(é) 
is then given by 


ug = A$ 4 — 2 (1.303) 


Substituting for J(€) from expression (1.303) in Eq. (1.301) and integrating, we get, for 
element 2, 


V3 U%4 Us %6 
Tr 3h+9h; Symmetric 


2 
—((2Ip + 4h) =(3lo + 5h) 


[kK]. = ] (1.304) 


—3ly — 91; 2I9o+ 4h) 3lo+ 9h 


2 2 
L —IIp + 511) (lo + 3h) Mo + 5h) Sto + 7h) | 
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As the local coordinates and the global coordinates are the same, the sum [k], + [k]. 
gives the global elastic stiffness matrix for the total structure as 


V1 23 3 PY Us 6 


[ 9lo + 3h: Symmetric 
2 
—I(Slo + Ih) C(I + Ih) 


—9le—3h, MSIo +h) 1246+ 12h 


K] = ; 
CK] —1(4Io + 211) 5(3le +h) 2h — 2h) 5 (Blo + 8h) (1.305) 
0 0 —3lo—91, 3 l(2l0+ 4h) 3lo + 9h 
0 0 —l(To + 5h) (le + 3h) M1eo+ 5h) (I + 7m) | 


The geometric stiffness matrix will be the same as given by Eq. (1.287). For our example, 
it can be written as 


V1 v2 v3 U4 U5 V6 
6/51 —1/10 —6/51 ~—1/10 0 0 
—1/10 21/15 © 1/10 —1/30 0 0 
ae —6/51 1/10 ‘12/51 0-6/5! —1/10 | aie 
—1/10 —I/30 0 41/15 1/10 —1/30 
0 0 —6/SI 1/10 3=— 6/S/ 1/10 
| 0 0 —1/10 —1/30 1/10 29/15 


We shall now consider the case Jo/Z; = 1/2. Substituting the boundary conditions 
v,; = vs = 0, we find the elastic stiffness matrix [K] and the geometric stiffness matrix [G] 
reduce to 


v2 V3 1% V6 
uP oN P07 
a2] 33 7g¢ —d! 
[K] ==" 3 ae (1.307) 
z)2 1 62 47 
[0 —-H §P2 apy 
v2 V3 % V6 
[ 2 ee — 0 
L5 10 30 
2! 
7 nn i 
[G] =P j 4l ' (1.308) 
39 (8) OS 36 
‘ot, ot @ 


10 30 15 





56 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


Substituting for [K] and [G] in Eq. (1.288), we see that |[K] — A[G]| = 0 becomes 


1512— 4)? 227 —3IA 712 +. PRA 0.4 
221—3IN 72 —72A 4] —141 + 31 
= 0, (1.309) 
712 + 12d 41 242—8)A 51242) 
0 14143 SP? +42PA 9/2— 49a 


where A = 2P/2/(15EIo). It can be seen that the characteristic equation is a quartic in A. Its 
lowest root corresponds to the first buckling load. This root, when evaluated numerically, 
has the value 


Amin = 0.2448. (1.310) 
This corresponds to 
Pog = (1.836)? = (7.344) 9, (1.311) 


(ii) Nonconsistent approach Here, the elastic stiffness matrix is obtained by consider- 
ing a cubic function for displacement. However, the geometric stiffness matrix is derived by 
choosing a linear shape function. This implies that we have to neglect the rotational degrees 
of freedom. In view of these, the elastic stiffness matrix will be of the order [6 x 6], whereas 
the geometric stiffness matrix will be of the order [3x3]. For the two matrix equations to 
be compatible, we need to calculate [Ker;] which is defined as (Desai and Abel [15]) 


[K] = [Keer] = [Kir] — [K12][K22)-'[Kai], (1.312) 


where [Kj;], [Ki2],... are obtained after partitioning the stiffness matrix. The stiffness 
matrix is the same as given by (1.307), 1.e., 


v3 v2 U4 U6 
Figs, Sl 1 —2)] 
a ae are ene es ae a eter 
11 ! 18 
=] [2 2]2 0 
[K]=—4 7" : (1.307) 
1 ; 2p 622 -&)? 
{ 
L—d ; 0 gl2 3l? | 
Thus, 
[Ai] = [18], 
KJ) =Fel 1 —#, 
[ 12] [ st] (1.313) 


(Kal =[l 1 —HI’, 
P4872 272 Q | 
[Kr] =| zp 62 gp |. 
[ 0 8P 8 | 
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Substituting for [Ky;], ..., [K22] in Eq. (1.312), we get [K] = (4.457)EI/L°. This corresponds 
to the degree of freedom v3 since each of v; and vs is zero. 

The geometric stiffness matrix is calculated by considering only two transverse degrees of 
freedom for each element. Keeping the same notation as before, for the two elements these 
will be v1, v3, and vs. The displacement v at any point within element 1 (see Fig. 1.22) is 
given by 


“1 
v=([l — 2/l, 2/D b (1.314) 
3 


Following the same steps as given in Section 1.9.3, we find the geometric stiffness matrix for 
element 1 is 


v1 v3 Us 
Po se “OF 
P 
(g)1 =; —1 1 O|. (1.315) 
| oO 0 0 | 


Similarly, for element 2, we get 


M1 803 V5 


ro 0 0 
[eh= 7/0 1 —1] (1.316) 
[o -1 1] 


The geometric stiffness matrix for the total structure is then given by 
[G] = [g]: + [g]2 


V1 v3 Us 


sl 1 —1 07 
=s[-1 2-1 . (1.317) 
{| oO —1 1 | 
For the given structure v,; = vs = 0. Making use of this, we get P., as 
EI 
Po = (8.913)+7- (1.318) 


Comparing the two values given by Eqs. (1.311) and (1.318), we find that they differ by 
20 per cent. 


EXAMPLE 1.13 (Buckling load of tapered cantilever column) Consider a column whose 
second moment of area is as given by Eq. (1.295). As in Example 1.12, so too here we 
assume that the column is divided into two elements with v1, v3, vs representing the nodal 
displacements and v2, v4, vg the nodal rotations. 
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(i) Consistent approach The boundary conditions are 
vv, =S2>=> 0. (1.319) 


Incorporating these in Eqs. (1.305) and (1.306), the elastic stiffness and geometric stiffness 
matrices for this column we obtain are 


El| ! 6P 44 SP 


Kis (1.320) 
PY—38 4p 4 
|—z ge 2 ap 
V3 V4 Vs V6 
Pie = 6 : 
51 sy + ~ 36 
4h, I 
G P ° - ae, 7e 1.321 
oe ~§& a 6 4/ ae 
3] 016) Bf 
2 _/! a 2 
7° 3008 5 J 


Following the same procedure as given in Example 1.12, we get 


P, = (2.132). (1.322) 


(11) Nonconsistent approach Here, the geometric stiffness matrix is of the order (2 x 2) 
and the elastic stiffness matrix is of the order (4 x 4). Further, the stiffness matrix given by 
(1.320) can be rewritten as 


V3 Us U4 U6 
f 18 —32) 7 —g) 
15 is ! 
EI, ~7 7141 Z] 
[K] ==) ------- eee (1.323) 
l 4l 6/2 §]2 
—fl H\8P | SP] 
Hence, 
18 —~ 
[Ki] = Ely : ’ 
I 15 15 
L-3 4 
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[K12] = [Ka]? = a : 
Plaid 


_ Ely 6/2 &/2 
ae whe ar} 


Substituting these in Eq. (1.312), we get 
El,| 2086 “a 


10173 
191] | —2222 43 


[K] = [Kee] = (1.324) 


Following the same procedure as discussed in Example 1.12, the geometric stiffness matrix 
we obtain is 


v1 03 Us 


r 1-1 0 
(jqj=s|-1 2 -1]. (1.325) 
1 0-1 Jj 
Hence, 
Po = (2.174) (1.326) 


If we divide the column into a large number of elements, we can make the solution con- 
verge to the exact value. 


1.10 EFFECT OF SHEAR ON BUCKLING LOAD 


In deriving the differential equation governing the buckling of a column, we assumed that 
the cross-sectional dimensions of the column are small as compared to its length, and there- 
fore we neglected the effect of shear deformation on the buckling load. However, as the 
depth of a column increases, this effect has to be taken into account for a proper estimation 
of the critical load since shear deformation lowers the Euler (or critical) load. In what 
follows, we shall do this, keeping our treatment similar to that given in Timoshenko and 
Gere (3]. 

Consider a column subjected to an axial load P. At buckling, the column bends. 
Figure 1.24a shows the deformed configuration of an element of the column. 

At any z along the column axis, the displacement along the Y-direction and the slope 
will be due to a combination of bending and shear. 

The total slope is the algebraic sum of the bending slope and the shear slope (see 
Fig. 1.24b), 1.e., 


y = $ — dvfdz. (1.327) 
The shear slope y is given by 


_ 1Q 
Y=7¢ (1.328) 
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(a) Deformed element (b) Deflected column 


Fig. 1.24 Deformed Geometry of Column with Shear Effect. 


where A is the area of cross-section and G is the shear modulus of the column material. 
The relation between the applied load P and the shear force Q is 


Q = —Py. 
Hence, 
_  _nP¢ 
y= AG” (1.329) 


Substituting for y from Eq. (1.329) in Eq. (1.327), we get 
dv nP 
z= yl -+ 7G!" (1.330) 


From Eq. (1.58), the governing equation for a column we have is 


Cn dy 
Substituting for # and differentiating with respect to z, we get the governing equation for a 
uniform column as 


EI d‘v d*y 


dz? 
Introducing the nondimensional parameter ¢, defined as ¢ = z/L, we can write Eq. (1.331) 
as 


d‘y dv 
Fs + Na 3 = 0, (1.332) 
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where 
2 
An = ai All + “a 


EXAMPLE 1.14 (Buckling load of simply-supported column with shear effect) From our 
earlier analysis [see Eq. (1.7)], for a simply-supported column, the first eigenvalue is 7. 
Hence, 


a2 Pe. nP.- 


73 = al + GS). (1.333) 





Defining Pe = 77EI/L? as the Euler load without shear effect, we have P,, with shear effect 


as 
it ae 7 ae 


to ; 





(1.334) 


EXAMPLE 1.15 (Buckling load of simply-supported column with shear effect) Here, the 
strain energy of the column consists of bending and shear energies, given by 


L M2 L nQ? 
v=4[ etal we (1.335) 
V,=—4 [, re oy dz. (1.336) 


A one-term deflection curve satisfying the boundary conditions of the column can be taken 
as 


v(z) = a sin = (1.337) 
We know 
dv 
M = P», = PS, (1.338) 


Substituting Eqs. (1.337) and (1.338) in Eqs. (1.335) and (1.336) and applying Timoshenko’s 
technique (see Section 1.8.1), we get 


] 


Por = Pet mPa(AGy 


(1.339) 


Thus, we see that the critical load here is less than that given by Eq. (1.32). This implies 
that, for purposes of design, we should take into account the effect of shear on the buckling 
load. 

PROBLEMS 


I.1 An aluminium pipe has inner and outer diameters of 0.03 m and 0.035 m, respectively. 
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If the pipe is one metre long with simply-supported ends and with E = 68.64 GPa, calculate 
(i) the critical load for elastic buckling and (ii) the average stress. 


1.2 A I-m-long aluminium bar has a rec- 

tangular cross-section 0.045 m wide and 0.01 m 

thick. The ends of the bar are simply-supported 

with respect to bending about the stiff axis but P 
clamped with respect to bending about the | 
weak axis. Determine the critical load for elastic 

buckling if E = 68.64 GPa. 


1.3 Determine the critical load for a uniform 
column (see Fig. 1.25) clamped at one end and 
constrained at the other end, such that it is 
free to move along the Y-direction without 
rotation. L 


1.4 A steel bar of rectangular cross-section 
0.02 m x 0.04 m with hinged ends is compressed 
axially. Determine the minimum length of the 
bar if the stress at the limit of proportionality 


of steel is 196.2 MPa and E = 206 GPa. Also, Y,v 
compute the magnitude of the critical stress if {P 

the length of the bar is 1.5 m. 

1.5 Solve Problem 1.4, assuming the bar to be Fig. 1.25 Problem 1.3. 


of circular cross-section with 0.025 m diameter 
and with clamped ends. 


1.6 Calculate the first critical load for a column with a spring of stiffness k attached to the 
column at the middle and simply-supported at two ends, as shown in Fig. 1.26. What will 
be the critical load for the second mode of buckling? 


P P 





Fig. 1.26 Problem 1.6. 


1.7 Find the buckling stress for a column, made of an aluminium alloy, with width = 
0.02 m, depth = 0.0025 m, and length = 0.5 m. The column is simply-supported about the 
major bending axis and clamped about the minor bending axis. 


1.8 Calculate the critical buckling load of a column of rectangular cross-section 0.02 mx 
0.01 m and supported as shown in Fig. 1.27. The supports B and C make a line contact 
with the cross-section. Given E = 206 GPa and column length = 1 m. 
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Cc 


ey 


Fig. 1.27 Problem 1.8. 


0.25 


1.9 Obtain the differential equation and the boundary conditions for a column which is 
axially loaded and supported elastically as in Fig. 1.28. The elastic restraints are provided 
by rotational and extensional springs of stiffnesses k, and k,, respectively. 

(Hint: Use the variational principle.) 





Fig. 1.28 Problem 1.9. 
1.10 Solve the differential equation obtained in Problem 1.9, and get the expression for 
the critical load when: 


(i) k, and k, both tend to infinity. 
(ii) k, tends to zero and k, tends to infinity. 


1.11 Obtain the expression for the buckling load of the column shown in Fig. 1.29, where 





Fig. 1.29 Problem 1.11. 
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Ig is the second moment of area of the column cross-section. 


1.12 Obtain an expression for the buckling load of the column shown in Fig. 1.30. The 
column is attached to two elastic springs, each of stiffness k/unit deflection, and is hinged 


at one end and free at the other end. 





L/4 
Z 
3L/4 Se 
te | 
Fig. 1.30 Problem 1.12. Fig. 1,31 Problem 1.13. 


1.13 Obtain an expression for the critical load of a column (see Fig. 1.31) fixed at one end 
and free at the other end. The moment of inertia varies as Ip(z/a)*. 

1.14 Use the Rayleigh-Ritz method to obtain an approximate expression for the critical 
load of the stepped column shown in Fig. 1.32. The column is simply-supported. Check for 
the convergence of the solution. 





Fig. 1.32 Problem 1.14. 


1.15 Solve Problem 1.14 by the finite difference technique. 

1.16 Use the Rayleigh-Ritz method to determine the critical load of a fixed-fixed column 
(Fig. 1.33), supported along its entire length by an elastic foundation corresponding to a 
force k kg per unit length per unit deflection. 
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Fig. 1.33 Problem 1.16. 


1.17 Use the Rayleigh-Ritz technique to obtain an approximate buckling load of a non- 
uniform simply-supported column (see Fig. 1.34) whose bending stiffness is given by EJ = 
EI{. + (11/Jo) sin (7z/L)). 





Fig. 1.34 Problem 1.17. 


1.18 Solve Problem 1.17 by employing the Galerkin technique. 


1.19 Use the finite element method to obtain the buckling load of a nonuniform column 
of circular cross-section (see Fig. 1.35) whose second moment of area varies as 


Zz 


I(2) = In — 5/4, 


where « is the taper parameter defined as (D — d)/D. 


1. 
Fig. 1.35 Problem 1.19. 
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1.20 Use the finite element method to obtain the buckling load of a nonuniform column 
of rectangular cross-section (Fig. 1.36) with constant breadth and linear depth taper. The 
second moment of area varies as [(z) = [1 — «(z/L)}°. 
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Fig. 1.36 Problem 1.20. 
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2 


Inelastic Buckling of Columns 


2.1 INTRODUCTION 


In Chapter 1, we considered the elastic buckling of columns and showed that columns 
undergo form failure with stresses within the elastic limit if the slenderness ratio is quite 
large, that is, approximately greater than 80 (see Fig. 2.1). When L,/p is less than 20, a 


Very 
short 
cr column 


Short column 
Long 
column 


0 20 60 80 100 


L./p 
Fig. 2.1. Typical Column Curve for Thin-Walled Section. 


column fails by crushing. This type of instability is observed in short struts, e.g., rivets. The 
region 20 < L,/p < 80 is termed as a short column; the stresses here exceed the elastic limit 
before form failure takes place. In such a situation, the Euler formula derived in Section 1.1 
is not applicable and an alternative method of solution has to be used. If we examine the 
stress-strain curve for a metal (Fig. 2.2), we shall observe that the modulus has a unique 
value within the elastic limit. However, if the stress increases beyond this value, the modulus 
becomes a function of the stress. In other words, we should know the operating level of the 
stress before we can find out the modulus. This makes the analysis in the inelastic region 
complicated. For example, if the loading on a column is such that the stress lies in the 
region AB (Fig. 2.2), the modulus has a unique value corresponding to the tangent modulus. 
On the other hand, if the loading is such that the stress lies in the region BC, the modulus 
then depends on the location of the point P, on BC. 
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The first attempt to obtain the critical load of an inelastic column was made by F. Engesser 
who modified the Euler equation (see Bleich [1] and Gerard [2] for details), valid for an 
elastic column, by replacing E (elastic 
modulus) by £, (tangent modulus). 
Around the same period, A. Considére 
(see Bleich [1]) modified the Euler equa- 
tion by replacing E by Lp (reduced 
modulus) or Ep (double modulus) which 
lies between the elastic modulus and the 
tangent modulus. This implies that there 
exist two stages in the inelastic buckl- 
ing of acolumn. The experiments von 
Karman later conducted (see Bleich [1]) 
on small specimens of rectangular cross- 
section columns of mild steel supported 
the observations made by Considére. 
Thus, the use of Ep for estimating the in- 
elastic buckling load remained in vogue Fig. 2.2 Typical Stress-Strain Curve 
for a long time. Shanley [3], while for Metal. 
experimenting with different shapes of 
columns of an aluminium alloy, concluded that the results theoretically obtained by using 
Ep or Eg in the Euler formula are different from those arrived at experimentally. On the 
other hand, he found that the theoretical values obtained by applying £, in the Euler formula 
are closer to the experimental values. (He attributed this to the differences in the stress-strain 
curve for steel] and aluminium alloy.) He further observed that this is valid only in a situa- 
tion where there is no strain reversal. In an instance where strain reversal takes place, the 
double modulus theory gives the correct result. This strain reversal occurs when axial strain- 
ing and bending proceed simultaneously. 


In what follows, we shall describe the (i) reduced (or double) modulus theory and 
(ii) tangent modulus theory. 





2.2 DOUBLE MODULUS THEORY 


For deriving the governing equation, we shall assume that the 


(i) deformations are small as compared to the cross-sectional dimensions (i.e., the 
strain-deformation relation is linear), 


(11) plane sections after deformation remain plane and normal to the central line (that 
is, the shear deformation is neglected), 


(ili) stress-strain relation in any longitudinal fibre is given by the stress-strain diagram 
of the material, and 


(iv) cross-section is symmetric. 


Consider a column with symmetric cross-section, as shown in Fig. 2.3. The column is 
subjected to an axial load P which gradually increases. Further, the column remains perfectly 
straight till the critical load P,, is reached. At this load, the column bends slightly. The 
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stress-strain diagram of the material is shown in Fig. 2.4. Also, the stress distribution at any 
cross-section is as depicted in Fig. 2.3. 
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Fig. 2.3 Symmetrical Cross-Section and Fig. 2.4 Schematic Stress-Strain 
Stress Distribution. Diagram. 


Assume that a stress ag develops at every point in the cross-section before the column 
deflects. After deflection, the stress in the compression fibre increases, whereas that in the 
tension fibre effectively decreases though this stress still remains compressive. The loading 
takes place along the curved path O’C’ and the unloading takes place along the path O’B’, 
parallel to the initial slope of the stress-strain curve. Since it is difficult to represent the 
curved path O’C’ mathematically, we shall, in our analysis, take into account the slope of 
the line O’C instead of that of O’C’. Thus, the loading is governed by the tangent modulus 
E,, and the unloading by the elastic modulus E. In view of assumption (ii), the small bend- 
ing stresses are superposed on the direct compressive stress and are distributed along the 
depth of the cross-section, as shown in Fig, 2.3. 

The equilibrium equations for the bent configuration at any given section are 


hy hg 
| oa | o, dA =0, (2.1a) 
0 0 


hy hs 
[, o,(x; + e) dA+ I, o,(x2 — e) dA = Pv, (2.1b) 


where e is the distance between the centre of gravity and the shear centre. The deflection v 
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is measured with respect to the centroidal axis of the column. 
From Fig. 2.3, we have 


o = Cly oC = 32 
a= he b= 7,2 (2.2) 


and, in view of assumption (i), 


d2 d? 
01 = Ehiz5, 02 = Eqhaa. (2.3) 


Substituting Eqs. (2.2) and (2.3) in Eq. (2.1a), we get 


d? d? 
ES [x x, dA — BGs [| md4=0. (2.4) 


Equation (2.4) along with the relation h; + h,=h determines the position of the neutral 
axis of the section. Equation (2.1b) yields 


UE Ir x7 dA+E, {- : x2 dA) = Pv 
or 

(Eh + Eu) = Po, (2.5) 
where J; and J, represent the second moment of the two portions of the area of the cross- 
section about the axis nn. In terms of the notation 


Epl = Egl = El, + E,l2, 


we can write Eq. (2.5) as 


The value of Ez depends on the shape of the cross-section and the material properties. 
Equation (2.6) is of the same form as Eq. (1.2), and hence the method of solution here 
remains the same. Thus, for a simply-supported inelastic column, the first critical load P, is 
given by 


P, = mEl/L?, (2.7) 
where 


E=E= ok Ee. 


2.3 TANGENT MODULUS THEORY 


As already noted, the tangent modulus theory is based on the fact that there is no strain 
reversal when a column passes from the straight to a bent configuration. Shanley [3] showed 
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that the bending of a column may proceed simultaneously with increase in the axial load. 
According to him, there is a continuous spectrum of deflected configurations corresponding 
to the values of the axial load P between P, (load based on tangent modulus theory) and 
P, (load based on reduced modulus t heory). The deflection v associated with a load has a 
definite value and increases from zero to infinity when P changes from P, to P,. Figure 2.5 


7 


2 3 475 6 Convex side 


Concave side 


Fig. 2.5 Variation of Stress across Depth of Section. 


shows the possible stress distribution across the depth of a section as P increases from zero 
to P,. Here, during the load increments 1 to 4, the stress remains constant across the depth 
and corresponds to the straight configuration. Beyond 4, the column starts bending and 
the rate of increase of stress on the convex side decreases. This corresponds to loading at 
stages 5 and 6. If the load is further increased as in stage 7, the stress on the convex side 
decreases from the immediately preceding value, whereas on the concave side it increases. 
The modulus corresponding to stages 5 and 6 where there is no strain reversal is the local 
tangent modulus. Thus, Eq. (2.6) becomes 
d*y 


EIT — Pv. (2.8) 


In terms of the notation 7 = E,/E, we may write Eq. (2.8) as 


Eng = Pv, (2.9) 


where 7 is the plasticity reduction factor. Hence, the lowest buckling load P, for a pin ended 
uniform column in the inelastic range is 
P, = wEIn/L2. (2.10) 


For most metals, 7 lies between 0.8 and 0.95. 
We shall now consider examples to illustrate the dependence of Ep on the cross-sectional 
shape. 


EXAMPLE 2.1 (Reduced modulus of rectangular section) Consider. a rectangular section 
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of depth h and width 5. Figure 2.6 schematically shows the variation of stress and strain 
across the depth as also the stress-strain curve for the column material. 


hy hy 


Ao, Seales f 46, 


E. 





Stress 


Strain 


«| +h,/R 


hy 








h2/R| «, 
Fig. 2.6 Variation of Stress and Strain along Depth. 


The equilibrium equations for the bent configuration at any given section are 


[,od4=P, (2.11) 


| ox dA = Po. (2.12) 
A 
Assuming that the deflections are small, we find the strain e¢ is 

=R 722? (2.13) 
where R is the radius of curvature. Equations (2.11) and (2.12) then reduce to 


BR [“o de =P, (2.14) 


bR? | Soe de = Po, (2.15) 


G 
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Although the stress-strain diagram has a curvature (see Fig. 2.6), we assume that the stress- 
strain curve at O is made up of two straight lines. Therefore, we have to satisfy two equi- 


librium equations, namely, (2.14) and (2.15). As the section is rectangular, these reduce to 
$hAo, = $h2doy, (2.16) 
4bAoyh* + 4bAoh2 = Pv. (2.17) 
In addition, we have 
+h=h. (2.18) 


Since the stress-strain relation is linear, we get 


Ao, = Ede; = EM, (2.19a) 
Mo, = E,4e, = Ee, (2.19b) 


Substituting Eqs. (2.19) in Eq. (2.16), we obtain 
heE = hE. (2.20) 


Equations (2.20) and (2.18) lead to 


hy = aE (2.21a) 
he = ETE (2.21b) 


Equations (2.21) show that the position of the neutral axis depends on the column material 
property. Substituting Eqs. (2.19) in Eq. (2.17), we have 


Eh3b 


Edhb _ 
4 R a 


+ 3% = Po. (2.22) 








Substituting in Eq. (2.22) for h; and 2 in terms of h, we get 
bh? 4EE, 


bay Gs Gf ee ee 
Pu=3 R (VE+ VE (2.23) 
Comparing this with Eq. (2.6), we find that 
4EE, 
E = , ¢gure i. go 48 e 
RY (WEF VE? (2.24) 


If E = E,, which is true in the elastic region, Eq. (2.24) reduces to Ep = E. 


EXAMPLE 2.2 (Reduced modulus of /-section with negligible web thickness) Consider an 
I-section in which one half the cross-sectional area is lumped at each flange (see Fig. 2.7) 
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and the area of the web is neglected. (For another discussion on this problem, see Timoshenko 
and Gere [4] and Chajes [5].) 


The equilibrium equations here are Al2 A/2 








A.A 
Aas = Az, (2.25a) 
hoshy + bork, = Po. (2.25b) 


Substituting for 40, and 4o2 from Eqs. (2.19) 
in Eqs. (2.25), we get 


= = 2 (2.26a) 

t 

A (En 4+ EJB) = Po (2.26b) 

2R* nase : Fig. 2.7 Idealized I-Section. 


Using Eq. (2.18) in Eqs. (2.26), we obtain 


_ hE, 
hy — E+E, (2.274) 
hE 
Ah? ER, _ 
QRELR = ros) 


Equation (2.27c) can be rewritten as 


I 2EE, 


- FETE (2.28) 


Pv 
where J = A(h/2)?. Thus, the reduced modulus Zg is given by 


_ 2EE, 
Ex = pape (2.29) 


2.4 ECCENTRICALLY LOADED COLUMNS 


Earlier in this chapter, we assumed that the axial load passes through the centroid of the 
column cross-section. In practice, there are instances where this cannot be realized. Here, 
we shall therefore consider such situations, i.e., the eccentrically loaded columns. In doing 
so, we shall assume that the stress levels in the sections exceed the proportional limit. 

In an eccentrically loaded column, the stress-strain relation varies in a complex manner 
from point to point. As such, it is not possible to get a closed-form solution. Therefore, an 
approximate numerical solution has to be obtained. One such technique has been suggested 
by von Karman (see Bleich [1]). Since this technique is quite involved, we shall confine our 
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discussion to the one proposed by Chajes [5]. It is based on the following assumptions: 


(i) The column deflects as a sine wave. 


(ii) The stress varies linearly across the section. (The actual stress-strain curve of the 
column material is used to determine the maximum fibre stresses before making this 
assumption.) 


(iii) After deformation, the plane sections remain plane and normal to the central line. 
(iv) The deformations are small (i.e., the moment-curvature relation is linear). 


Consider the eccentrically loaded column shown in Fig. 2.8. It is initially straight and is 
of rectangular cross-section of width 5 and depth A. The column cross-section is subjected 
to both axial and bending stresses which increase as P increases. Figure 2.9 shows the stress 


| | 


4 
=a 


h 





Fig. 2.8 Eccentrically Loaded Fig. 2.9 Variation of Stress across 
Column. Any Section. 


variation across any section. Here, oo is the stress due to the axial load and a1, o2 are the 
extreme fibre stresses including bending. If e, and «2 are the strains corresponding to the 
stresses o; and o2, respectively, then 


1 €—€ 











R , (2.30) 
where R is the radius of curvature. In view of assumption (iv), we have 

dy €{ — €2 

in (2.31) 
Defining the modulus E£ as 

E227! (2.32) 


€p — €;’ 
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we can write Eq. (2.31) as 





d*v CO, — 02 
Now, 
P Mh P Mh 
a=G- ap oat ap ce 


where A is the area of the cross-section, 7 the second moment of area from the centroidal 


axis, and M the bending moment at any section. From Eq. (1.1), we have 
dv M 
dz sr (2.35) 


The moment M is equal to P(e + v), the deflection v being measured from the straight 
configuration. Following assumption (1), we see that the deformed shape of the column is 
given by 


v = v9 sin i: (2.36) 


Substituting relation (2.36) in Eq. (2.35) and evaluating vp at z = L/2, we get 
2 P(e + Vo) 
”= - = 


= 2.37 
oa (2.37) 
and, because J = Ak?, 
= —=——. (2.38) 
a= a1) 
(L/k)?o9 
In Eq. (2.38), £ is still an unknown. 
The maximum and minimum stresses at z = L/2 are given by 
P  P(e+vo)h 
a= 5 +t ro) (2.39a) 
P Pl(e+r)h 
o=5- Ale + oh (2.39b) 
Substituting for vp from Eq. (2.38) in expressions (2.39), we obtain 
eh ] 
02 = off 1 + oie?» (2.40a) 
mE 
2h 1 
Co; = Go| 1 a e aokee (2.40b) 


mE 
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From Egs. (2.40), we can obtain E provided we know a2 which itself is an unknown. To 
evaluate o2, an iterative technique is used. That is, E is assumed to have some value, and 
subsequently o;, o2, and hence «;, 2, are estimated from the stress-strain curve. The new 
value of £ is then gotten, using Eq. (2.32). 

Once we know E, we can obtain vp from Eq. (2.37). We can then plot P versus 2 by 
considering different values of P. 

We shall demonstrate the application of the technique we have discussed through an 
example. 


EXAMPLE 2.3 (Deflection of J-section column in inelastic range) Consider an idealized J- 
section column of an aluminium alloy as shown 
in Fig. 2.10, and assume that the effect of the 
web is negligible. Further, the J-section is sym- Area = 0.013 m? 
metric with a flange area 0.013 m2. Also, the 
flanges are separated by a distance 0.10 m. The 
slenderness ratio (L/k) of the column is taken to 
be 30 and the eccentricity e to be 0.025 m, and 
oo (for the column material) = 1.274 x 10° N/m?. 
The stress o2 from Eq. (2.40a) is 


eh l 
— l at Cee ee e 
02 Col + aS _ = (ae 
n?E 





Fig. 2.10 Eccentrically Loaded 


Substituting the given values of e, h, k,... in 
I-Section Column. 


this equation, we get 


o2 = 1.274 x 101 + 0.2 ] N/m?. 


wE 
Assume that o2 = 1.883 x 10° N/m2. Then, 
o, = 1.274 — (1.883 — 1.274) x 10° 
= 0.667 x 10° N/m?. 


For these values of o2 and o;, the corresponding strains from the stress-strain curve (Fig. 2.11) 
are 


€, = 0.0012, €2 = 0.003. 
Hence, from Eq. (2.32), 
E = 0.675 x 10!? N/m?. 
Substituting in Eq. (2.40a) this value of E, we get the new value of o2 as 


o2 = 1.547 x 10° N/m’. 
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Fig. 2.11 Typical Stress-Strain Curve for Aluminium Alloy. 


As a second approximation, take 0, = 1.5 x 10° N/m?. Then, 
o, = 0.961 x 10° N/m?. 


From the stress-strain curve (Fig. 2.11), the strains corresponding to the new values of 0; 
and o2 are 


«= 0.0016,  « = 0.0027. 


Hence, 


a (1.547 — 0.961) x 10? _ 12 N/m? 
E=~—90027 — 0.0016 = 932 x 100° N/m". 


Substituting in Eq. (2.40a) this value of E, we get 
o2 = 1.595 x 10° N/m?. 
As a third approximation, take o2 = 1.595 x 10? N/m?. Therefore, 
o, = 0.954 x 10? N/m?. 
As can be observed, the solution has converged to the second decimal place. We can either 


stop at this stage or proceed as before, depending on the accuracy we desire. Now, the 
deflection at the centre can be obtained, using Eq. (2.38), as 


e 0.025 
as 2E om? x 0.532 x 10! ae 
(Lik? 1.274 x 10° x 900 


2.55 EMPIRICAL RELATIONS FOR SHORT COLUMNS 


In Sections 2.2 and 2.3, we noted that for estimating the buckling load in the inelastic region 
a knowledge of the stress-strain curve of the column material is required. This makes the 
task difficult since the stress-strain curve for a given material may not be readily available 
and a considerable effort may have to be put in to obtain it. Further, it is not easy to express 
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the relation between the allowable column stress o, and the slenderness ratio (L’/p), 
where L’ is defined as the effective length of the column (L’ = L/,/c, c being called 
the fixity coefficient of the column), in a simple manner. For this, a large number of experi- 
ments have been conducted and a number of simple approximate equations for a wide variety 
of materials are now available. Such approximate equations are reasonably close to the 
results obtained by column tests. Of these, the most commonly used empirical relationship 
is a power law of the form 


Oo = Oc9 — K(L'/p)’, (2.41) 


where o,, is the stress intercept at (L’/p) =0 and n is a parameter. Both these quantities 
depend on the material and also on its condition (heat treated, cold worked, ...). The 
coefficient K, is found by requiring the empirical curve and the Euler curve (elastic buckling) 
to be tangent at the transitional slenderness ratio (L’/p),,. Further, the value of the column 
stress o,, aS obtained from the empirical curve and the Euler curve, should be the same at 


(L'/p) te. 
From Eq. (1.12), the column stress predicted by the Euler curve is 


aE 


Cg = (L’/p)* (2.42) 
Equating the two stresses at the point (L’/p):,, we get 
2E 
Oco — K(L'/p)ir = ——z (2.43) 
: "" (L'/pye 
and, for equal slopes at this point, we obtain 
272E 
—K,.n(L' |p), | = ———. (2.44) 
ies (L' |p) 
Simplifying Eq. (2.44), we have 
272E 
K, = ———_;- (2.45) 
n(L' |p)ic" Z 
Hence, 
aE 2 
Cco = ——5(1 + =). (2.46) 
“(Li iplie 
We can rewrite Eq. (2.46) as 
; E 2 
(L'/p)e = a{—(1 + =}. (2.47) 
co 
Substituting this value of (L’/p),, in Eq. (2.45), we obtain 
2 
K, = a (2.48) 


marty 4 Dyyn42y2 
co 
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Hence, 
2E Be. 
EB 2 ‘poe 
np Ay (a2+2)/2 
a es ue 


C = Oco ™ 


(2.49) 


By giving varying values to n in Eq. (2.49), we can obtain different empirical relations. Of 
these, the ones that are largely used, as given in Peery [6], are: 


(i) Straight line formula (n = 1) 


2 Sco 
K, = m(E] co) */2 33/2 (2.50a) 
0.385 ; 
°. = Sco 1 — a E/eca) ae /p)). (2.50b) 


This fits in for most columns made of aluminium alloys. 
(ii) Johnson’s parabolic formula (n = 2) 


E 
Se = FE[o a 
oe = oll — ae (Llp) (2.51b) 


Heat treated alloy steels with high values of ultimate tensile strength can be represented by 
these relations. 


(iii) Semi-cubic formula (n = 1.5) 


0.3027E 
K. = nt3(Ejo,.)@? (2.52a) 
L'/p 
c = Sco 1 — 0.3027 —— 1.5 ¢ 2.52b 
Oc = Fol (OV Elon ] ( ) 


Heat treated alloy steels with low values of ultimate tensile strength can be represented by 
these relations. 


The Euler curve and each of these relations can be expressed in an elegant way. By 
defining the nondimensional parameters 


L'/p Go 
Se OGG Sy R = — 9 ‘ 
tV Elec i 22°) 


Sco 


we can write Eqs. (2.50b), (2.51b), (2.52b) as 


R, = 1.0 — 0.385B, (2.54a) 
R, = 1.0 — 0.25B?, (2.54b) 
R, = 1.0 — 0.3027B'5 (2.54e) 
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and the Euler curve as 
R, = 1/B?. (2.54d) 


Figure 2.12 schematically shows the variation of R, with B. 
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Fig. 2.12 Variation of R, with B. 
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EXAMPLE 2.4 (Critical stress o, for aluminium alloy) Consider a column of hollow cir- 
cular cross-section 0.025 m x 0.001 m and length 1 m made out of an aluminium alloy. It 
is so supported that its fixity coefficient c= 4. Let us find its ultimate strength when 
E = 68.68 x 10° N/m? and the inelastic column curve o, = 0.236 x 10° — K.(L’/p). 

The effective length of the column is 


Ben eras ee 


The radius of gyration is 


T 


The slenderness ratio is 


0.5 
Lik = @agge = 57.636. 


From Eq. (2.50b), we obtain 


0.385 j 
O, = Oofl — a(E/o, mE]o.,)i& / /p)) 
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0.385 
a5 —(57.636)] 
1(~a~ans 1j2 
0.2326 
= 0.2326 x 10%1 — 0.411) 
= 0.2326 x 10? x 0.589 


= 0.137 x 10° N/m?, 


= 0.2326 x 10%1 — 


PROBLEMS 
2.1 Derive the expressions for the reduced modulus Ep for the sections shown in Figs. 2.13a 


and 2.13b. 
h 


t/10 





(a) (b) 
Fig. 2.13. Problem 2.1. 


2.2 Obtain the reduced modulus Ep for the section in Fig. 2.13b, assuming that the web 
area is lumped at the flanges and that the flanges are connected by a thin member. 


2.3 The short column curve for a material is represented by the equation 


Oc = Ocq — K,(L'/p)***. 


Determine the value of K. in order that this curve is tangent to the Euler curve 
o, = WE|(L' |p). 


Further, calculate the value of critical (L’/p) and the value of o, at this critical (L’/p). 


2.4 Find the column strength of a 0.0375 mx 0.0015 m round alloy steel tube with length 
0.75 m. The stress o,, for this steel at (L’/p) =0 is 1.037 GPa. Assume the end fixity 
coefficient to be 2. 


2.5 Find the ultimate column strength of a round 24-ST aluminium tube 0.025 m x 0.00125 m 
with length equal to 0.5 m and end fixity coefficient 1.5. The stress o,, is 440.5 MPa. 


2.6 A forging of an aluminium alloy has a cross-section shown in Fig. 2.14. Find the 
reduced modulus Ep, and hence the buckling load. All dimensions are in metres. 
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0.0025 0.003 


0.02 


0.008 
Fig. 2.14 Problem 2.6. 


2.7 Obtain the buckling load for the section in Fig. 2.14 by using the straight line formula 
with o,, = 393.4 MPa and E = 66.72 MPa. 


[1] 
[2] 


[3] 
[4] 


[5] 


[6] 
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3 
Buckling of Open Sections 


3.1 INTRODUCTION 


In Chapters 1 and 2, we assumed that, for a column, the bending rigidity EJ is much smaller 
than the torsional rigidity GJ. If this is so, there is a possibility of failure under flexure. 
Closed thin-walled and solid sections are prone to this type of failure. Further, the columns 
of these sections buckle in the plane of principal axes and do not undergo rotation. Such 
behaviour can be reasonably assumed for a section having two axes of symmetry, but this is 
not true when only one of the principal axes is an axis of symmetry or when there is no 
symmetry. When an open section, e.g., a channel section, an H-section, or an angle section, 
is subjected to an axial compressive load, it simultaneously bends and twists. This type of 
form failure occurs because of low torsional rigidity in such sections. Further, in any of 
these sections, the critical load for the buckled mode lies between the critical load for the 
pure torsional mode and that for the pure flexural mode. A pure torsional mode exists in a 
section whose centroidal axis coincides with the shear centre axis. For any general section, 
a combined torsion-flexure mode occurs. 

In this chapter, we shall consider torsional buckling and torsional-flexural buckling of 
axially loaded columns. 


3.2 TORSIONAL LOAD-DEFORMATION CHARACTERISTICS 


It is well-known that when a torque is applied to a structural member whose cross-section 
is noncircular, the cross-section twists and warps. If warping is freely allowed, then the 
applied torque is resisted completely by the St. Venant shearing stresses. On the other hand, 
if the member is restrained from warping, then the torque is resisted partly by the St. Venant 
shearing stresses and partly by the stresses produced due to the constraint on warping. As 
we shall show later in this section, the relative magnitudes of the two stresses depend on the 
geometry of the cross-section and the ratio of the elastic modulus to the shear modulus, 
i.e., E/G. 
The total torque T is written as 


T=T;+Tr, (3.1) 


where 7, is the St. Venant torque and Tr is the torsion-bending torque or the torque resisted 
by the axial stresses generated as a result of the constraint on warping. 
The distribution of the torque T for an J-section, constrained against warping at the fixed 
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end and free at the other end, is schematically shown in Fig. 3.1. 





Torsion-bending 
torque 7r 










St. Venant torque 7, 


Fixed end Free end 


Fig. 3.1 Variation of Torque with Axis. 


If a bar of constant circular section is subjected to a torque 7, the torque is completely 
resisted by the circumferential shear stresses whose magnitude varies as their distance from 
the centre of the section. This implies that the shear stresses are maximum at the periphery 
and zero at the centre of the section. It is for this reason that a hollow shaft is preferred 
to a solid shaft for a given weight. For such a shaft, the angle of twist B is related to the 
torque T (see Peery [1]) as 


dB 

T=GJ—, (3.2) 
where J is the St. Venant torsional constant and is equal to the polar moment of inertia J, 
for a circular shaft, G the shear modulus of rigidity, and z the axial coordinate. For a non- 
circular closed section as well as an open section, J is obtained by using the membrane 
analogy (Williams [2]). For an open section shaft in the form of an elongated rectangle where 
the length is several times the thickness, the shear stresses are parallel to the edges of the 
cross-section and are maximum at the edges. The torsional constant J for such a section is 
given by 


J=4tF 5,03, (3.3) 
iw! 


where s; is the mean length of the i-th element, ¢; the thickness of the i-th element, and n 
the number of elements in which the structure can be approximated by elongated rectangles. 
The expressions for J for some typical cross-sections are given in Table 3.1. 
The membrane analogy can also be used for estimating J for a thin-walled closed section. 
For such a section, J is given by 
4A2 
J= T ds’ (3.4) 
t 
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Table 3.1 Values of J and Fr for Some Typical Sections 





Cross-section Shear centre (24; i Je) 
/-section 
(0, 0) Jy = 4bt, 
Jo = the) 
h 3 
(Xc + Xo, ms Ji = 417, 
»3bih_ B= hte 
*0 = OTF 6b/h 
Z-section 
I (0, 0) Ji = 4bt, 
Jo = the8 
tw 
h X 


Fath?b? 
(about S) 


th2b? 2 +- 3b/h 
12 1+ 6d/h 
(about S) 


treb>h? 2 + b/h 
12 1+ 2b/h 
(about S) 
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Table 3.1 Values of J and I‘ for Some Typical Sections (cont.) 


Cross-section Shear centre 


Inverted 7-section 


(0, yo) 


(Xo, y 0) 





J 
(2J; + J2) 


J; = 4b203, 
J> a 45,03 


th? (b/h)3 
360 ah 


(about S) 


t3 
366i + 63) 





where A is the area enclosed by the mean line, s the peripheral length, and ¢ the thickness, 
For the steps needed in developing Eq. (3.4), see Williams [2]. 

For a bar of a noncircular section, if warping is freely allowed, no axial stresses develop. 
However, for a constrained section, the axial stresses in the flanges vary from zero at the 
free end to a maximum at the fixed end (see Fig. 3.2). The constraint on warping deforma- 


S; <i 





ane 
LA 
v 


Fig. 3.2 Twisting of J-Section Restrained from Warping. 
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tion results in a differential bending of the flanges, one flange bending to the right and 
the other to the left. The shear forces S; in the flange members form a couple. This couple 
is referred to as the torsion-bending torque, Tr. 

To derive an expression for Jr, let us consider a beam of J-section of length L, subjected 
to a torque T at the free end (see Fig. 3.2). Since the section is not allowed to warp, the 
applied torque TJ is resisted partly by the St. Venant torque 7, and partly by the torsion- 
bending torque 7r. If the top flange is an independent cantilever beam of width ¢;, depth d;, 
subjected to a shear load S;, then the torsion-bending torque Tr is 


Tr = S,h, (3.5) 
where 
Sp = dM,/dz. (3.6) 
Defining v as the lateral displacement of the flange, we find the moment M, is given by 
dv 
M; = —Elr: (3.7) 


where /; is the second moment of area of the flange about the Y-axis. Assuming the defor- 
mation to be small, we see that v is related to B as 


h 
Vv = ap (3.8) 
Therefore, 
h d2B 
M; = — Els dz2’ (3.9) 


Substituting the expression for My in Eq. (3.6) and then substituting the result so obtained 
in Eq. (3.5), we get — 


h2 d3¢ 
Tr = —El or (3.10) 


In terms of I, defined as 


h2 
r= Ir, (3.11) 


Eq. (3.10) can be written as 
d°B 
Tr = —ET a3 (3.12) 
We have then, from Eq. (3.1), 


dp ap 
T = GJ 5 — ES. (3.13) 


The governing equation of equilibrium for a noncircular section subjected to a torque T at 
the tip is given by (3.13). For more details, the interested reader may see Chajes [3]. 
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3.33 TORSIONAL BUCKLING 
3.3.1 Equilibrium Approach 


The problem of torsional buckling has been studied extensively by many including 
Timoshenko and Gere [4], Hoff [5], and Chajes [3]. We shall discuss some of the methods 
these investigators employed to obtain the governing equation for torsional buckling. 
Consider a doubly symmetric section as shown in Fig. 3.3a. (Such sections as symmetric 
I-section and Z-section, where also the shear centre coincides with the centre of gravity of 
the section, belong to the class of doubly symmetric sections.) Assume that it has equal 


Z 


het 
- | 


(a) Doubly symmetric column under compressive load 


P Z P 
— a 
iz 
a, 


(b) Section of bent shape of column 





X 


Fig. 3.3 Symmetric Column under Axial Load. 


flanges, each of width h and thickness ft. Such a section can have a pure flexural mode in the 
XZ- or YZ-plane, depending on the axis about which the second moment of area is mini- 
mum. It can also simultaneously have a pure torsional mode. To determine the critical load 
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at buckling, it is mecessary to consider the deflection of the flanges during buckling. This 
can be done as follows. 

Assume that, at buckling, the column has a bent configuration. In this situation, the load 
P acts on a slightly rotated cross-section. Further, because of the deflection, the stress at 
any section will be the algebraic sum of the compressive stress and the bending stress. To 
understand how a torque is gemerated as a consequence of the applied load, consider a 
section at a distance p from the axis, as shown in Fig. 3.3b. This corresponds to a column 
under axial load and, as shown in Section 1.4, is equivalent to a beam subjected to a trans- 
verse fictitious load of magnitude —P(d?v/dz*), where v is the transverse deflection. To 
evaluate P and », consider a section ab at distance p from the axis and having a cross- 
sectional area ¢ dp (Fig. 3.3a). The transverse deflection v as a result of the rotation B 
(assuming that during buckling the cross-section rotates but does not distort) is given by 


v = pB, (3.14) 


where § is a function of z alone. The compressive forces acting at the ends of the element 
ab are ot dp. Thus, the equivalent transverse load intensity g(z) is given by 


dy 
q(z) = —ct dp qt (3.15) 


Substituting for v from Eq. (3.14), we get 


d2 
q(z) = —otp dp sin (3.16) 


This load acts at a distance p from the axis of the column, and hence causes a moment 
about the Z-axis. (This moment is very small if the width of the flanges is small.) Summing 
up the entire moment due to the cross-section at a distance z along the column axis, we 
have 


—o dz oP | tp? dp 
A 


m, dz qn 


dz 
oleh dz, (3.17) 


where Jo is the polar moment of inertia of the cross-section about the shear centre. Thus, 
the torque generated per unit length is 


n,= wey th 


os (3.18) 


If we assume that the torsional moment is positive anticlockwise and increases along the 
positive Z-direction, then the rate of change of torque T along Z is 


m, = —dT/dz. (3.19) 
Differentiating Eq. (3.13) with respect to z once and making use of Eq. (3.18), we get 


4 d? 
erst (GF = oh)ss = 0. (3.20) 


92 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


Replacing o by P/A., where A, is the area of the cross-section, we can rewrite Eq. (3.20) as 


ers P= (Gre Swe E20 (3.21) 


Equation (3.21) is the governing equation for the torsional buckling of a column whose 
centre of gravity coincides with the elastic axis. In deriving this equation, we assumed that 
the flanges of the column are wide but not wide enough to be treated as individual plate 
elements. In Chapter 5, we shall analyze the sections that have wide flanges. 

As already noted, a column, in addition to the torsional mode, may have pure flexural 
modes. In such a situation, the buckling load will be the minimum of the three loads (corres- 
ponding to the three modes). For a method to obtain the buckling load due to flexure, see 
Chapter 1. 

We shall now illustrate through examples the technique to get the torsional buckling 
load. 


EXAMPLE 3.1 (Torsional buckling of J-section column under axial load) Consider a column 
of symmetrical J-section as shown in Fig. 3.4. 


The governing equation for torsional buckling ni 
is given by (3.21). This can be rewritten in a 
convenient form as 


d‘ d 
aA ae EH = 0, 


where Y h 


(3.22) 


wie (Fh ~ GJ)L(EP) 


and é is a nondimensional parameter defined 

as z= £L. Equation (3.22) assumes the same 

form as Eq. (1.61) if, in the latter, v is replaced x 

by B and A is redefined as just done. The Fig. 3.4 Cross-Section of J-Section 
general solution of Eq. (3.22) is Column. 


B=c, sin AEé-+c2 cos AE+c¢3£+¢4. (3.23) 


The constants c;, ¢2, c3, and c4 have to be determined from the boundary conditions. Let us 
assume that the ends of the column are constrained in a manner that the column cannot rotate 
about the Z-axis, that is, 


B=0 (§ =0, 1). (3.24) 
If the ends are free to warp, that is, no warping stresses develop, then, from Eq. (3.18), 
d*B/dz? = 0 (z = 0, L). (3.25) 


Equation (3.25) in terms of the nondimensional length ¢ is 


dpid2=0  (€=0,1). (3.26) 
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Substituting the boundary conditions (3.24) and (3.26) in Eq. (3.23), we get the system of 
algebraic equations 


C2 +c, = 0, (3.27a) 

c; sin A+ cocosA+c¢; +c = 0, (3.27b) 

—2c2 = 0, (3.27c) 

c,A2 sin A + c2dA2 cos A = 0. (3.27d) 
Solving for c;, C2, c3, and c4, we have 

C= ¢C;=c4= 0, (3.28) 

snA=0O ifc, 40. (3.29) 
From Eq. (3.29), 

A = nn, (3.30) 


Substituting for A, we obtain 


A n?a2 
Por = ZF + FET). (3.31) 
The smallest critical load is obtained when n = 1, and this is given by 
A a 
Prery = 7, + qe). (3.32) 
The mode shape corresponding to this load is of the form 
B=) sin 7é = ¢ sin = (3.33) 


In addition to the load represented by Eq. (3.32), we have the buckling loads due to flexure. 
Assuming that the ends are hinged, we have 
Pasa EL JL, (3.34) 
Po, == TET,/L?, (3.35) 
where J, and J, are the second moment of area about the X- and Y-axis. The minimum of 


Pon, Per, and P.,, is taken as the buckling load. As can be seen, the buckling loads are 
independent of one another. 


EXAMPLE 3.2 (Torsional buckling of /-section column under axial load) Consider the 
same column as in Example 3.1. In addition, assume that this column has built-in ends such 
that it cannot rotate about the Z-axis and also it cannot warp. The boundary conditions 
then are 


B = 0 (é = 0, 1), (3.36a) 
dpidté=0 (¢=0,1). (3.366) 
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These conditions correspond to a fixed end column for flexural buckling. The governing 
equation and the general solution are given by (3.22) and (3.23), respectively. Incorporating 
the boundary conditions, we get 


co +c, =0, (3.37a) 
ce; Sn A+ c.cosA +c; +c,= 0, (3.37b) 
ACe1 +3 = 0, (3.37c) 
Ac; COs A — coA sin A +c, = 0. (3.37d) 


Equations (3.37) are a set of homogeneous algebraic equations in c;, ..., c4. Hence, for a 
nontrivial solution, the determinant of the coefficients of ¢,, ..., c4 must be zero. Thus, 


0 I a 
sin A cos A 1 1 
r 0 : oo 28) 
AcosA —AsinA 1 0O 
Now, the characteristic equation is 
2(cos A — 1) + AsinA=O. (3.39) 
Using the trigonometric functions, we can write Eq. (3.39) as 
sin *6 cos ; — sin 5) = 0. (3.40) 


One solution of this equation is 


sin ; = 0, 


and therefore A = 2n7 and 


au 





The minimum value of this load is obtained when n = 1, and this is given by 


Per = FGI + Er), (3.42) 


For this load, we find, from Eqs. (3.37), that 
C1) = c3 = 0, C2 = —% 
and that the buckled shape is given by 
B = c(cos 2nwg — 1). (3.43) 


A second solution of Eq. (3.40) is also possible if we set equal to zero the quantity within 
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the parentheses in this equation. This leads to the transcendental equation 


A A 
tan a= 5° (3.44) 


The lowest root of this equation is 4/2 = 4.493, and therefore 


80.75Er 
L2 





P.. = AG J+ ). (3.45) 
Io 

This load is higher than that given by Eq. (3.42) and corresponds to the antisymmetric 

mode of buckling. 


3.4 TORSIONAL-FLEXURAL BUCKLING 
3.4.1 Equilibrium Approach 


Consider a column of general cross-section as shown in Fig. 3.5. Here, X and Y represent 
the principal axes of the section pass- 
ing through the centroid O and S shows 
the location of shear centre of the cross- 
section. Assume that the distance of S$ 
from O is Xo and yo along the X- and 
Y-axis. This distance, being a sectional 
property, can be obtained once the 
dimensions of the section are known. 
(For details on a method for obtaining 
the shear centre of any section, see 
Peery [1].) The total deformation of the 
section is due to translation and rota- 
tion. Assume further (see Section 3.3) 
that the section does not distort during 





» 
af Ne 


ames eee oes ee we oS 





deformation. In view of the small de- I : > 
formation assumption, the total defor- Fig. 3.5 Torsional-Flexural Deformation 
mation is a combination of flexure (in of Section. 


which the line OS assumes the position 

O'S’) and rotation about the point S’. The position of the centroid after deformation is given 
by O”. Since the section does not distort, the lengths OS, O'S’, and O”S’ remain constant. 
Let u and wv represent the displacement of the point S along the X- and Y-direction. The 
displacement of O with respect to the X- and Y-axis is obtained as follows. Let u’ and v’ 
be the displacement of O” with respect to O. From geometry, 


u’ = Xg + u — O'S’ cos (B + ) 
= Xo + u — O"S’ cos B cos % + O”S’ sin B sin x 
= Xp + u — xq COS B + yo sin B. (3.46) 
For small deformations, cos B ~ 1 and sin B = B. Hence, 


u’ = ut yo, (3.47) 
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v' = yo + v — O"S’ sin (B + $) 
= yo + v — O'S’ sin B cos » — O’S’ cos B sin 
= yo + v — xq sin B — yo cos B (3.48) 
= 0 — xe. (3.49) 


Thus, the centroid moves through a distance (u + yo) and (v — xoB) with respect to the X- 
and Y-axis. 
The differential equations for the deflection curve of the axis are 


d? du du d? 
FELT) + PUTS + Yorgh) = 0, (3.50) 
d? dy d*v d? 
qi Ega) = Ma = xo) = 0. (3.51) 


To obtain the governing equation for B, we shall use the method of Section 3.3. Consider 
a longitudinal strip of cross-section ¢ ds, defined by x and y in the plane of the cross-section. 
The components of its deflection in the X- and Y-direction during buckling are u + (yo — y)B 
and v — (xo — x)B. Hence, the intensities of the transverse forces in the X- and Y-direction 
[see Eq. (3.16)] are 


d? 

—cat ds7-alu + (% — Y)BI, 
d2 

—at ds—[v — (x0 — x). 


Taking the moment of these forces about the shear centre axis, we obtain, for one longi- 
tudinal strip, the torque per unit length as 


d7u d2B 
m, = IL. —[—ot ds(yo — Wa + (0 — Y) 733 


dy d+ 
+ot ds(Xo — Na + (Xo a oy dA, (3.52) 
dT _ dy d7u P dg 
oe —[POors — Yor) — loz Feil (3.53) 


where 
o| tds = P, | xt ds = | yt ds = 0, 
A A A 


| y*t ds = I,, | x*t ds = I,, 
A A 
Ing = 1, + Ly + A(xg + 2) 


with J, and J, as the second moment of area about the principal axes and J) as the polar 
moment of inertia about the shear centre. 
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Differentiating Eq. (3.13) with respect to z and substituting for dT/dz from Eq. (3.53), 
we get 


2 2 
erat B —(GJ— TPs oe — Pug a Pye = 0. (3.54) 


Equations (3.50), (3.51), and (3.54) are three governing equations which are coupled, 
and hence, for a section where x9 ~ 0 and yo £ 0, we have to solve these coupled differen- 
tial equations. If a section has one axis of symmetry, that is, the section is symmetric 
about the X-axis, then yo = 0, and Eq. (3.50) gets uncoupled from Eqs. (3.51) and (3.54) 
and can be solved separately. If a section is symmetric about the Y-axis, then x9 =0, and 
Eq. (3.51) gets uncoupled from Eggs. (3.50) and (3.54). If, however, a section possesses sym- 
metry with respect to the X- and Y-axis, all the three equations then get uncoupled and 
can be solved independently. We have already discussed this situation (see Section 3.3). 

We shall now consider examples of the coupled torsion-flexure mode. 


EXAMPLE 3.3 (Buckling of channel section with hinged ends) Consider a cross-section 
of a channel section of a uniform column as shown in Fig. 3.6. The section possesses one 





i 
Vy 


Fig. 3.6 Cross-Section of Channel Section Column. 


axis of symmetry about the X-axis, and hence yo = 0. In view of this, the governing equa- 
tions (3.50), (3.51), and (3.54) reduce to 


d*u du 
Lan + PS =0, (3.55) 
d‘v dy d? 
El. A - Pui _ P(—xo)h = 0, (3.56) 


ersh B_@y- APNE a8 _ p —x)53 = = 0. (3.57) 
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In terms of the nondimensional variable £, defined as € = z/L, Eqs. (3.55) to (3.57) can be 
rewritten as 


Ee a a PLT = 0, (3.58) 
{dy a 
Ty EL a+ PLAS + Prod? ca = = (3.59) 
er?8 _ @— APSE q°B px 124” — 0. (3.60) 
de+ dé 0 dé2 ° 


Equation (3.58) is independent of B, and hence the buckling is independent of torsion 
and the mode of form failure in the plane of symmetry is flexural. On the other hand, 
Eqs. (3.59) and (3.60) are functions of B, and hence the buckling perpendicular to the plane 
of symmetry is coupled with torsion. To solve any of these equations, we should know /,, 
I,, I’, J, and Jo. For the given section, 





J = &bt? + 4ht? from Eq. (3.3), 
__ thd? 2 + 3b/h 
= 1 G + 6bih from Burge [6], 
3b/h b/h 
Xo = b+ 6bIh + 6blh + re T+ 25h from Burge [6], 


Ig = I, + 1, + (2bt + At)x2. 


We now assume that the ends are hinged such that the column can rotate, but cannot 
deflect, about the X- and Y-axis. Further, the column is free to warp, but cannot rotate, 
about the Z-axis. The boundary conditions then are 


d2 
u=0, qe = 0 (é = 0, 1), (3.61) 
a0, 2226 —0,1 3.6 
v=NU, dé (¢ =0, 1), (3.62) 
d2 
p=0, Th=0 (€=0,)). (3.63) 


Since Eqs. (3.59) and (3.60) are a set of simultaneous homogeneous differential equa- 
tions of even order with constant coefficients, we can look for a variable separable type of 
solution. This implies that the mode shapes in v and 8 do not change because of coupling 
or, in other words, the changes in the mode shapes in » and B because of coupling are of 
the second order, and hence can be neglected. 

The shape functions which satisfy the boundary conditions (3.61), (3.62), and (3.63) are 


u = A sin ré, v = B sin zé, B = C sin zé, (3.64) 


where A, B, and C are arbitrary constants and sin wf represents the first mode shape of 
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buckling both in flexure and torsion. Now, Eq. (3.55) can be solved independently by 
substituting in it the first of Eqs. (3.64). This gives 


(El,w* — P,,L2n)A sin wé = 0. (3.65) 


Since A sin w& + 0, for Eq. (3.65) to be satisfied, the quantity within the parentheses must 
be zero. This leads to 


Pop = W2EI,/L?. (3.66) 


Substituting the second and the third of Eqs. (3.64) in each of Eqs. (3.59) and (3.60), 
we get 


(EL 74 — PL*1?)B — xoL?r?PC = 0, (3.67) 
—xoL2n?PB + [ET + (GI — py LIC =0. (3.68) 
0 


For a nontrivial solution of Eqs. (3.67) and (3.68), the determinant of the coefficients of 
Band C must be zero. Thus, 





El, — PL? — xoL?n?P 
—xol2n?P — ET'n* 4 (GJ — LPL? ~ oe) 
Now, the characteristic equation is 
Pa — 34) — (Px + Pa)P + PsPp = 0, (3.70) 
where 
P=, Pe= G7 + Fen). 


Equation (3.70) is a quadratic equation, and hence has two roots, namely, P.,, and P.,,, of 
which one, i.e., Po,, is smaller than P, or Pg, whereas P,,, is larger than either of them. 
Therefore, the buckling load will be the smaller of P,,, and P., [see Eq. (3.66)]. 


EXAMPLE 3.4 (Buckling of channel section with clamped ends) Consider, once again, 
Example 3.3 this time with clamped boundary conditions. The governing equations remain 
the same and are given by (3.58), (3.59), and (3.60). On the other hand, the boundary 
conditions for the deformations, in terms of the nondimensional variable £, about the 
X- and Y-axis now become 

du 


u=0, 7=0 (é = 0, 1), (3.71) 


dv 
v= 0, a = 0 (€ = 0, 1). (3.72) 


For the torsional mode, the boundary conditions are such that the column is restrained 
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from warping and also cannot rotate about the Z-axis. This can be mathematically 
expressed as 


ap 
B = 0, no 


(é = 0, 1). (3.73) 
The mode shapes which satisfy the boundary conditions (3.71) to (3.73) are 
u = A(1 — cos 27 §), 
v = BI — cos 228), (3.74) 
B = C( — cos 27 €). 
Substituting the first of Eqs. (3.74) in Eq. (3.58), we get 
[—EL,(27)* + P.~L?(21)?]A cos 27f = 0. (3.75) 


Since A cos 27é ¢ 0, the quantity within the square brackets must be zero. This yields the 
P., for buckling in the plane of symmetry as 


oe = 4n EI, /L2. (3.76) 


Substituting the second and the third of Eqs. (3.74) in each of Eqs. (3.59) and (3.60), 
we get 


[—EL,27)4 + PL?(21)*]B + PxoL?(27)’C = 0, (3.77) 

PxoL?(2)2B + [—ET'(2n)* — (GJ — PP )(2m)PLAC =0. (3.78) 
Following the same procedure as in Example 3.3, the characteristic equation we obtain is 

P11 — %0 4) — (P, + Ps)P + P,P; = 0. | (3.79) 


For the boundary conditions (3.71) to (3.73), P, and Pg are given by 
P, = 4n°EI,/L?, 


A; 4ar2 


Knowing P, and Ps, we can evaluate the roots P,,, and P,,, of the quadratic equation (3.79). 
The first buckling load for the column will then be the minimum of P,,, and P,, [see 
Eq. (3.76)]. If P., is minimum, we have a pure flexural mode; on the other hand, if P,,, is 
minimum, we have a torsion-flexure mode. 


EXAMPLE 3.5 (Buckling of unsymmetric section) Consider now a general case where the 
section does not possess any symmetry. Let us assume that the ends of the column are hinged 
such that the ends can rotate about the X- and Y-axis but cannot rotate about the Z-axis or 
deflect in the X- and Y-direction. Further, the ends are free to warp. 
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For the situation described, the boundary conditions are 


_ du 


=ga-9 €&=9%)), (3.80) 
dy 

v= = =0 (£=0,)), (3.81) 

p= ar =-0 (é¢=0,1). (3.82) 


For a general section, x9 and yo both exist. Also, the governing equations in terms of & 
are 


d‘u du d?B 
+ PLY + Pyok" ip = 0, (3.83) 
d*v ap 
d‘B Ig 2a’B ts od 
EV (GJ — ALY FZ PxoL a i Py pL 2% a = 0. (3.85) 
A set of functions of the type 
u=A sin zé, v= Bsin wé, B =C sin w€ (3.86) 


satisfies the boundary conditions (3.80) to (3.82) exactly. Substituting expressions (3.86) in 
Eqs. (3.83) to (3.85), we get 


(Elyn* — PL?22)A — L?PyonC = 0, (3.87) 
(EL, x4 — PL?n?)B +. L?Pxor’C = 0, (3.88) 
[EI + (GJ — 2 PyLAIC + L2Pxyn?B — PyoLn?A = 0. (3.89) 


Equations (3.87) to (3.89) are a set of simultaneous homogeneous algebraic equations, and 
hence, for a nontrivial solution of A, B, and C, the determinant of the coefficients of A, B, 
and C must vanish. This determinant is given by 


(P — P,) 0 Pyo 
0 (P—P,)  —Pxo | (3.90) 


I 
Pyo —P Xo a(P —P 2) 
Setting the determinant equal to zero, we get the characteristic equation as 
A A 
Pl — 7, (*0 + ya] + PY (Psy + Pyxg) — (Px + Py + Pe)] 


+P(P,Py + P,Pp + PyPp) — PxPyPp = 0. (3.91) 
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Knowing the dimensions of the cross-section and the column material property, we can 
evaluate the three roots of Eq. (3.91). The smallest of these roots gives the buckling load for 
the cross-section. 

Timoshenko and Gere [4] have further analyzed Eq. (3.91), assuming relative magnitudes 
of P,, Py, and Ps. According to them, if P, < Py, then this equation yields three positive 
real roots, of which one is Jess than P,, one greater than P,, and the third between P, and 
P,. A similar observation can be made when P, > Py. It can also be shown that, of these 
three roots, the smallest is less than, and the largest greater than, Ps. Thus, one critical load 
is less, and the other greater, than P,, Py, or Pg. The third root, as already noted, always 
lies between P, and P,. As stated in Section 3.3, for wide flange open sections, the smallest 
root is closer to Pe. 


3.55 ENERGY APPROACH 


The differential equation approach can be successfully used for a coupled mode if the cross- 
section is uniform throughout the axis and the boundary conditions are symmetric. If any 
of these conditions is violated, this approach ceases to be applicable. In such a situation, 
the energy approach, which has the inherent ability to converge to the exact solution, can 
be employed to obtain an approximate solution. This requires (see Section 1.2.2) the calcu- 
lation of total potential of the system defined as 


IT, = U + V, = constant. (1.17) 


The strain energy U consists of the energy due to flexure about the X- and Y-axis and 
that due to torsion about the Z-axis. The energy due to torque is composed of the (i) energy 
associated with the St. Venant torque and (ii) energy due to the axial constraint stresses 
(because the warping is prevented). 

The energy due to flexure is given by Eq. (1.22) and can be written as 


L d7u L d?y 
U, =} | "EL (Ga) de +4 | "ELAS dz (3.92) 
The energy due to torque T is obtained as follows. 


Contribution from St. Venant torque 


According to Eq. (3.2), 


T 
dp = GJ dz. 
Hence, 
L 
Us=4| | ry dz dA 
OJA 


ay [. > r dz dA. (3.93) 
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Substituting for 7 from Peery [1], we get 


T?r? 
—_— Te aA dz 


L a 
=4 la Z (3.94) 
Substituting for T from Eq. (3.2) in Eq. (3.94), we get 
023 [, GIB dz (3.95) 


Contribution from axial constraint stresses 


We shall consider only the bending energy due to the axial constraint stresses. The bending 
energy is 
Ld’ 
= —;) az. 3.96 
Un = 4 McG) d (3.96) 


Substituting for M; and v from Eqs. (3.7) and (3.8) in Eq. (3.96), we get 


Uw =a Big Ga ae 3.97) 


In view of relation (3.11), 


Us =a EGGS? a. (3.98) 


Equation (3.98) gives the bending energy due to one flange alone. Hence, the bending 
energy due to both the flanges is 


Ui» = 4 [, EM - qa) az. (3.99) 


In terms of the nondimensional variable £, Eqs. (3.92), (3.95), and (3.99), when combined, 
can be written as 


EL, dv ET 2B 


uma [ FeGae de taf eee ae +4 f 2B ae +a | Gb ae. 


(3.100) 


The potential energy V, is obtained by the method we discussed in Section 1.2.2. How- 
ever, here we have to consider the new position of the centre of gravity with respect to both 
the X- and Y-axis. This new position for these two axes is given by Eqs. (3.46) and (3.48). 
Following the procedure given in Section 1.2.2, we get 


Vo=— 4] [oft + Oo — r+ (Ele — Go — OBI dA dz. = (3.101) 
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After manipulation, we obtain 


te du d d 
Vem —4f [oto + Go? + kG + GY + age F — moe F 
+ Bp 4 Bp — ayy Be — axxo(GBp — ay ME 4 258 OY aa de 
(3.102) 
=F Girt Gr + 2B — rnoge E+ rege Fi ae, (3.103) 


where 
Ip = I, + Ty + Ac(xG + Y¥8)- 
Combining Eqs. (3.100) and (3.103), we can get the total potential of the system. 


3.5.1 Rayleigh-Ritz Method 


The problem of finding the critical load is equivalent to that of finding the deflected shape 
for which a system is in equilibrium. This can be achieved by making the first variation of 
the total potential to vanish. This is stated by Eq. (1.16). 

We shall consider here examples to illustrate the Rayleigh-Ritz technique. 


EXAMPLE 3.6 (Buckling of channel section with hinged ends) Consider Example 3.3. 
The requirements for the shape functions are that they must satisfy the geometric boundary 
conditions. The geometric boundary conditions for this column are 


u=0 (z=0,D), 
v=0 (z=0,L), (3.104) 
B=0 (z=0,Z). 


In terms of the nondimensional parameter £, U is given by Eq. (3.100). However, V, is 
given by 


fo ye dv dp pee ap 
= au, ee Ena 2 = 
Equation (3.105) can be simplified by using the symmetry of the structure. Here, x9 = —Xo, 
Yo = 0. Substituting these in Eq. (3.105), we get 
dv dp 
V, = 2 24. fo@Be . 9, d 3.106 
— sr [0G + Go + RGB? + amore Fl a. (3.106) 


Clearly, whatever be the cross-section, the expression for U remains the same; however, for 
V., it changes. 

The geometric boundary conditions are identically satisfied by assuming a deflected 
shape of the form 
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u= A sin zé, 
vy = Bsin zé, (3.107) 
B =C sin z€. 
Substituting Eqs. (3.107) in Eqs. (3.100) and (3.106) and integrating, we get 





2 
U=} tate + peels + CXGI + =the )I, (3.108) 
= — Aen 4+ Brn? 4. x§C2n? +. 2x9BCnr?). (3.109) 


Combining Eqs. (3.108) and (3.109), we finally obtain the total potential as 
EI nr? Eh 








2 2 
=F 149 4B? +OXGIL ATG An? + Beat 4 C2P en? 4 2BC Px), 


(3.110) 


Taking the derivatives of expression (3.110) with respect to A, B, and C and setting them 
equal to zero, we have 








OI, _ _Elyn? a 

dlp = Ce — P)B— PxoC = 0, (3.112) 
OB 

Oy a 

IC PZIC = = 0. (3.113) 





Clearly, Eq. (3.111) is not coupled to Eqs. (3.112) and (3.113), and hence, if 4 4 0, 
Po, = w°EI,/L?. (3.114) 


This is the same as Eq. (3.66). Equations (3.112) and (3.113) are coupled algebraic equations, 
and hence, for a nontrivial solution of B and C, the determinant of the coefficients of B and 
C must be zero, that is, 


(P,—P) —Pxo 
Zi) (3.115) 








I, 
—Pxo (Pa— PF 
The characteristic equation is now given by 
2 
PA(1 — 7A.) — (Px + Pp)P + PsPp = 0, (3.116) 


where 
P, = 7?°EI,/L?, 


Pp= EGF 4+ 7 ET). 
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Equation (3.116) is a quadratic equation and has two roots, namely, P,,, and P.;.,, of which 
one, i.e., Po, is smaller than P, or Ps, whereas P,,, is larger than either of them. The 
critical loads obtained here are exactly the same as those obtained by using the differential 
equation approach. We should have expected this since the shape function we chose satisfies 
both the geometric and natural boundary conditions and also happens to be the exact 
solution of the differential equations (3.50), (3.51), and (3.54). 


EXAMPLE 3.7 (Buckling of channel section with one end clamped and other free) Since 
the boundary conditions for the column are not symmetric, it is not possible to obtain the 
buckling load using the differential equation approach. The geometric boundary conditions 
are 


du 


u = 0, a 0 (é = 0), (3.117a) 
io, 6 = 0 
o=0, GF (€ = 0), (3.117b) 
d 
Bp = 0, _ a2) (é = 0). (3.117c) 


Let us now choose the shape function for u, v, and B as 


u= Aé?, (3.118) 
v = Bé?, (3.118b) 
B = Cé2. (3.118c) 


It can easily be seen that this representation satisfies the geometric boundary conditions. 
Substituting for u, v, and B from Eqs. (3.118) in Eqs. (3.100) and (3.106) and integrating, 
we get 


yaa 3 Ely 4 42 4. 17 Bs 4B2 rd asc te 15 4C2, (3.119) 


P 4A2 4B? ie * 


— Rena ee 8 
Vo= 1.3 + 3 + —— mg 8 BCXo. (3.120) 


The total potential J7, can now be written as 


= 14 a <ir4Bt ae lac +3 14C?) — alt + $B? 4+ scr + $BCxp]. 


(3.121) 


Taking the derivatives of expression (3.121) with respect to A, B, and C and setting them 
equal to zero, we get 


dll, _ PEly 
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oll 3EI,, 
all, _ Io Ac 3ET zs 


Equation (3.122) is not coupled to Eqs. (3.123) and (3.124) and gives 

Poe — 3EI,/L?. (3.125) 
This is 21.3% higher than the exact value for pure flexural buckling [see Eq. (1.85)]. Equa- 
tions (3.123) and (3.124) yield the characteristic equation 


2 
PX] — FPA.) — (Ps + Pe)P + PsPp = 0, (3.126) 


where 
Ps 3h 1, 


wET 


A, 
Pp = 7, + >) 


A better approximation to the exact solution can be obtained by considering shape func- 
tions of the type 
u= Af(3L — £), 
v = BE3L — £), 
B = CH(3L — £). 


PROBLEMS 


3.1 Obtain the critical load for a column of J-section (see Fig. 3.7) if the column ends are 
hinged such that the ends can rotate, but cannot deflect, about the X- and Y-axis. Further, 
the ends are free to warp, but cannot rotate, about the Z-axis. 


3.2 Repeat Problem 3.1, for clamped end conditions, such that the ends cannot rotate or 
deflect about the X- and Y-axis. Further, the warping is constrained and the ends cannot 
rotate about the Z-axis. 


3.3. Obtain an expression for F and J for the section shown in Fig. 3.8. 


3.4 For the column in Problem 3.1, estimate the buckling load by using the Rayleigh-Ritz 
technique. Assume the shape function for u, v, and 8 as 


u= A(l — £)é, 
C= BL <= f)é, 
B=Cil— 26. 
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Fig. 3.7. Problem 3.1. 
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Fig. 3.8 Problem 3.3. 


te 


Show that a better estimate can be obtained by choosing functions of the type 
u= A(é* — 2 + £), 
v = B(é* — 2@ + &), 
B = C(& — 26° + &). 


3.5 Obtain the critical load for the column in Problem 3.2 by considering the following 
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two-term representation for u, v, and B: 


[1] 
[2] 


[3] 


[4] 


[J] 
[6] 


u = A,(1 — cos 27) + A(1 — cos 47), 
v = B,(1 — cos 27€) + B,(1 — cos 4n 6), 
B = C,(1 — cos 2n€) + C2(1 — cos 4z&). 


REFERENCES 
Peery, D.J., Aircraft Structures, McGraw-Hill, New York, 1950. 


Williams, D., An Introduction to the Theory of Aircraft Structures, Edward Arnold, 
London, 1960. 


Chajes, A., Principles of Structural Stability Theory, Prentice-Hall, Englewood Cliffs, 
New Jersey, 1974. 


Timoshenko, S.P. and Gere, J.M., Theory of Elastic Stability, 2nd edn., McGraw-Hill, 
New York, 1961. 


Hoff, N.J., Buckling and stability, J. Royal Ae. Soc., 58, 3-52, 1954. 


Burge, C.G. (ed.), Handbook of Aeronautics, Vol. I: Structural Principles and Data, 
New Era Publishing Company, London, 1954. 


4 


Buckling of Frames 


4.1 INTRODUCTION 


Frames are extensively used in engineering design. For example, a multistoreyed building 
has to have frames. Further, an overhead tank is constructed on frames. Moreover, in a 
propeller driven aircraft, the engines are mounted on space frames attached to the wings. 
In addition, a lathe or a drilling machine is made out of a frame type of structure. A frame 
thus used is subjected to different kinds of loads which can be broadly classified as static 
and dynamic loads. A designer has therefore to ensure that a structure does not fail when 
it is subjected to these loads. 

Columns, beams, and beam columns do not occur in isolation but are, instead, joined 
together to make up a structural frame. Such a frame is a skeletal structure which supports 
the loads the total structure is called upon to withstand. In Chapters 1 and 2, we examined 
the stability of each member in a structure separately. In this chapter, we shall consider 
the response of the frames to those loads that result in the development of compressive 
stresses. 

In a frame, generally, the columns are subjected to bending in addition to the axial 
forces and the beams are subjected to the axial forces. The buckled mode of a frame member 
and its effective length—a parameter so useful in design—depend on the end conditions of 
the member. In a rigid jointed frame, on the other hand, the end conditions on a member 
are determined from the relative stiffnesses of the members meeting at a joint and the 
member. In other words, the member is assumed to be supported by a set of translation and 
rotation springs. This spring stiffness affects the buckling characteristics of the member. 
Thus, an infinite rotational spring stiffness indicates a clamped end, and the zero rotational 
spring stiffness indicates a pin end. The rigid joints between the members of a frame result 
in a distortion of the members even when only one member deflects due to buckling. It is 
therefore necessary that, when analyzing a frame, the actual buckling condition of the total 
frame be considered. 

The study of the stability of frames dates back to 1909. For a description on the methods 
the various early workers used to investigate the frame stability, see Bleich [1]. These 
methods can be classified into the following three groups: 


(i) The equilibrium equation approach. In this, the equations are derived in terms of 
joint displacements, rotations, and interrelation of axial forces. 


(ii) The energy approach. 


BUCKLING OF FRAMES 111 


(iii) The modified moment distribution approach. Here, the moment distribution is so 
modified that it includes the bending effects due to axial forces. 


In what follows, we shall consider both the triangulated and rigid jointed frames. Our 
discussion, however, would be limited to investigating the stability within the plane. 


4.2 TRIANGULATED FRAMES 


For a pin jointed statically determinate triangulated frame, the analysis is quite simple 
since, in such a frame, the axial loads are directly proportional to the applied loads. Here, the 
initiation of buckling of a member is due to these axial loads. In many practical situa- 
tions, a rigid jointed triangular frame is employed. In such a frame, as already stated, the 
members interact with one another. As a result, the members undergo rotation and sway. 
We shall use the equilibrium approach to study the stability of this type of frame. To do 
this, it is necessary to obtain the stability functions for each member. For the derivation of 
stability functions for simple members with different loading and boundary conditions, see 
Horne and Merchant [2]. 

We shall obtain the stability functions for the members of a triangulated frame. Figure 4.1 
shows such a frame of prismatic members of uniform cross-section. Since the ends A and 
C are fixed, the members AB and BC can resist bending loads in addition to the axial loads. 





Fig. 4.1 Rigid Jointed Triangular Frame. 


It is assumed that the bending loads are quite small and do not alter the axial forces in the 
members. Hence, the axial forces can be obtained by treating the frame as pin jointed at A, 
B, and C. 

Isolating the joint B, we find the equilibrium equations of this joint are 


Pap cos 30° +- Pac cos 60° = W, (4.1) 
Pus sin 30° + Page sin 60° = 0. (4.2) 


Solving, we get 


=W 
Pac = > Pas = V35. (4.3) 
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These loads cause axial deformation in the members, which is given by 


Sac = we 4B. (4.4) 


4 AE 
Fhe new position of the point B is as indicated by B’ (shown exaggerated). Suppose that 
the frame is moved to this position without rotating the joint B. This results in moments in 
the members AB and BC. An arbitrary rotation of the joint B would have also resulted in 
moments. For equilibrium, the net moment at B must be zero. That is, 


Mpa + Bac = 0. (4.5) 


The total moment Mg, is due to the displacement and the rotation of the point B. Thus 
(see Horne and Merchant [2]), 


EI 8 2 EI 
Ma, = —&1(1 + a > $+ V3 3 7812 (4.6) 


EI 
Mac = 4€(11 + anye~ “BE “ae + 2--£26, (4.7) 


where £, €2 are the fixity coefficients and «,, «2 are the carry-over factors. For a beam type 
structure, with one end pinned and the other clamped, £;=4.0 and «,=0.5. From Eq. (4.5), 
we have, after substituting for Mg, and Mgc, 





aE + by = See OS) — 2.0 + a) (4.8) 
Substituting for 54, from relation (4.4), we get 
25 + &2)0 = VIR Y — x1 + an) (4.9) 


In terms of the nondimensional parameters f; and B2, defined as 
Bi = Pas/(Pe)ss, 82 = Pac/(Pe)sc, (4.10) 


where (P_)4e and (Pr)gc are the Euler buckling loads for a pinned column with the mem- 
bers AB and BC identical to the corresponding members in the frame, i.e., Fig. 4.1, Eq. (4.9) 
can be written as 


maf 3£.(1 
o= gest +) — 36d + a) 


where k is the slenderness ratio of the members, defined as k = (J/A)'/2, and 


(4.11) 


2 2 
M. BC = “enf6 + 12(1 + a2) Br 5K]. (4.12) 


It is seen from Eqs. (4.11) and (4.12) that 6 depends on k and f;. Further, f; is related to 
the load in the member. 
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The critical load of a frame is the load at which the rotation 6, and hence Mgc, becomes 
very large. This condition gives the value of B; or B2 from which P,,, and therefore W,,, of 
the frame can be obtained. 

The interested reader may see Horne and Merchant [2] or any other standard book on 
structural analysis for a discussion on the moment distribution method, as also Kirby and 
Nethercot [3]. 


4.3 RIGID JOINTED FRAME 


We shall first analyze a beam column member and then extend our analysis to a frame. 


4.3.1 Analysis of Beam Columns 


We shall adopt the equilibrium approach to study the beam columns. 


(i) Figure 4.2 shows a pin jointed beam column with a moment applied at one end. 





Fig. 4.2 Pin Jointed Beam Column. 


The moment at any z is 
M, = “Hz + Po. (4.13) 


From Eq. (1.1), we have 


d*v 
El = —WM,. 


Substituting for M,, we can write Eq. (1.1) as 
= Seo (4.14) 


or 


dy 2, _ M, 2 
az + ky = El L’ (4.15) 


where k? = P/(E/). It is easy to see that Eq. (4.15) is a nonhomogeneous form of Eq. (1.2). 
Following the steps in Section 1.2.1, we can write the solution of Eq. (4.15) as 


peaic bos Cink oP. (4.16) 
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The coefficients C, and C, are determined from the boundary conditions which are 


v=0 (z= 0), 


4.17 
v=0 (z=2). (4.17) 
These give 
M, 1 
C1=0 G2= Pp sn kL 
Therefore, 
M; sin kz Zz 
°= pGin kL D ye 
The rotations 9) and 0, at the ends of the beam column can now be obtained. Thus, 
M; 1 
I = —p (k cosec KL — 7), 
(4.19) 


0, = —Mk cor ke = 7). 


(ii) Let us consider a little more complicated situation where, in addition to the axial 
load P, a transverse load W is applied. Figure 4.3 shows such a member. 





TO eis gd oe ee eee 
‘i 


Fig. 4.3. Pin Jointed Column under Transverse Load. 


The bending moment due to the applied load W, if acting alone, can be easily found. 
However, since P is also acting, an additional bending moment is generated. This moment 
can be known only after the deflections have been determined. 

The bending moments at any z to the left and to the right of the load P are, respectively, 


My, = 7Ce + Po, (4.20a) 
My =e — 2) + Po. (4.20b) 


Using Eq. (1.1), we obtain 


P WC 


dv 
da EI’ —L ET” (4.214) 
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dy Pp W(L—C 
a a Cu — 2). (4.21b) 


The solution to these can easily be written as 


W 
v =C; cos kz + C2 sin kz — [po (4.22a) 


W(L — C)\(L — z) 
eg es 


v = C, cos kz + C, sin kz — (4.22b) 


The constants C;, C2, C3, and C4 are determined from the boundary conditions and the 
continuity conditions. The boundary conditions are 


v= 0 (z = 0), 
v= 0 (z = LD). 


At the point of application of the load, the deflection and the slope on either side of W 
must be the same. The equation for v is finally then obtained as 


Wsin kc . WC 
° = Pesn kL oe kz — PL” 0<z<(L-—C), (4.23a) 
_ Wsin K(L—C).. W(L—C)(L—z) 
v= —“Presin kL k(L—z) _ a ee (L — C) SZ< iE. (4.23b) 


(iii) If, in Fig. 4.2, two couples M, and Mg are acting at the ends of the member, the 
deflection curve v can be obtained by superposing the two values of v. These values are 
gotten by substituting M, for My and (ZL — z) for z in Eq. (4.18). Combining the two 
values, we have 





_ Masia kz sin k(L — z) _ C2), (4.24) 


Zz M, 
~ ?pP smkL D+?! sin KL 


The end moments M, and Mg in an actual situation may appear either as applied 
moments or as two eccentrically applied compressive axial loads P. Substituting My, = Pe, 
and Mp = Per in Eq. (4.24), where eg and ey are, respectively, the offset distances at the 
right and left ends, we get 


sinkz Zz sin K(L — z) __ Cah, (4.25) 


v= er kL D+ tl sin KL 


For a study of beam columns with load conditions other than those we have considered, 
see Timoshenko and Gere [4]. 
We shall now demonstrate the application of the foregoing results to simple frames. 


EXAMPLE 4.1 (Buckling load of frame member) Figure 4.4 shows a frame along with the 
applied loads. The frame ABCD is supported at the ends such that it cannot have any 
horizontal movement. The buckling of a frame implies the buckling of its members (here, 
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Fig. 4.4 Buckling of Frame. 


AB and CD). Isolating the member AB, we find the loads and reactions on it are as in 


Fig. 4.5. 
P 
P B Mo | ; 
—P 


Pe; + Mo Pe; + Mo 
L L 
Fig. 4.5 Loads and Reactions on Member. 


Following the method discussed earlier in this section, we can obtain the deflection, and 
hence the rotation 9, at the point B as 
Mo 


p(k cot kL — 7). (4.26) 


Oo = e,(k cosec kL; — D 4+ 


Since the members are rigidly jointed at the ends B and C, for compatibility, the end B of 
the beam BC also has to rotate by the same amount as 9. From the beam analysis (see any 
book on elementary structural analysis), we have 


@9 = MoL2/(2Eh). (4.27) 
Eliminating 9 from Eqs. (4.26) and (4.27), we get 
e 
Zh cosec kL; — 1) 


My =  —______. (4,28) 
PL! — kL, cot kL,) + JEL, 
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For simplicity, if Z;/Z,; = L2/l2, the buckling occurs when Mo —> oo, that is, when 


EE — kL; cot kL;) + $= 0 
or 
] kL 


Equation (4.29) is a transcendental equation, its lowest root being KL; = 3.59. Therefore, 


(ALPEN _ (12.9)Eh (4.30) 


Te Ly 





EXAMPLE 4.2 (Buckling load of symmetric frame subjected to axial load) Consider a 
symmetric frame so supported that it cannot 
have any lateral movement (Fig. 4.6). When 
the axial load P reaches a critical value, the 
columns AB and CD will begin to deflect 
laterally, resulting in the bending of the beam 
members AD and BC. The end moments 
generated because of this bending restrain the 
members AB and CD from buckling. Thus, we 
treat these members as columns with elastic 
restraint. 

Equation (4.24) gives the deflection due to 
the end moments Mp and M,. Further, the 
rotations at the ends can be obtained by 
differentiating Eq. (4.24) with respect to z and Fig. 4.6 Symmetric Frame Compressed 
evaluating the derivatives at z = 0 and z = L. Axially. 

This yields 





_ Mp, k 1 1 

eS GhkL LE? +5 an ir + 7) (4.31a) 
Mr k k 

on = —p (— tan RL +7) Tp aus kL — >) Gel) 


Using the fact that k? = P/(EJ), we can rewrite Eqs. (4.31) as (M4 = Mr, Msp = M1, 
Oy, = Op, On = 94) 


_ Mal. , Mal 
_ MeL MyL 


where 


1 l 
BA) = 55 — 5) (4.33a) 
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3 1 1 
a(A) = a\(—Ba a + HR) (4.33b) 
kL_L | P 


Thus, the rotations implicitly contain the axial load P. 
From the condition of compatibility, the rotation @ of the column must be the same as 
the rotation of a horizontal bar. The rotation @ of a bar is related to the bending moment 


Mz; of the bar as 





Ms = —y6p, (4.34) 
where 

y = 2Eh/Ly. (4.35) 
Substituting for 93 in Eq. (4.32a), we get 

Mz . MaL MsL a 


For the frame in Fig. 4.6, M, = Mg. Hence, 
1 L L 
yt ag") + EERO) = 0. (4.37) 


Substituting for y, «(A), and B(A) in Eq. (4.37), we find this equation reduces to the 
transcendental equation for critical load P given by 


tan A _ Ii I 


Qo ee (4.38) 
If all the four members of the frame are identical, Eq. (4.38) becomes 
tan A = —A. (4.39) 
The lowest root of this transcendental equation gives the critical load as 
EI 
Pop = (16.47). (4.40) 


EXAMPLE 4.3 (Buckling load of portal frame with sway) Consider a frame subjected to 
an axial load P (Fig. 4.7). As P reaches P,,, the column members deflect and, if the beam 
BC is not infinitely rigid, the joints B and C undergo a lateral motion. The dashed lines in 
Fig. 4.7 show the deflected shape of the frame. 
Isolating a vertical member, we can write the differential equation governing the 
deflection as 
d*y 


El73 = P(8—»v)—M (4.41) 
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Fig. 4.7 Portal Frame under Axial Load. 


or 
EI; + Pu = P§ — M. (4.42) 


This is a nonhomogeneous ordinary differential equation with constant coefficients. Its 
solution is 


v= Ci sin kz + Cz cos kz +8 —™, (4.43) 


where k? = P/(El). The constants C; and C2 are obtained from the support conditions at 
A, which are 


v=0, dv/dz=0 (z = 0). (4.44) 
We get the deflection curve as 
me a — cos kz). (4.45) 


Equation (4.45) still has unknowns, 1.e., 3 and M. To evaluate these unknowns, we can set 
up two more conditions, namely, 


v= (z = L), 
dv ML, Ga. (4.46) 
dz 6Eh 
These lead to 
5 cos kL + “( — cos kL) = 
(4.47) 


8k sin kL — ak sin KL a2 SET, LP) = = 
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Equations (4.47) are a set of homogeneous algebraic equations and, for a nontrivial solu- 
tion, the determinant of the coefficients of § and M/P is zero. This gives the transcendental 
equation 


kL 6Li, 
mc nar (4.48) 


Knowing the geometry of the frame, we can obtain P,,. 


4.3.2 Method of Moment Equations 


The moment equations can be used to determine the stability condition when two or more 
members in a frame meet at a point. The method using such equations we shall give here 
is based on the work by Bleich [1]. 

Consider two bars AB and BC meeting at the rigid joint r, as shown in Fig. 4.8. Let L, 
and L,4, be the lengths of these members and let the members be acted upon by the com- 
pressive forces P, and P;4; (see Fig. 4.8). The figure also shows the original position of the 
bars and the displaced position of the bars due to buckling. 





Fig. 4.8 Original and Deflected Shapes of Bars under Axial Loads. 


The moments at the ends of the bars are M)_,, M®, Mr, and M&,,. Since the joint at B 
is rigid, for continuity, the angle 0, = «, + 4, must be equal to 6,4; = «,4; + 4,41. Hence, 


a, + py = O41 + Prat (4.49) 


Here, «, and «,,; are the rigid bar rotations, and ¥, and ¥,,,; are the slopes of the bars 
given by 


dv, dv, 
Pr 7. (rat Pert == ( qe z=0> (4.50) 
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M?. dr My 
b= PL Te 1) + p, (¢ cot ¢, — 1), (4.51a) 
My Mv Pr+t 
r = ——__(— r t 9, il — ‘ 
Br+1 PaiLoat $r+1 COt Jr41 + 1) + Plan sin hea 1), (4.51b) 


where 


P, P, 
br = rn bro = Ly 41 Fr; 


Equations (4.51) are obtained by differentiating Eq. (4.24) with respect to z and substi- 
tuting the corresponding values for Mz and M,. 
In terms of the notations 





a ok : I 
LL = Tt a Tu (4.52a) 
we have 
ET 2 EI 
PL, = Li 7 Praia = rere (4.52b) 
In view of relations (4.52) and with the notation 
g 1a 
5= Aes db 1), C= aes x0 p cot >), (4.53) 


Eqs. (4.51) take the form 


= — MEAL! s, + MELIC,), 
4.54 
ces S — (4.54) 
br. = Er: LrarCra1 + Mr41L,415741)- 


Substituting the expressions for %, and #,4; in relation (4.49), we get 
MrLis, + MELIC, + Mr LiaiCra1 + MPL iSe41 — El — %r41) = 0. (4.55) 


Equation (4.55) represents the relation between the end moments acting on two adjacent, 
rigidly connected members. It is called the four-moment equation. 

If only two members are meeting at the r-th joint, M* then becomes equal to M¥ and 
Eq. (4.55) simplifies to the well-known three-moment equation 


M,-,L;5, + M,(L,C, + Li+1C,41) + M40) 418141 — EI(«, — O41) = 0. (4.56) 


We shall now demonstrate the application of Eq. (4.56) to obtain the buckling load of a 
frame through an example. 


EXAMPLE 4.4 (Buckling load of portal frame hinged at ends) Consider a portal frame 
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subjected only to axial loads (Fig. 4.9). In view of the symmetry of the structure and the 
loading, we can carry out the analysis for two modes, namely, (i) symmetric and (ii) anti- 
symmetric. 





Symmetric Antisymmetric 


Fig. 4.9 Portal Frame with Symmetric and Antisymmetric Modes. 


(i) Symmetric mode Because of the symmetry of the structure and the loading, the 
moments at the joints B and C are equal. Further, as the ends A and D are hinged, the 
support moments are zero. In this mode, the joints B and C do not move, but they do 
rotate (see Fig. 4.9). 

Equation (4.56), when applied to the members 4B and BC, results in 
M,(C\L’ + C2L,) + M52L; = 0, (4.57) 


where C;, refers to a vertical member and C2, sz refer to the horizontal member. If we apply 
Eq. (4.56) to BC and CD, the resulting equation is the same as Eq. (4.57) since the structure 
is symmetric. Further, as M; 4 0, we get 


Cr+ FUCr + 52) = 0. (4.58) 
From Eggs. (4.52), we have 
L' = L, Li =~. (4.59) 
Now, Eq. (4.58) reduces to 
IL 
Ci i, Tae + 52) = 0. (4.60) 


Since there is no axial load acting on the member BC, ¢2 = 0 in view of Eq. (4.52b). Further, 
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S2 = 1/6 and C, = 1/3 from Eq. (4.52a). Hence, 


at 


Ci+4,p=0. (4.61) 


Substituting for C; from relations (4.53), we get 


ill — dr cot $1) + 47 7 = 0. (4.62) 


Knowing the geometry of the members, we can obtain P,, from the transcendental 
equation (4.62). 
(ii) Antisymmetric mode In this mode, the vertical member AB undergoes rotation, 
but the horizontal member does not. Further, the moments at B and C are M, and —M,, 
respectively. 
The moment equation (4.56) now reduces to 


M(L'C; + LC.) — M, Lis, — Ela; = 0. (4.63) 
Isolating the member AB and applying the equilibrium equation (4.56), we get 

M, = PLa,. (4.64) 
Substituting for «,; from Eq. (4.64) in Eq. (4.63), we have 

M,[PL(L'C, + LiC, — Lis.) — El] = 0. (4.65) 


Since M, ~ 0, for stability, we get 
PL(L'C; + LC, — Lis.) — EI = 0. (4.66) 
In view of Eqs. (4.59), Eq. (4.66) reduces to 


PLLC, + 7 Li(Ca — s,)] — EI = 0. 


Here, again, ¢2 = 0 and s2 = 1/6, C2 = 1/3. Hence, 


C, 42 iF — $2 = 0. (4.67) 


Substituting for = from Eqs. (4.53), we find Eq. (4.67) reduces to 


tan tan fi z/ Li 
At $ iL 


We can now obtain the buckling load from this equation. 


= 0. (4.68) 


4.3.3 Geometrical Approach (Haarman’s Method) 


In a frame structure made up of straight members, a clear picture of the physical pheno- 
menon can be had by using the geometrical approach suggested by Haarman. However, it 
was Bijlaard [5] who first brought to focus the idea of this method. In what follows, we 
shall discuss the technique in a limited sense. For more details on it, the interested reader 
may see McGuire [6]. 
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In the Haarman method, the prerequisite is the knowledge of the buckled configuration 
of the axially loaded bar being analyzed with any boundary conditions. Further, the 
coordinate system is established, taking the origin at one flex point and selecting the axis 
passing through the other flex point. This results in a simple sine curve description for the 
deflection. By satisfying the given boundary or compatibility conditions, the buckling load 
can be found. 

We shall illustrate the method first through some simple elements and then apply it to 
complicated problems. 


EXAMPLE 4.5 (Buckling of column hinged at top and clamped at base) Consider the 
column shown in Fig. 4.10. The point C here 
represents one flex point and B the other flex P 
point. Let us choose the point B as the origin 
and the axis passing through B and C as the Z- B 
axis. Further, assume that the Y-axis is normal 
to the Z-axis. The Z-axis makes an infinitesi- 
mally small angle @ with the vertical. The offset 
6 is the intersection of the Z-axis with the base. 
With the increase in P, the column starts El, L 
deflecting and, at buckling, the resultant force 
P., becomes inclined since the axis of P must 
pass through the two flex points. This results in 
the development of a horizontal reaction H 
and a vertical load P:,, However, P,., ~ P; 
because the displacement is infinitesimal. 
The equation for the displacement curve 
between the points B and C is written as 





Fig. 4.10 Column and Its 

eed (4.69) Deflected Shape. 
kL 
where v is the displacement along the Y-axis, vo is the maximum displacement, and 
k = V P(E). Hence, 

dv 7 mZ 

a = “OTT. cos KL (4.70) 
Equation (4.69) has two unknowns, namely, vo and k, and requires two conditions to 
evaluate them. These conditions are 


v= —S (z= L), 


v = Vo SIN 


4.71 
dv/dz = —« (z = L). (4.71) 
Further, « = 6/Z. Applying now the boundary conditions (4.71), we get 
tan =~ (4.72) 


k Ok 
From this, we can obtain the critical load. 


EXAMPLE 4.6 (Buckling of pin jointed portal frame) Consider, once again, the portal 


BUCKLING OF FRAMES 125 


frame in Example 4.4. As in that example, so too here we can carry out the analysis in two 
ways, namely, when there is (i) no side sway and (ii) side sway. 


(i) Without side sway (symmetric mode) Before buckling, all members are straight, 
but as the applied axial load reaches the critical value, the frame assumes the configuration 





Fig. 4.11 Portal Frame under Axial 
Load (Symmetric Mode). 


shown in Fig. 4.11. Here, B’ and C’ represent the flex points. The equation for the curve 
AB’ is 


_ 1Z 
v = Uo SiN KL’ (4.73) 
dv T WZ 
a EE? © EE: (4.74) 
Atz=L, 
y = —S = —» sin 7 (4.75) 
el rd (4.76) 
=7=- sing : 


From Fig. 4.11, 


d: 
6 + Ao = —(S)r=1 
or 


OSS a cos ic (4.77) 
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Following Eq. (4.27), we have, for a beam with two end moments, 





Oo= sep»  Mo= Pad. 
Therefore, 
6. = PSL 
0 RET, 
From Eq. (4.76), we then have 
Yo, Sin(7/k) Ym © 7 
— Par li aeT =F sin ¢ kr cos K 
Since 
aE 
Per = (KL)”’ 
Eq. (4.79) reduces to 
7 Tv mI L; 
k cot k = 1 + tar, 


Equation (4.80) gives the relation for P,,. 


(4.78) 


(4.79) 


(4.80) 


(ii) With side sway (antisymmetric mode) If the structure and the loading are sym- 
metric, there is no bending or lateral motion -prior to collapse. At buckling, lateral motion 
is possible, resulting in an antisymmetric buckled configuration as shown in Fig. 4.12. Now, 


Pee 1 Pes 
t § 





Fig. 4.12 Portal Frame under Axial Load 


(Antisymmetric Mode). 
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as before, 
» =v sin = (4.81) 
Hence, 
wlth S eet cpa 2 
% = Qreut = 77 008 7- (4.82) 
For the beam, 
sae Mol, ae P..dL 
90 = Er ~ GET, (4.83) 
Equating Eqs. (4.82) and (4.83), after substituting for P., and 8, we get 
wieamlh 
cot k “— 6 kL i . (4.84) 


Equation (4.84) gives the buckling load. 


4.3.4 Frames with Primary Bending 


In Examples 4.5 and 4.6, we studied the buckling of frames with no applied loads on the 
horizontal members (i.e., beams). In a similar manner, we can examine the buckling 
characteristics of frames with external loads on the beams. The frames can be with or with- 
out sway. 


EXAMPLE 4.7 (Buckling of pin jointed portal frame with transverse loads on beam) 
Consider, yet again, the portal frame in Example 4.4, Assume that it is loaded as in Fig. 4.13. 





Fig. 4.13 Portal Frame under Transverse Loads. 
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As can be seen, the external loads acting on the beam are equal and symmetrically placed. 
Further, at A and D, the reactions are P and H. 

We shall use the method of beam columns (discussed in Section 4.3.1) to obtain the 
buckling characteristics. Isolating the vertical member AB and indicating all the loads on 
it, we find that the situation is identical to case (i) (Section 4.3.1). The moment M, is equi- 
valent to HL. The slope of the column at B is given by the second of Eqs. (4.19), that is, 


0 = ek cot kL — 2 


L > 
where k = VP/(EI). Letting KL = 7/m, we get 
Hw rr 


The slopes of the beam at B and C are obtained by superimposing the solutions obtained in 
Section 4.3.1 for cases (i), (ii), and (iii). This yields 


AL ] AL ] 
Oy = —aa-(ka cosec kL, — r+ Fy (k2 cot gobi — LD 


+ Fi(see Ehf00s kali — 1 — 0, (4.86) 


where 
ko = VHKEh), = koLy = a/n. 


Eliminating 0) from Eqs. (4.85) and (4.86), the equation governing the buckling load we 
get is 


ae 
nl; 


7 


T H rr P 7 7 d 
tan on + pil ote cot a, — Ase 5, cos “(4 — ZL) — 1} =0, (4.87) 


where 


: - £ 74 
raLlt a Pd Er 


Equation (4.87) is the general equation relating the horizontal force H to the applied 
transverse load P. As P increases, H varies nonlinearly. Further, it is a highly complex equa- 
tion, and hence it is not possible to indicate, in general, the values of P for which the 
frame will buckle. In a given situation, if J = 1,, L = L,, and d = L,/3, Eq. (4.87) reduces 
to 


7 7 m2 7 7 n>. 7 7 

, tana + yall Ot — pyle sec 5 cos = — 1] =0 (4.88) 
with 

Hm 

Pn 
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Figure 4.14 shows a plot of the nondimensional load P versus the horizontal reaction H. 
It can be observed that as P increases, 
H also increases initially. Sub- 
sequently, H begins to decrease, 
ultimately becoming zero at Py, = 
v?EI/L?. This behaviour of H can be 
explained as follows. As P increases, 
the capacity of the column to sustain 
the moment decreases, and as such, 
H must also decrease. Finally, a stage 
is reached when the column cannot 
resist any moment and the column 
moment (HL), and hence H, becomes 


zero. HL? _ (7) 
EI ‘n 





4.3.5 Buckling of Multistoreyed- 


Multibay Frames Fig. 4.14 Variation of P with H. 


The instances we have so far considered are not of much practical interest. In real world, 
multistoreyed frames are more common. Further, it is clear from our foregoing discussion 
that, mathematically, the analysis is quite involved. Thus, for a two-storeyed frame, the 
method of moment equations (Section 4.3.2) can be used. However, for a frame having more 
than two storeys, this method becomes quite cumbersome. In such a situation, it is con- 
venient to apply Haarman’s method (Section 4.3.3). 


EXAMPLE 4.8 (Buckling of two-storeyed frame clamped at base) Figure 4.15 depicts a 
two-storeyed rectangular frame loaded as shown. In our analysis, we shall consider the two 
possible deflection modes, namely, (i) symmetric and (ii) unsymmetric. 





49 = 0 6) = 0 


Fig. 4.15 Two-Storeyed Frame with Deformed Shapes. 


Equations (4.54) can be rewritten, after manipulation, for the beam element subjected 
to the moments My, and Mz (see Fig. 4.16), as 
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eae we — 


] 





Mea 


Fig. 4.16 Beam Segment with End Moments. 


EI. C Ss 

Mas = Tier" + a; = ag wt a cz Dl, 
(4.89) 
= C 
Mpa —< —Fla oz 294 + C2 — 52 — ears g2 - a Gr pl 
where 

I 

im ooy 
Tas 


(i) Symmetric mode For this case, a; = 0 and a. =0. Applying Eqs. (4.89) to the 
vertical members AB and BC, we get 


EI Ss 


Maps = rp arnt (4.90a) 
(for member AB), 
Lee 4.90b 
Masa = —F oa (4.90b) 
Mac = ere — 21 + ar Gz — 5292) (4.91a) 
(for member BC). 
EI C 
Mcp = — (oat = cz 522) (4.91b) 


Further, for the horizontal members BB’ and CC’, we have 


El;,, C, 8 


Mop = Li ZT, ‘o— — s? = a 


CF sts (4.92a) 


EI, 


pao ha! 
Meo = — 42 — Cre si). (4.92b) 


ea 
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The equilibrium equations at the joints B and C are 
Mpa — Mac — May = 0, (4.93a) 
Mca — Meo = 0. (4.93b) 


Substituting the moment relations in Eqs. (4.93), we obtain 
s s 
0a at pet sie + ex = 0, (4.94a) 


Oa + ea — are = + bors = 0. (4.94b) 


For a nontrivial solution of 8; and 62, the determinant of the coefficients of 9; and 9, must 
be zero. This yields the stability equation 

(2C’ + y(C’ + y) — S? = 0, (4.95) 
where 


C Ss 1 


C= ag oO  Chag TC a 


We can now obtain the buckling load P from Eq. (4.95). 


(ii) Antisymmetric mode The moment equations for the vertical members AB and BC 
here are 


Map = “50, ~a(C+5)] (4.96a) 
EI (for member AB), 
Ms, = — Zon — «(C+ S)] (4.96b) 
EI 
Msc = 11 + S62 — a(C + S)] (4.97a) 
7 (for member BC). 
Mcs = — 7 tse + C02 — a(C + S)] (4.97b) 


Further, for the horizontal members BB’ and CC’, we have 


Mow = C10; + Si), (4.98a) 


EI 
Meco = Zz, (ibs + S102). (4.98b) 


In addition to the equilibrium equations (4.93), we have the following equations for the 
equilibrium of the vertical members AB and BC: 


Mpa = Map + PLo, (4.99a) 
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Mcp = Msc + PLa. (4.99b) 


Substituting the moment relations in Eqs. (4.93) and (4.99), we get a set of four simultaneous 
algebraic equations in 6;, 02, «;, and «2. For a nontrivial solution, the determinant of the 
coefficients of these must be zero. This yields the characteristic equation for obtaining the 
buckling load. 


EXAMPLE 4.9 (Buckling of multistoreyed frame with no side sway) Figure 4.17 shows a 
multistoreyed frame. In it, all the vertical members have the same area of cross-section. 
However, the second moment of area of the horizontal members varies from one storey to 
another. Further, the vertical members are subjected to axial loads as shown. Moreover, the 
frame does not undergo any horizontal movement. 





Fig. 4.17 Multistoreyed Frame with Deflected Shape. 


As P approaches P;,, all the columns buckle simultaneously as shown in Fig. 4.17. Since 
the structure is symmetric, equal moments exist at each beam end. Figure 4.18 shows the 
exploded view of the column FN. 

In our analysis here, we shall use the technique we discussed in Section 4.3.3. 

As already noted, the equation for the column between two flex points is 


Vv = Vo Sin (4.100) 


mz 
kL 
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Fig. 4.18 Exploded View of Column. 


Hence, the offsets 


. 4Z 
6; = —vo sin oF 
(4.101a) 
8. = —v (sin — iF cos = E — 008 a sin 7). 
For a small deformation, « = (5, — 5,)/Z. Hence, 
g= alt — cos 7) sin iT ot cos 7 z sin a (4.101b) 


The slopes of the beam at the joints N and F are 62 and 0;, respectively, and are given by 


ov dv 


Oz|emsy — &, 6 = 


(== za 
: A dz z=Zzq—L 


+ a, (4.101c) 


Substituting for dv/dz and « from Eqs. (4.100) and (4.101b), we get 


a0 cane ea 7225 
= zi cos x) sin TF + (sin a) cos -—— ih (4.102a) 
= AG sin; — 1+ cos D sin — i = G cos + - sin 7) cos + a ; (4.102b) 


For the beam, we have, from Eq. (4.78), 


Hired P.82L 
oF Oa, | 





(4.103) 
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Defining 
n2ET 
Per = BTR 


and substituting for 52 in Eq. (4.103), we get 


i si wee: 
ers 7 E ey 
Similarly, 
II NZ 7 
= — FG 2h ht t 
0 28 ( LO EL (sin = EF OSE cos = iF r 2 sin 7): (4.104b) 


Eliminating 0, and 02 from Egs. (4.102a), (4.102b), (4.104a), and (4.104b), the characteristic 
equation for the buckling load we get is 


2k tan = 
ea h i me -—)+—_= XE alt (4.105) 
k tan k 


PL my 
ty ite + 





We can now evaluate k if we know the characteristic dimensions of the frame. 
PROBLEMS 
4.1 Find the buckling load for the two-bar structure shown in Fig. 4.19 when: 


(i) J2 is small as compared with h. 
(ii) I = V3h. 
(iii) 7; is small as compared with Io. 


The joint B is a rigid joint. 


45° 





Fig. 4.19 Problem 4.1. Fig. 4.20 Problem 4.2. 


4.2 For the cantilever bracket shown in Fig. 4.20, obtain the critical value of P if A and 
C are clamped and the joint Bis rigid. Assume that the members are of uniform cross-section. 
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4.3 Determine the critical load for the member BC of the frame shown in Fig. 4.21. The 
joints B and C are rigid. 





Fig. 4.21 Problem 4.3. Fig. 4.22 Problem 4.4. 
4.4 Determine the critical load of a frame (see Fig. 4.22) subjected to transverse loading. 


4.5 What would be the critical load if the loads in Fig. 4.21 are shifted to the points B 
and C? 


4.6 Obtain the buckling load of the member AB of the two-storeyed frame shown in 
Fig. 4.23 if the frame has 


(i) no side sway, 
(11) side sway. 


24,2L HH 21,2L 





Fig. 4.23 Problem 4.6. Fig. 4.24 Problem 4.7. 


4.7. Dothe same as in Problem 4.6 when the ends D, A, and F are clamped to the base 
(see Fig. 4.24). 
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4.8 Estimate the critical load of a braced portal frame (Fig. 4.25) with no sway. 


P P 
El,, L 


El, L 


Fig. 4.25 Problem 4.8. 


4.9 A 2.5-metre-long steel column is clamped at the bottom and rigidly attached to a 
1.25-metre-long horizontal steel beam at the top, as shown in Fig. 4.26. Determine the 
critical load for elastic buckling in the plane of the frame. The bending stiffness EJ for the 
column is 2305 GPa and that for the beam is 588.6 GPa. 





P 
1.25 ——_— > 
ai 
Fig. 4.26 Problem 4.9. Fig. 4.27 Problem 4.10. 


4.10 A 5.5-metre-long steel column is simply-supported at the bottom and rigidly connected 
to a horizontal] beam at the top, as shown in Fig. 4.27. Determine the critical load for 
elastic buckling in the plane of the frame. The second moment of area for the column is 
0.35 x 10-4 m4 and that for the beam is 0.275 x 10-4 m*. For steel, E = 181.5 GPa. 


[1] 
[2] 
[3] 


[4] 


[5] 


[6] 
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5 
Elastic Buckling of Thin Plates 


5.1 INTRODUCTION 


In Chapters 1 to 4, we discussed the buckling of one-dimensional members of a structure. In 
doing so, we assumed that the cross-sectional dimensions of a member are such that the 
sectional behaviour is a function of only one variable. Also, we noted that, in a column, the 
buckling is normally confined to one vertical plane and, depending on the relative magni- 
tudes of EJ and GJ, the buckling mode is flexural (Chapter 1) or torsional (Chapter 3). 
Further, the number of boundary conditions is only four. Moreover, as stated in Chapter 3, 
the wide flanges of an open section column behave more like plate elements. The plates 
making up a column may undergo a form failure locally. Thus, when analyzing a column, 
the stability of plate elements has to be taken into account. 

The buckling of a plate involves two planes, namely, XZ, YZ, and two boundary condi- 
tions on each edge of the plate. The basic difference between a column and a plate lies in 
the buckling characteristics. A column, once it buckles, cannot resist any additional axial 
load. Thus, the critical load of a column is also its failure load. On the other hand, a plate, 
since it is invariably supported at the edges (e.g., interconnection between two structural 
plates, and web connected to flanges), continues to resist the additional axial load even after 
the primary buckling load is reached and does not fail even when the load reaches a value 
10-15 times the buckling load. Thus, for a plate, the postbuckling load (elastic) is much 
higher. When designing structural members, this fact is largely exploited to minimize the 
weight of the structure. 

The local failure of the plate elements of a column represents only one aspect of plate 
instability. In a situation where the plate elements do not form part of a column (such as 
ship hull, aircraft wing, and web of plate girder), the plate instability has to be studied 
under different loading conditions (Bleich [1]). For example, the thin web of a plate girder 
may be subjected to a combination of axial and shear loading. Further, when a plate is a 
part of a structure, it is generally subjected to biaxial loading which can be constant or vary- 
ing with respect to the X- or Y-axis. 

In order to increase the buckling load of a plate, longitudinal and transverse stiffening 
is adopted (as, for example, in ship hull and aircraft wing). The analysis of such a stiffened 
structure is more involved because of the discontinuity in the plate rigidity along the X- 
and Y-axis. 

Plates are of different shapes and sizes. Depending on the design requirements, the shape 
and size are selected. For example, generally, the end covers of a tank are circular, and the 
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wing skin of an aircraft is skew, in shape. Further, the ship hull is made of thick plates. 
In this chapter, we shall give the buckling analysis of thin rectangular plates—unstiffen- 
ed and stiffened—, thick rectangular plates, and circular plates. 


5.2 EQUILIBRIUM APPROACH 


To derive the equilibrium equation governing the buckling of a thin plate, we shall assume 
that the plate is subjected to various combinations of inplane forces. At buckling, a plate 
undergoes a small lateral deflection. This happens in the manner discussed when studying 
the behaviour of columns (Section 1.2.1). 

Figure 5.1 shows the coordinate system for a plate and Fig. 5.2 all the possible internal 
stresses acting on a plate element. Assume that the thickness ¢ of the plate is small as 





Fig. 5.1 Coordinate System for Plate. Fig. 5.2 Stresses Acting on 
Differential Element. 


compared to its other two characteristic dimensions. We shall therefore treat this plate as 
subjected to plane stress, that is, the stresses are functions of only x and y. A quantity with 
an asterisk (Fig. 5.2) indicates the larger value of the normal or shear stress. For example, 


ot =o, + fo, dx, 
d 
Txy = Try + ax * dx, (5.1) 


o 
* 
Txz == Txz + ox? dx. 


We shall make the following two assumptions regarding the behaviour of a thin plate 
(Timoshenko and Krieger [2]): 


(i) The effect of shear strains y,, and yy, on bending is negligible in a plate whose 
thickness is small as compared to the lateral dimensions. (As a consequence, the lines 
normal to the middle surface before bending remain straight and normal after bending.) 


(ii) The normal stress o, and the corresponding strain e, are negligible. [Therefore, the 
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transverse deflection w at any point (x, y, z) is equal to the transverse deflection at the 
corresponding point (x, y, 0) along the middle surface.] 


When studying a plate, it is more convenient to work with stress resultants rather than 
with stresses. The stress resultants are defined as 


£/2 +8/2 [2 
N, = | o, dz, Nyx Neg = | Txy az, N, = | oy dz, 
—t/2 /2 —t/2 


t/2 t/2 
M, = + | o,z dz, 0, = | Tx; dz, 
—t/2 


(5.2) 


/2 


£/2 
Myx = M,, = | Tey? az: 
—t/2 

The governing equation is obtained by using the static equations of equilibrium thus: 
(i) first, the inplane equilibrium is established, (ii) then, the equilibrium of bending moment 
and shear forces is considered, and (iii) finally, the results of (i) and (ii) are combined. The 
governing equation so obtained is in terms of the transverse displacement w. For a derivation 
of this equation, see also Gerard [3] and Chajes [4]. 


Inplane equilibrium 


Consider now the differential inplane element shown in Fig. 5.2. The inplane forces acting 
on it are indicated in Fig. 5.3. Here, the quantities N*, N*, represent the values of the 





Fig. 5.3 Inplane Forces Acting on Element. 


forces N,, Nzy as we move along the X-direction, and Ny, Ny, represent the values of N,, 
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Nyx as we move along the Y-direction. These quantities can be obtained by replacing, in 
the first two equations in (5.1), o, by Nx, xy by Ny, and x by y. In view of the small deflec- 
tion assumption, we neglect the change in the inplane forces due to bending. Summing up 
the forces along the X-direction, we get 











N¥ dy — N, dy + Ny dx — Ny, dx = 0. (5.3) 
Substituting for NX and Nyx, we get 
ON, ONyx 
(N, + ax dx) dy — N, dy + (Nyx + By dy) dx — Ny, dx = 0. (5.4) 
Simplifying Eq. (5.4), we have 
ON, , ONyx _ 
Ox + on 0. (5.5) 


Similarly, summing up the forces in the Y-direction, we obtain 





= + G2 = 0. (5.6) 


Transverse equilibrium 


To obtain the equilibrium of forces in the Z-direction, we have to consider the deflected 
shape of the plate. Because of the transverse deflection, the forces N,, Ny, Nyx, and N,, will 
have components along the Z-direction. Figure 5.4 shows the deflected shape of the element 
along with the component forces dw*/dx and dw*/dy defined as 


ow* dw 0 ow 


Ox Bx + HxGy) 


a 
aut _ aw , 2 am ve 
dy ~ dy | dyay? 

In view of the small deformation assumption, 
. OW ow 
sin (=) a 
(5.8) 


cos &) ew 1. 


The component of the forces N, and N¥ along the positive Z-axis is 


ON, ow . dw ow 
(Nx + Ox ax) (= + 55 dx) dy — Nx dy. 


By retaining terms involving N,, we can simplify these terms to 


62w 


Nixa dx dy. 
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w+ 0 ow 
ax ax) 






ow 
Ox 


0 ow 
By Bx) 






N Pe N; 


0 ow 
by ay By? dy 
Fig. 5.4 Inplane Forces Acting on Deflected Plate Element. 
The component of the forces : and N; along the positive Z-axis is 
(Ny +4 TNs Ge e+ W dy) dx — Nyoe dex 


which, on simplification, reduces to 


o2w 


Nyxy3 dx dy. 


The z-component of the forces N,, and NY, is 





ow 
(Nxy =e 2Ney dns + pa 3) dy — Ns¥55 dy. 
This, on simplification, reduces to 


Nee 


"3x dy dx dy. 


Similarly, the component of the force N,, along the Z-direction is 


N. 


ow 
Dx dy ay dx dy. 


The equilibrium of moments about the Z-axis yields Ny, = N,,. Hence, by adding all the 
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components of forces, we get the resultant force along the Z-axis due to the inplane forces as 


dw 
(N. pa t+ Nyy +2N ee 3% dx dy. (5.9) 





To establish the contribution of the shear forces along the Z-direction, consider Fig. 5.5 
which shows the moments and shear forces acting on the plate element. The shear forces 





Fig. 5.5 Shear Forces and Moments Acting 
on Plate Element. 


and moments on the x and y faces at a distance dx and dy from the origin are defined as 
Q 
Ox = QO. + ax2* dx, 
Q; =I Q, r Zo, dy, 
dy 
“ Q 
MM; = M, + 55M dx, 
(5.10) 
M; = M, + 3 5M dy, 
M¥, = Myy + <M, dx, 
M3 = yx + by 2M, dy. 


The component of the shear forces along the Z-direction is 


Qs dy — Q, dy + QF dx — Q, dx. 
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Substituting for O¥ and QF and simplifying, we obtain 





dQ, dQ, 
Combining Eqs. (5.9) and (5.11), we get the equilibrium of forces along the Z-direction as 
dQ, , aQ, aw d2w ew 


Moment equilibrium 


By taking the moments about the X-axis, we obtain 


M# dx — M, dx — O* dx dy — t dy 2 4 0, dy 2 — MB, dy + May dy =0. 


(5.13) 
Substituting for My, M%,, and QO} from Eqs. (5.10) in Eq. (5.13) and simplifying, we get 
OM,, OM, _ 
te Oy ee (5.14) 


Taking the moments about the Y-axis, we have 


Ms dy — M, dy — Qt dy dx — M3, dx + My, dx — Q$ dx & 4 OF de S = 0. 








(5.15) 

Substituting for My, M%., and Q* from Eqs. (5.10) in Eq. (5.13) and simplifying, we obtain 
OM, OaOMy,x ae 

a ae Q, = 0. (5.16) 


Equations (5.12), (5.14), and (5.16) are the governing equations for a plate. These can be 
combined into a single equation by substituting for 0Q,/dx and dQ,/éy from Eqs. (5.16) 
and (5.14) in Eq. (5.12). Differentiating Eqs. (5.14) and (5.16) with respect to dy and dx, 
respectively, we get 


@M.y aMy , 20, 














By ox oo ay at By = 0, (5.17) 

@M, G@My,, 0Q, _ 

ie ys ae ae 
Making use of the fact M,, = —M,y and substituting Eqs. (5.17) and (5.18) in Eq. (5.12), 
we atrive at the governing equation for buckling, i.e., 

eM, 02M, , 02M, o-w o2w d2w 

Oat 7x dy + Gye + Naga + Noga + Nava g, = O- ot) 


The moments M,,, My, and M,, here can be replaced in terms of the curvature by making 
use of the constitutive equations and the strain-displacement relations. The constitutive 
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equations for an elastic plane stress problem are given by [see Eqs. (1.15) in Appendix I] 


on = (ee + 4), (5.20a) 
E 
Cy = To al + Vex), (5.20b) 
E 
Txy = 21 +) fe vy" (5.20c) 


In view of assumption (i), and the fact that the middle surface remains unstrained during 
the transverse displacement w, the displacements u and v along the X- and Y-direction at a 
distance z above the middle surface can be written as 


ow 

“u= —Z5-, (5.21a) 
Ow 

v= mer (5.21b) 


The strain-displacement relations for a linear problem in the Cartesian coordinate system 
are (Timoshenko and Goodier [5)) 


€, == Ou/dx, (5.22a) 
cy = dv/ay, (5.22b) 
Yxy = Ouldy + dv/ox. (5.22c) 


Hence, the strains ¢,, €y, and y,, in terms of w can be written as 


o2w 


€é, = eae? (5.23a) 
02w 
€= 253» (5.23b) 
o*w 
xy = St oy (5.23c) 


Substituting for strains from Eqs. (5.23) in Eqs. (5.20), we can write the stress-curvature 
relations as 


Ez @w dw 

Oo, = —ju— ile + ‘ay (5.24a) 
Ez *w  d*w 

Cy = =f 92 = Ag + Vaxa)s (5.24b) 
Ez dw 


t= TE Ox oy —_ 
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Substituting for o,, o,, and r,, in the corresponding equations in (5.2) and carrying out the 
integration, the moment-curvature relations we obtain are 


M, = _ pe 5x2 ae 5 oa) (5.25a) 

Meepe” mit “. (5.25b) 
o2w 

Mz = —M),,. = — DU — ax dy’ (5.25c) 


where 
D = Et3/{12(1 — v?)]. 


Here, D is the flexural rigidity per unit length of the plate. This is analogous to the bend- 
ing stiffness EJ of a beam (see Chapter 1). If we compare the rigidity of a plate with the 
rigidity of a beam having the same width and depth as the plate, we find that a plate strip 
is stiffer than the beam by a factor 1/(1 — v2). This is so because a beam is free to deform 
laterally unlike a plate strip which is restrained due to the presence of adjacent strips. 

Substituting Eqs. (5.25) in Eq. (5.19) and assuming that the plate is of constant thick- 
ness, the governing equation we obtain is 

o2w o2w 


DV‘w = No" 2 + Nyse y2 + 2N.. 


aa (5.26) 


where 


ow otw otw 
4 
Viw = ga t 27a t oe 

It should be noted that N, in the foregoing discussion is positive for tensile loading. In 
buckling, N,, and N, are generally compressive. Incorporating the proper sign in Eq. (5.26), 
we get 


o7w 


io =o (5.27) 


02w aw 
DV‘w + N53 + Nin + 2Nxy 
For a nonuniform plate (i.e., plate thickness is a function of x and/or y but is symmetric 
with respect to the Z-axis), the governing equation, as we shall now discover, is different 
and the process of deriving it is quite involved. Here, the change occurs when Eqs. (5.25) 
are substituted in Eq. (5.19). Assuming D is a function of x and y, we have 


ye 
Gx oe Des a sal 


2 
i + =D 7 DG io Ox sae 


= Fee + 
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Hence, 


02M. 02D d2w = d*@w oD dw aw o4w otw 
it = — at Fa + “ay? = 55 oases t “ax aye) — Ga + YF ay (5.28) 


Similarly, it can be shown that 


@M, @Ddw , dw dD dw Ow ow otw 
Gy a Ge + a2 — ay Gs + “aad — Gat ara 9) 
Po) 2D aw aD aw 
ox dy = as oy Ox ey = Vax exer 
oD aw ow 


Substituting Eqs. (5.28), (5.29), and (5.30) in Eq. (5.19), we get 


aD dw. aw. dDdw' dw aD 2w aw 
DV‘w + x3 (a3 + “5a) a a2 Ge + 559) + 257 (aa + "Fx oy» 


oD aw a3w oD aw oD dw 
+ 23353 t+ aay + — Wer aap t l — May az ay 
02D dw o2w o7w ow 
+21 — ae Oy 5x dy + Nx53 + Nia + 2N 95x Oy = 0. (5.31) 


Equation (5.31) is applicable for a rectangular nonuniform plate, symmetric with respect to 
the Z-axis. 


Boundary conditions 


Equation (5.27) or (5.31) is a fourth order partial differential equation in x and y, and 
hence, for a unique solution, eight boundary conditions—four along x and four along y— 
are required. The possible ideal boundary conditions are as follows: 


(i) Simply-supported or hinged ends. Here, 
w=0 (x = 0, a), (5.32a) 
w=0 (y = 0, d). (5.32b) 


As the edges are free to rotate, the moment M, or M, must be zero. Hence, from 
Eqs. (5.25a) and (5.25b), 


2y | d2w 
M, = —D ax + Vay) = 0 (x = (), a), (5.33a) 


oe? dw 
M, = —DGZ+%53)=0 (y= 0, d). (5.33b) 
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(ii) Clamped edges. Here, 
w=0 (x = 0, a), (5.34a) 
w=0 (y = 0, 5). (5.34b) 
As the edges cannot rotate, the first derivative of w with respect to x and y must be zero. 
That is, 
dw/ax = 0 (x = 0, a), (5.35a) 
dwldy=0 (y=0, d). (5.35b) 
(iii) Free edges. The boundary conditions here are quite involved. In Fig. 5.5, we see 
that, on any edge, there exist two moments and the shear force. All of these must be zero 
for a free edge. This results in a total of 12 boundary conditions, thereby implying that the 
problem is overdetermined since we need only eight boundary conditions for a unique 
solution. Timoshenko and Krieger [2] have shown that these three quantities can be reduced 


to two by combining the shearing force and the twisting moment. The boundary conditions 
(Kirchhoff’s boundary conditions) to be satisfied for a free edge are then 


02w o2w 


(a2 + Y ay?) =0 (x = 0, a), (5.36a) 
aw aw | 
a + A-—VeGz=o (=O, a). (5.36b) 
Similarly, 

ow 

Gar on) =o (y = 0, 5), (5.37a) 
aw Aw 

ays Te = ay age OOP). (5.37b) 


We shall now demonstrate the use of Eq. (5.27) in estimating the critical load of uniform 
rectangular plates. 


EXAMPLE 5.1 (Buckling load of rectangular plate axially compressed in one direction) 
Consider a simply-supported rectangular plate (Fig. 5.6) subjected to a uniform axially com- 
pressive force Nx per unit length along the edges x = 0, a. Putting N, and N,, equal to zero 
in Eq. (5.27), we get the governing equation as 


Fat + ara t Fy t Do O 6.38) 
In terms of the nondimensional parameters £ and 7, defined as 

x= aé, y = by, (5.39) 
Eq. (5.38) can be written as 


o4w | 2a? = d4w a fw | Nx we w 
det Bat apt Bs + Do ae © ia 
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Fig. 5.6 Rectangular Plate under Axial Load. 


Defining p (=a/b) as the aspect ratio of plate and 


a? ta? 
7 = Np = ox x 12(1 on v2)}, (5.41) 


we can write Eq. (5.40) as 


o4w atw o4w o2w 
age + Poe ag + Pas + Map = © oe 


Since all the edges are simply-supported, the boundary conditions are given by (5.32) and 
(5.33). In a nondimensional form, these conditions can be written as 


oe oe? 
w= cB + was =0 (é = 0, 1), (5.43) 
02w dw 
— 72 —————— = 
w=p ap 4- Y5g2 0 (7 = 0, 1). (5.44) 


Since w = 0 along £ = 0, 1 and 7 = 0, 1, we have 
@wi/drr=0 (€=0, }), 
d2w/dé? = 0 (yn = 0, 1). 

Making use of these relations, we find the boundary conditions (5.43) and (5.44) reduce to 
w = 0*w/dé? = 0 (é = 0, 1), (5.45) 
w = 0*w/dn? = 0 (y = 0, 1). (5.46) 


The differential equation (5.42) and the boundary conditions (5.45) and (5.46) contain terms 
which are of even order in £ and 7; hence, we seek a variable separable type of solution. 
Thus, for Eq. (5.42), assume a solution of the form 


w(é, 7) = z z Amn SiN mr€ sin nn (m= 1,2,...,a=1,2,...), (5.47) 


n=l m=! 
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where m and n define the number of half waves that the plate buckles in the X- and Y- 
direction, respectively, and A,,, represents the amplitudes of the shape function or the mode 
shapes. Equation (5.47) satisfies the boundary conditions exactly. Substituting Eq. (5.47) in 
Eq. (5.42), we get 


EF Am(mnt + 2p*mnrat + pintnt — 2m?) sin mné sin nn = 0. (5.48) 
m=l n=] 
The terms within the parentheses in Eq. (5.48) consist of a sum of an infinite number of 
positive functions. The only way such a sum can be zero is when the coefficient of each one 
of the terms is equal to zero. Thus, 


Amn(m'rt + 2p2m2ntat +. p4nta4 — d2m?n?) = 0. (5.49) 


Expression (5.49) can be satisfied if either 4,,, = 0 or the quantity within the parentheses 
is zero. The first alternative leads to a trivial solution, where, for all loads, the plate remains 
flat. The nontrivial solution gives 


2 — Nz 22 1 22202 an 2 5 

= He =m + Penn + Pats (5. 0) 
Dn? n4 

N, = ar (m? + 2p?n? + p*s) 


2 2 
= a + <p), (5.51) 


Since we require to know the lowest value of N, at which the equilibrium of the plate 
changes from the flat to a bent configuration, we need to determine the values of m and n 
that minimize Eq. (5.51). It is easy to visualize that as n increases, the critical load N,, also 
increases; hence, for the lowest value of N,, m must be equal to one. This implies that the 
plate buckles with one half sine wave along the Y-direction. The number of half waves along 
the X-direction that correspond to the minimum value of N, can be found by taking the 
derivative of Eq. (5.51) with respect to m, with nm equal to 1, and equating the resulting 
expression to zero. Thus, 


Ts we (m+ Bye — Fy = 0. (5.52) 
This yields 

m =p. (5.53) 
Substituting this value of m in Eq. (5.51), keeping m equal to 1, we get 

(Nxer = 4D2?/b2. (5.54) 


Thus, a simply-supported plate buckles with one half wave in the Y-direction and p half 
waves in the X-direction, i.e., p must be an integer. This implies that the plate buckles into 
square plates. For noninteger values of p, the buckling load is higher than that for the 
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integer values. For such a case, Eq. (5.51) can be written as 
(Nx dcr = kDn?/b?, (5.55) 


where 
k = (m/p + n*p|m)?. (5.56) 


Figure 5.7 shows the variation of k with the aspect ratio p. For p < 1, k varies consider- 
ably with the aspect ratio. However, for p > 4, the variation of k is negligible, and hence 
we can fairly accurately take the value of k = 4.0 for p > 4.0. The values m = 1, 2,... 
indicate the number of half waves that the plate will buckle in the X-direction for a given 
aspect ratio. It can be observed from Fig. 5.7 that, for some values of the aspect ratio, there 





Fig. 5.7. Variation of Buckling Load Coefficient k with Aspect Ratio. 


is a transition from m to m + 1 half waves. At these points, the buckling load coefficient k 
is the same, i.e., 


m[p + p/m = (m + 1)/p + p/(m + 1). 


From this equation, we obtain 


p=Vm(m + 1). (5.57) 


Setting m = 1, we get p = 4/2. At this ratio, we have the transition from one to two half 
waves. Similarly, for p = 4/6, 4/12, ..., we have the transition from two to three half 
waves, three to four half waves,... . Further, for p< 4/2, the plate will buckle with one 


half wave in the X-direction, for /2 < p < 4/6, the plate will buckle with two half waves, 
and so on. 


The critical stress o, per unit length is given as 


Nx)er kE 
Ce (Medes = ree ie (5.58) 
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Equation (5.58) can be rewritten as 
(Cx)cr = KE(t/b)?, (5.59) 


where K = k/[12(1 — v?)] and, for v = 0.3, K = 3.62 and k = 4.0. If we compare Eq. (5.59) 
with Eq. (1.12), we find that the critical stress of a column is inversely proportional to the 
length of the column, whereas, for a plate, the critical stress is inversely proportional to the 
width of the plate (Timoshenko and Gere [6]). 


Table 5.1 shows the variation of critical stress with the aspect ratio for a plate of 
aluminium alloy. 


Table 5.1 Values of (c,)., for Simply-Supported Rectangular Axially Compressed Plate 


Given 
E = 0.588 x 10!! N/m2, t/b = 0.02, v= 0.3. 

Pp 0.2 0.4 0.8 1.0 o/2 

k 27.04 8.4] 4.20 4.0 4.49 

Ccr 0.5751 x 10? 0.1788 x 10° 0.0893 x 10° 0.0850 x 10° 0.0955 x 10? 
Pp 2.0 1/6 3.2 4.5 4/12 

k 4.0 4.17 4.016 4.055 4.08 

Ccr 0.085 x 10° 0.0886 x 10? 0.0854 x 10? 0.0862 x 10° 0.0868 x 10° 


EXAMPLE 5.2 (Buckling of rectangular plate with loading edges simply-supported and 
other two edges clamped) The situation we consider here is a little more complicated than 
that in Example 5.1. Let the edges ¢ = 0, 1 be simply-supported, and the edges 7 = 0, 1 be 
clamped. The governing equation here is (5.42), i.e., 


a4w » ow sow , \,02w 


Further, the boundary conditions in the nondimensional form are 


@ Q2 
waar tw =0 (E=0,1), (5.60) 
w = dw/dn = 0 (7 = 0, 1). (5.61) 


Following the same steps as in Example 5.1, we here choose the solution for Eq. (5.42) as 


w(é, 1) = F(n) sin meré. (5.62) 
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The amplitude term is included in F(y) which we have yet to determine. Expression (5.62) 
satisfies the boundary conditions along = 0, 1. Now, substituting relation (5.62) in 
Eq. (5.42), the ordinary differential equation for determining F(n) we get is 

d‘F mn d2F ma‘ mn? 

dnt = oi ag +- aoe A orf) sin mré = 0. (5.63) 
Since sin m7é is not zero, the quantity within the parentheses must be zero. The general 
solution for Eq. (5.63) can be written as 


F(n) = A, cosh an + A2 sinh an + A, cos Bn + Ay sin Bn, (5.64) 
where 
2 2 
a= (EE + OEE yap, 
5.65 
_ mn? om 





ma? 
B= (-" + ae 
The constants A;, 42, A3, and A, have to be determined from the edge conditions (5.61). 
After transforming these conditions in terms of F(n) from Eq. (5.62), the set of four homo- 


geneous algebraic equations we obtain is 


A, + 43 = 0, (5.66a) 
Axx + AsB = 0, (5.66b) 
A; cosh « + A, sinh « + A; cos B + A, sin B = 0, (5.66c) 
A,« sinh « + A. cosh « — A38 sin B + A,B cos B = 0. (5.66d) 


Solving these, we get 


= 
B 
A,(« sinh « + B sin B) + A2(« cosh « — « cos f) = 0. (5.67b) 


A;(cosh « — cos 8) + A,(sinh « — = sin 8) = 0, (5.67a) 


For a nontrivial solution, the determinant of the coefficients of 4; and A2 must vanish. 
That is, 


cosh « — cos B sinh « — 3 sin B i: (5.68) 
asinha-+ BsinB «cosh « — «cos B 
This leads to the characteristic equation 
2(1 — cosh « cos f) = é — 2 sinh « sin B. (5.69) 


For a given plate material and aspect ratio, we can now obtain the critical stress from 
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Eq. (5.69). The critical stress can also be written as 


(Gx)er oa a mG" (5.58) 


The value of k here is different from that of kK in Example 5.1. 


Table 5.2 shows the variation of critical stress with the aspect ratio for a plate of alu- 
minium alloy. 


Table 5.2 Values of (c,)., for Axially Compressed Plate, Two Opposite Edges of 
Which Are Simply-Supported and Other Two Clamped 





Given 
E = 0.588 x 10!! N/m2, t/b = 0.02, v = 0.3. 
p 0.2 0.4 0.8 1.0 4/2 
k 27.86 9.49 7.44 7.69 7.04 
Scr 0.5927 x 10° 0.2021 x 10° 0.1583 x 10° 0.1638 x 10° 0.1498 x 10° 
p 2.0 1/6 3.2 4/12 4.5 
k 6.99 7.02 6.98 6.99 6.98 
Ccr 0.1487 x 10° 0.1494 x 10° 0.1486 x 10? 0.1487 x 109 0.1485 x 10? 


EXAMPLE 5.3 (Buckling of rectangular plate with loading edges simply-supported and one 
edge clamped and other free) Consider the rectangular plate shown in Fig. 5.6. Assume 
that the edge 7 = 0 is built-in, and the edge 7 = | is free. The differential equation govern- 
ing the plate, as before, is 


tw otw 02w 
“Og4 + 2p aE? Ax? On? + pi? en a —. FE = 0. (5.42) 


The boundary conditions in the nondimensional form are obtained after transforming 
Eqs. (5.34b), (5.35b). (5.37a), and (5.37b). Thus, 


w=0 (n = 0), (5.70a) 

Ow/dn = 0 (n = 0), (5.70b) 
aw, & 

. oe a "58 TT (7 = 1), (5.70c) 


aw Ow 
Pos t2—)es3=0 (1 = 2). (5.70d) 
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Since the two opposite edges are simply-supported, the general solution we chose for F(n) 
in Example 5.2 is still valid. Further, the constants A;, A2, A3, and A, in Eq. (5.64) are 
obtained by using the boundary conditions (5.70) after transforming the latter in terms of 
F(y). The boundary conditions in terms of F(n) are 


F(n) = 0 (7 = 0), (5.71a) 
dF/dn =0 (7 = 0), (5.71b) 
Po vn'n2F = 0 (7 = 1), (5.71c) 
Pas ee (2— Wm = 0 (7 = 1). (5.71d) 


Using conditions (5.71) along with Eq. (5.64), we get the set of four simultaneous homo- 
geneous algebraic equations 


A, + A; = 0, (5.72a) 
Ar + AaB = 0, (5.72b) 


2 
A,a? cosh « + Aza? sinh « — A38? cos B — A,f? sin B — me (A; cosh « 
+ Az sinh « + A; cos B + A, sin Bf) = 0, (5.72c) 
. mr : 
A,o3 sinh « + A2%3 cosh « + A38° sin B — A,B* cos B — (2 — Yr (Aa sinh « 


+ Ax cosh « — A3B sin B + A,B cos B) = 0. (5.72d) 
Equations (5.72) can be simplified to 


2 2 
A,{cosh «(a2 — var) + cos B(B? + a + Afsinh a(«? — a) 
2 
4 3 sin B(B? + aa )] = 0, (5.73a) 


A,{a sinh a{a? — (2 — oa 








7) — B sin pip? + (2— 9) P y 


+ A[a« cosh a{a? — (2 — yor + «cos B{p? + (2 — word = 0. (5.73b) 


Defining 


a2 


Zar2 2 
Peon or OS yor, (5.74a) 


pr 


mn 
=P +E ae Q-9y, (5.74b) 
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we can write Eqs. (5.73) as 


Zz 
B 
A,(at sinh « — Bs sin B) + A2(ta cosh « + a5 cos f) = 0. (5.75b) 


A,(s cosh « + % cos B) + A2(s sinh « + =? sin 8) = 0, (5.75a) 


For a nontrivial solution, the determinant of the coefficients of A; and Az must vanish. 
That is, 


bey or 
B ome = 0. (5.76) 


af sinh a — Bs sinB «af cosha + as cos B 


5s cosh « + ? cos B Ss sinh a + 


This leads to the characteristic equation 
o7f2 — 8252 : 
2st + (5s? + #) cosh a cos B = ag sinh « sin B. (5.77) 


For a given plate material, we can now obtain the critical load after solving for « and B 
which contain N,,. The critical stress can then be expressed by Eq. (5.58), 1.e., 


_ kE hs 
(Ox)cr = TX — vB) ; (5.58) 
Here again, the value of k will be different from the values of k in Examples 5.1 and 5.2. 
Table 5.3 shows the variation of (o,),., with the aspect ratio for a plate of aluminium 
alloy. 


Table 5.3 Values of (c,)., for Axially Compressed Plate, Two Opposite Edges of Which 
Are Simply-Supported and One Edge Clamped and Other Free 


Given 
E = 0.588 x 10!! N/m?, t/b = 0.02, v = 0,3. 
p 0.2 0.4 0.8 1.0 /2 
kK 25.35 6.34 2.16 1.75 1.43 
Ccr 0.5393 x 10° 0.1348 x 10? 0.0459 x 10° 0.0341 x 10° 0.0304 x 10° 
Pp 2.0 /6 3.2 a/12 4.5 
k 1.47 1.64 1.39 1.41 1.40 
Cor 0.0318 x 10° 0.0350 x 10° 0.0297 x 10? 0.0299 x 10° 0.02973 x 10° 





The edge conditions considered in Examples 5.1 to 5.3 are referred to as the ideal edge 
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conditions. These conditions can exist if a plate is treated as an individual element. How- 
ever, in practice, such situations are rare. Instead, a plate is usually connected to other 
members. For example, in an /-section, if we treat one side of the flange as a plate element, 
we find that it is connected elastically to the web; conversely, the web is connected elasti- 
cally to the flange. In such a section, the buckling of the flange is restrained by the web and 
vice versa. Hence, for calculating the buckling load of a member of an J-section, the inter- 
action of deformation between the adjoining members has to be taken into account. 
We shall now consider examples to demonstrate the effect of elastic support. 


EXAMPLE 5.4 (Buckling of plate elastically restrained along one edge and free at other 
edge) Consider the rectangular plate shown in Fig. 5.8. It is simply-supported along the 





Elastic restraint 


Sectioned at AB 





A, 
g Free edge 


Y 


Fig. 5.8 Buckling of Plate with Elastic Restraint. 


loaded edge, the edge 7 = 0 is elastically restrained, and the edge » = 1 is free. The general 
solution to the differential equation (5.42) is 


w(é, 7) = sin m7£(A, cosh an + A2 sinh an + A; cos Bn + Aq sin Bn), (5.78) 


where « and f are as defined by Eqs. (5.65). The constants A,, Az, A3, and A, are determined 
from the boundary conditions which are 


aces (n = 0), (5.79) 

g=¢ (n = 0), (5.79b) 
ow o2w 

P53 + 9E2 = 0 (7 = 1), (5.79c) 
i 3 

PostQ— Ys ga=0 =). (5.79d) 


Equation (5.79b) represents the condition of continuity and indicates that the angle of 
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rotation ¢ at the edge of the buckling plate is equal to the angle of rotation ¢ at the edge 
of the restraining plate. This condition is necessary to ensure that the structure does not 
fail. To incorporate this condition in the analysis, ¢ and ¢% have to be expressed in terms 
of the transverse deflection w. As we have already noted, the bending moment generated by 
a plate is M, per unit length (see Fig. 5.5). For continuity, this moment also acts on the 
restraining plate which causes the rotation ¢% of the plate. In accordance with the small 
deformation assumption, 


M, = —54, (5.80) 


where 6 is a constant of proportionality and depends on the dimensions of the restraining 
plate. (Bleich [1] has given the expression for 5 for various types of restraining elements.) 
The moment M,, in terms of w, generated by a plate is given by Eq. (5.25b). Since w = 0 
along the edge 7 = 0 for all x, d2w/dx? = 0 everywhere along this edge. Hence, 

o*w 


M,=—D5, (vy =0). (5.81) 


Substituting for M, in Eq. (5.80), we get 


2 
¢ = = (y = 0). (5.82) 


Since the bending slope ¢ = @w/dy at y = 0, the boundary condition (5.79b) becomes 


———=>z5=0 (y=0). (5.83) 


a a = 0 
on Sh On? x) 
or 
Ow o*w 
oy ss os2 = (0 (7 = 0), (5.84) 
where 
§ = D/(8b) (5.85) 


is defined as the coefficient of restraint. 6, in general, can vary from 0 to oo. When 6 = 0, 
the plate is completely clamped, and when 5 = oo, the plate is simply-supported along the 
edges. Substituting Eq. (5.78) along with its derivatives in Eqs. (5.79a), (5.84), (5.79c), and 
(5.79d), we get the set of equations 


A, + A; = 0, (5.86a) 
Age. + AaB = 8(A,22 — AgP?), (5.86b) 
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Aa? cosh « + A,«? sinh « — AB? cos B — A,B? sin B 
mr . . 
— ar Cal cosh « + A2 sinh « + A; cos B + A, sin B) = 0, (5.86c) 
Aya} sinh « + Ax? cosh « + A;8? sin B — A483 cos B 
2,2 
—(2-— er (4,% sinh « + A2« cosh « — 438 sin B + A,B cos 8B) =0. (5.86d) 


Making use of Eqs. (5.86a) and (5.86b), we eliminate A; and A, from Eqs. (5.86c) and 
(5.86d). The resulting equations are 


22 2 
Ayfeosh a(e? — v=") + cos Alp? + VE) — sin Bale? + PY + VE) 


me) si 5 sin B(B? + or) = 0, (5.87a) 


+ Afsinh «(a2 — v F 





ar} — B sin + WT} 





A,f{a sinh a{a2 — (2 — v) 





— Boos pis? + (2 — WEE }R(0? + BY) + Aale cosh ofa? — 2 — Wo} 
% mr2 
ds 3 008 B{p2 + (2 — v) 7 }] = 0. (5.87b) 


In view of the relations (5.74), Eqs. (5.87) can be written as 


B 
A,(a? sinh « — BS sin B — Bd@S5 cos B) + A2(aé cosh « + aS cos f) = 0, (5.88b) 


A,(5 cosh « + ? cos B — 56? sin B) + A2(5 sinh « + =? sin B) = 0, (5.88a) 


where © = (a? + B*)/B. It should be noted that Eqs. (5.88a) and (5.88b) are identical to 
Eqs. (5.75a) and (5.75b) for 6 = 0 which corresponds to one end being fixed and the other 
end free. For a nontrivial solution, the determinant of the coefficients of A; and Az must 
vanish. That is, 


br 
B 
aé sinh « — BS sin B — BS@5 cos B «at cosh « + aS cos B 


5 cosh « + ? cos B — 5G sin B 5 sinh « + =? sin B 


0. (5.89) 


The characteristic equation is 


2st + (# + 5%) cos B cosh « + ee — «*#?) sin B sinh « 


+ 86(—?? sin B cosh « + st cos Bf sinh «) = 0. (5.90) 
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Dividing by cos 8 cosh « throughout, we get 


25% 


‘ ] - 
an Ge + (#2 + §2) — ape — B57) tan B tanh « 


— 36( tan B — 3% tanh a) = 0. (5.91) 
The critical buckling stress (c,.)., can now be expressed by Eq. (5.58), i.e., 


(Cx)cr = ne” (5.58) 


Here, k depends on 6 which in turn depends on the relative dimensions of the plate and the 
supporting structure. 


EXAMPLE 5.5 (Buckling of plate elastically restrained along two opposite edges) To gen- 
eralize the technique we shall use, we assume that the coefficient of restraint is different for 
the two opposite edges of the given plate. This implies that the flange dimensions are not 
the same. The web of an /-section is a typical example of a plate where the coefficient of 
restraint on the two opposite edges is the same. 

The general solution to the differential equation (5.42) is 


w(é, 7) = sin m7é(A, cosh an + A2 sinh «8 + A; cos Bn + A, sin By), (5.78) 


where « and 8 are as defined by Eqs. (5.65). The constants 4;, 42, 43, and A, are determined 
from the boundary conditions which are 


w=0 (7 = 0, 1), (5.92a) 
¢=6 (n=0, 1). (5.92b) 
Following the steps given in Example 5.4, we can write the boundary conditions (5.92b) as 


ow o2w 


in 38 EtG) (7 = 0), (5.93a) 
ow o2yw 
get hg =0 =), (5.938) 


where 8, and 52 are the coefficients of restraint of 7 = 0 and yn = |, respectively. Substituting 
Eq. (5.78) in Eqs. (5.92a) and (5.93), we get 


A, + A; = 0, (5.94a) 
A, cosh « + A, sinh « + A; cos B + Ag sin B = 0, (5.94b) 
Aaa + AB — 5,(A,x? — A387) = 0, (5.94c) 


A,% sinh « + A,« cosh « — A38 sin B + A,B cos B 
+ 82(4;a2 cosh « + Aza? sinh « — A382 cos B — A,f? sin B) = 0. (5.94d) 
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Eliminating A; and A, from Eqs. (5.94b) and (5.94c), after substituting for A; and A, from 
(5.94a) and (5.94d), we obtain 


A,(cosh a — cos B + 8,4 sin B) + A2(sinh « — 3 sin B) = 0, (5.95a) 
A,{« sinh « + B sin B + 85,0 cos B + 5.,(a? cosh « + 8? cos B — £6; sin B)] 
+ Aa cosh « — acos B + 52(a? sinh « + «8 sin B)] = 0. (5.95b) 


Putting the determinant of the coefficients of A; and A2 equal to zero, we get the charac- 
teristic equation from which we can obtain the critical load (N,)er. 


5.3 ENERGY APPROACH 


The equilibrium approach we discussed in Section 5.2 is useful for simple problems. On the 
other hand, for nonuniform plates, stiffened plates, and plates subjected to varying edge 
loads, this approach is not applicable. In these situations, we have therefore to look for 
approximate techniques which have the ability to converge to the exact solution. One such 
technique, as noted in Section 1.2.2, is the energy approach. An advantage in following this 
approach is that, if required, we can obtain not only the governing equation but also the 
boundary conditions for a problem. 

In Section 1.2.2, we used the energy method to derive the critical load of a column by 
considering the strain energy due to the bending stress o,. A plate, being in a two-dimensional 
plane stress state, has the possible internal stresses o,, cy, and r,,. The strain energy stored 
in it is 

U=4 fis (0,€x + Oy€y + TxyYxy) dv. (5.96) 
It can be expressed in terms of the transverse displacement w by making use of the consti- 


tutive equations and the relations between stress and curvature. Carrying out the integration 
with respect to z, we can write Eq. (5.96) as 
arb dw, Ow, Ow d2w aw ., 
U=al | DGS + Fa)? ~ 20 — Wigge gs — Gegy' ax a. (5.97) 


To obtain the expression for the potential energy due to the external loads, each load is 
separately considered, then the potential energy for each such load is estimated, and, finally, 
the results so obtained are added. 


Potential energy due to N., 


Consider a strip dy of a plate as shown in Fig. 5.9. The load acting on this strip is N, dy. 
Following Eq. (1.29), we can write the potential energy for the strip due to N, as 


due, = —(N, dy) I, ey dx. (5.98) 


The potential energy for the plate due to N,, can then be obtained by integrating Eq. (5.98) 
with respect to y. Thus, 


vei = —4 [, { NG? dx dy. (5.99) 
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Fig. 5.9 Plate Subjected to Inplane Load. 


Similarly, considering first a strip of width dx and then integrating with respect to y and x, 
we can write the potential energy for the plate due to Ny, as 


Ven = —4F {. I nor dx dy. (5.100) 

0 Jo oy ; 
To determine the potential energy due to N,,, we require the knowledge of shearing 
strain resulting from the transverse displacement w. For this, consider an element dx dy of 


the plate (Fig. 5.9) along the X- and Y-axis as shown in Fig. 5.10. The final position of 


O dx A 





Fig. 5.10 Deformed Element Due to Shear. 


this element after displace ment is given by A’O’B’. Our interest is to find the difference 
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between the angles A’O’B’ and 7/2. To do this, consider the triangle B,O'A’. Rotating this 
angle with respect to O’A’ by an angle dw/dy, we move to a point C such that CO’A’ is in 
the same plane as B’O'A’. The displacement B.C is equal to (dw/dy) dy and is inclined to 
the vertical by an angle dw/dx. The angle CO’B’ represents the strain and is given by 
(Ow/dy)(dw/dx). Thus, 


vs =—4[" [ f, Nal) dx dy. (5.101) 


The factor 2 inside the integral is due to the contribution from N,,. Combining v,), ».2, and 
Ve3, we get 


V, = +] fe (N na ot Noe or + Neyo Fy) de dy. (5.102) 


The total potential /7, is then 


IT, = U+ V, 
At buckling, the total potential must have a stationary value. Hence, 
6(1T,) = 6(U + V.) = 0. (5.103) 


5.4 APPROXIMATE TECHNIQUES 


5.4.1 Rayleigh-Ritz Method 


The importance of the Rayleigh-Ritz method lies in the fact that it offers a means for obtain- 
ing an approximate solution when getting a solution by the differential equation approach 
becomes too difficult or is not practicable. The accuracy of the solution thus obtained depends 
largely on the displacement function chosen. Generally, such a function can be a polynomial, 
a bar buckling function (i.e., the mode shape of a column with the same end conditions as 
the given plate), or a beam characteristic function (1.e., the mode shape of a freely vibrat- 
ing beam), the main requirement being that it satisfy the geometric boundary conditions of 
the given plate. Further, it has been observed that the convergence of the solution is faster 
if an orthogonal function (e.g., beam characteristic function) is used as the displacement 
function. The method is essentially the same as outlined in Section 1.8.2. However, a plate 
being two-dimensional, the integration has to be carried out with respect to both x and y. 


5.4.2 Galerkin’s Technique 


In a situation where it is not possible to obtain a closed-form solution through the govern- 
ing differential equation, we can obtain an approximate solution by extending the Galerkin 
integral (1.195) which is true for a one-dimensional member. Unlike in the Rayleigh-Ritz 
technique, the approximating function here must satisfy both geometric and natural 
(dynamic) boundary conditions. This restricts the choice of the approximating function. 
Many a time, the result obtained by this method is better than that gotten by the Rayleigh- 
Ritz technique. 
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The total potential J7, is given by 





ft pe Do, ow 02w 02w OW, 
Hy = | [ crevwy + DU — GE — 53 ga} — NG) 
ow, dw dw 


Following the steps enumerated in Section 1.8.3, if we give w a small variation dw satisfying 
the boundary conditions, the corresponding variation 6/7, then is zero. Hence, from 
Eq. (5.104), 


o2w 025w O2w 0285w = 2w 028 w v2" oéw 
282 2: = GW OW OM OW gow 
I, f, LOM NEW EES Yay eo Oe Oe ee ee) ay op 
owddw . dwddw Ow 0dw 
Nuylay + ay ay Ox | aes Nx5— 5 ao dx dy = 0. (5.105) 


After integrating Eq. (5.105) by parts, we arrive at the boundary conditions and find that 


ef? oD aw 02D d*w = dD d2w 02w 
2" DY2y ee =% dihis 
I, j AON) Ea, Ox Oydx dy ax? dy? ~— Ay: dx? Nagx2 


ow ow 


Equation (5.106) is called the Galerkin equation. 
In what follows, we shall demonstrate the application of the Rayleigh-Ritz and Galerkin 
techniques first to buckling of uniform plates and then to buckling of nonuniform plates. 


EXAMPLE 5.6 (Buckling load of rectangular plate axially compressed, simply-supported 
along two opposite edges and clamped along other two edges) The plate shown in 
Fig. 5.11 has sides of length a and 6 and is compressed by a uniformly distributed load N, 





Y 


Fig. 5.11 Rectangular Plate under Compressive Loading. 


ELASTIC BUCKLING OF THIN PLATES 165 


acting along two opposite, simply-supported edges. The boundary conditions in terms of 
the nondimensional parameters é and 7 are 


g 

W = " =0 (é =0, 1), (5.107a) 
7 w 

end 2 3 + we ;=0 (7 =0,1), (5.107b) 


where p (=a/b) is the aspect ratio of the plate. A one-term solution of the type 
w(é, 7) = A sin mr€(1 — cos 277) (5.108) 


satisfies the boundary conditions exactly. The reason we have chosen this shape function, 
as shown in Example 5.1, is that at the minimum critical load, a plate, irrespective of its 
size, buckles with one half wave along the Y-direction. The nondimensional form of the 
strain energy U is 


2 aw 0? : | 
Uae | Gee + Ppa) — 20 — Mae ge — PGE a dn, (5.109) \f 


To evaluate this, we need the following derivatives of w: 


oa = Amz cos mr&(1 — cos 27), 

ae 45 sin mr€ sin 2 
an = 7 nT 71, 
Cas are Gh (1 — cos 277) ey 
oe = mr 7 7), ( ll ) 
2 
ow == A472 sin mré cos 277, 

q 

ew A4mr? cos mr é sin 2x7 

dé On 


Substituting derivatives (5.110) in Eq. (5.109), we get 


_D 26k’ eine = 2 
U= 3 oe 2 |. i; A2{[m4r* sin? m7é(1 — cos 277) 


+ 16p4x4 sin? mx€é cos? 2xn — 8m2p*n* sin? mr£é cos 2xn(1 — cos 27)] 
+ 2(1 — v)[p*4m2zr* sin? m7é(1 — cos 277) cos 277 
+ p24m?n‘ cos? mré sin? 2n]} dé dy. (5.111) 


Hence, 


U= 


Arn 
54 oat Em + 4p* + 8m2p?) (5.112) 


166 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


The nondimensional form of the potential energy V, is 


aft (Nx, 
" rf], p ae? roa 


1 el 
ot | : [, 2h na cos? mr£(1 — cos 277)? dé dn 


=" <A na 3. (5.113) 


The total potential for the plate is given by 


4 
Tl, =U+V, = > <2 (m4 + 4p4 + 8m2p?) — 4 = 3} A2*m?n?2, (5.114) 


Taking the variation of J7, with respect to A and equating it to zero, we get 
Dr‘ 4 4 22 Nx 2] — 
Aa” + 4p* + 8m?2p) : 3m2n2] = 0. (5.115) 


For a nontrivial solution, A 0; hence, the quantity within the square brackets must be 
zero. Replacing N, by (Nx)cr, we obtain 


2 
(Neer = 4 223m! + 16p4 + 8p?) (5.116) 


For a square plate (p = 1) with m = 1, 
(Nx)er = 9Dr?/a?. (5.117) 


This is an upper bound to the exact solution and is in conformity with the observations we 
made in Section 1.8.1. For other values of the aspect ratio (p), we can similarly obtain the 
critical loads for different values of m and then pick up the one which is minimum. 


EXAMPLE 5.7 (Buckling load of clamped rectangular plate uniformly compressed along 
one direction) Consider the rectangular plate with all sides clamped shown in Fig. 5.11. 
Here, since it is not possible to analyze the plate through the differential equation approach, 
we shall] attempt a solution, using the energy approach. 

The boundary conditions are 


w = dw/dé = 0 (é = 0, 1), (5.118a) 

w = dw/dn = 0 (7 = 0, 1). (5.118b) 
These can be satisfied if we assume w to be of the form 

w = A(1 — cos 27£)(1 — cos 277). (5.119) 


This is a one-term representation for the displacement. An improved solution can be obtain- 
ed by taking two or three terms in the representation for displacement. 
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To evaluate U and V., we need the following derivatives of w: 
os = 27A sin 27£(1 — cos 277), 


Ce 472A cos 27&(1 — cos 27 

og oa o. n)» 

a (5.120) 
Jy = 27A(1 — cos 27€) sin 277, 


ow 5 
ae 4n?A(1 — cos 27€) cos 277. 


Substituting derivatives (5.120) in the expressions for U and V,, i.e., (5.109) and (5.113), and 
integrating, we get 





4 42 
U = x, TAS + 3p4 + 2%), (5.121) 
pa 4 
Nu. 442 
Ve= —4 a A7%, (5.122) 
The total potential J7, can now be written as 
4 42 
II, = = A'(3 + 3p + 2p) — 3 a. (5.123) 
Taking the variation of J7, with respect to A and equating it to zero, we get 
(Nee = $7?D(3 + 3p* + 2p?). (5.124) 


For a square plate (p = 1), this reduces to 
(N,. c= 10.6722D/a2. (5.125) 


Using an infinite series for w, Levy [7] obtained the exact solution, namely, 
2D 
(Nyce = (10.07), (5.126) 


of the example we have discussed. 

As can be noted, the energy technique gives an upper bound to the exact value. Further, 
the error in the one-term solution (5.119) is of the order of 6 per cent. This can be minimized 
if we use a two-term representation as 


w = A(1 — cos 27€)(1 — cos 27m) + B(1 — cos 47€)(1 — cos 277) (5.127) 


which is based on the observation that, in general, at the critical load, a plate buckles with 
one half wave along the Y-direction. 


EXAMPLE 5.8 (Buckling of simply-supported rectangular plate compressed in two per- 
pendicular directions) Consider a rectangular plate simply-supported on all sides and 
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subjected to uniformly distributed compressive forces N, and Ny (see Fig. 5.12). The 


Ny 
ca : 
a 
N, b N, 
—> 
Ny 
4 


Fig. 5.12 Simply-Supported Rectangular Plate Compressed 
in Two Perpendicular Directions. 


boundary conditions are 


o2w 50-w 
w= oe + vp? oy a5 = 0 (é = 0, 1), (5.128a) 

Cw , d2w 

Os EI iis ee 
w =p Dae + Y 5g2 = 0 (y = 0, 1). (5.128b) 
Since w = 0 everywhere along the edges, the moment conditions reduce to 

0*w/dé? = 0 (€ = 0, 1), (5.129a) 
62w/dn* = 0 (m = 0, 1). (5.129b) 


An expression of the form 


w= z z Amn SID mr€ sin nay (5.130) 
mal n=1 
satisfies the boundary conditions exactly. Substituting expression (5.130) in Eqs. (5.109) and 
(5.113), we get, on integration, 


y=} - 5 z A2,, (m2? + pn2)?, (5.131) 
m=] n= 
Vee -5 zs a A2,,(N,m? + p2N,). (5,132) 


To find the critical load, we shall consider only one term in the double series for w, i.e., 
(5.130), and then calculate the critical values of N, and N,. For this, taking the variation 
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of the total potential J7,, we get 
Dr? ; 
(N,m? + p2n*N,) = ax (mm? + p?n?)?. (5.133) 


Introducing the notation 


Dr?/q? = N., (5.134) 
we obtain 
N,m2 + p?n?Ny = Nm? + p?n?)?. (5.135) 


Equation (5.135) is referred to as the interaction equation. For a given aspect ratio of the 
plate, it tells us the ratio of N, and Ny, for the plate to buckle. For instance, consider a 
square plate of sides a. Equation (5.135) then reduces to 


N,m2 + n?Ny = N.(m? + n?)?. (5.136) 
If only N, is applied, we get 
N,m? = N,(m? + n?)?, (5.137) 


In Example 5.1, we saw that the minimum critical load is obtained when m=n = 1. 
Hence, 


N, = 4N, = 42?D/a?. (5.138) 
This result is the same as that obtained in Example 5.1. With N, being zero, we have 

Ny = 47?D/a?. (5.139) 
If both N,, and N, are present such that NV, = N, = N, we obtain 

N = 2n*D/a? = $N, = 4N,, (5.140) 


that is, the critical load then is just half that for a square plate compressed in only one 


direction. The interested reader may see Timoshenko and Gere [6] for more details on 
buckling under biaxial loading. 


EXAMPLE 5.9 (Buckling of simply-supported rectangular plate subjected to pure shear) 
Consider a rectangular plate simply-supported on all sides and subjected to pure shear 
(see Fig. 5.13). A typical example of such a plate is the thin web of an J-section girder. 

A close look at the governing equation (5.42) reveals that it is not practicable to obtain 
the solution by using the differential equation approach because of the presence of cross 
derivative terms in it. In this situation therefore, the only technique we can use is the 
energy approach, and thus obtain a closed-form solution for w in the form of a series. The 
boundary conditions at the edges can be satisfied by taking a solution for w as 


q q 
w= L 2 Ann Sin mr€ sin ny. 
m=1 n=! 
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Fig. 5.13 Simply-Supported Rectangular Plate Subjected to Pure Shear. 
The expression for U here remains the same as in Example 5.8 and is given by Eq. (5.131), 
1.€., 


U =} — De zs Amn(m? + p?n?)?, 


pa? mal n=l 


The potential energy V, has to be obtained from the expression 


1 fl ow aw 
=—| [Nox ae ue an, (5.141) 


Substituting for dw/d& and dw/dn, we get 


1 
V.=— | i Nxy z z z z (AmnArs COS mré Sin nv sin r7é Cos s7n)msn?, 
0 


m= n=1 rel s=] 


Observing that 


1 
| sin mzr& cos rmé = 0 if m + ris an even number, 
0 


i, 2 =m : 
| sin m7é cos r7€é = as if m + ris an odd number, 
‘ = 


r2 
we find that the expression for potential energy simplifies to 


mnrs 


qaqaqqaqq 
V. — —4Nyxy =a - a 7 AmnAr scat — p25? — wy" (5.142) 
Hence, 
= , Dr 2 (2 2,,2\2 Ay yy mnrs 
Ty = oat 2 2, Maal? + pint)? — Nay ZEEE An Arai TG wy 


(5.143) 
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We are interested in finding those values of m, n which make N,, a minimum. This can be 
done by taking the derivative of Ny» with respect to each of the coefficients A,,, and equat- 
ing it to zero. The system of equations that thus results can be divided into two sets of 
equations, one for which (m + n) are odd numbers, and the other for which (m+n) are 
even numbers. For the sake of discussion, we shall restrict the number of terms in the series 
representation for w by assuming that g = 2. Then, m, n, r, and s can each have the values 
1 and 2 as shown: 


mi on r S 
] ] 2 p 
] 2 2 l 
2 ] ] 2 


2 2 ] 1 


Consequently, Eq. (5.142) will have four terms because only the odd combination will 
contribute. Substituting the various values of m and n, we find the expression for the 
total potential reduces to 


D 4 
U+Ve=% patti + p?)? + Ai(1 + 4p2)? + 431(4 + p?)? + AB(4 + 4p?)?] 
+ 42N,(A11422 — A21A12). | (5.144) 


Taking the derivatives Of Aj1, Ai2, Az1, and Az, the set of homogeneous algebraic equations 
we get is 


Dz‘ 2\2 1 82 
t par anil + p*)* + 44N;yA22 = 0, 
4 
+ Al + 4p*)? — 32N,,A2 = 0, 


pa? 

(5.145) 
Dat 2\2_ 32 

+ —yAail(4 + p*)* — APN, yA = 0, 
pa 


Dr‘ 2\2 1 32 
t par Ault + 4p*)? + PN, yA = 0. 


For a nontrivial solution, the determinant of the coefficients of 41;, 412, 421, and Az must 
vanish. This leads to the characteristic equation. Defining 


7 a+ D 
~ 32 pa?’ 


we can write the roots of the characteristic equation as 


Ni,2= £38(1 + p?)(4 + 4p?), (5.146) 
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N3,4 = +26(1 + 4p?)(4 + p?). (5.147) 


By assigning different values to p, we see that Mi,2 is lower than N34, and hence (Nxy)cr iS 
given by Ny or N2. This implies that the buckling of the plate does not depend on the 
sense of shear stress. Thus, 


(Nxy)cr = $8(1 + p?)(4 + 4p). (5.148) 
Substituting for 5, we get 
Et3=74 —s 1 
es eee a Se 2\2 
(Nxy)cr — 82 12(1 a pat! +p ) 9 (5.149) 
and therefore 
oe 7E Ly 
(Txy)cr = a — v)"G) ’ (5.150) 


where 


__ On? (1 + p?)? 


For a square plate (p = 1), we obtain 


mE 9? 
(Txy)er = a1 a v2) “2 GY (5.152) 


Timoshenko and Gere [6] have shown that this value is in error by +15 per cent. Further, 


the value of k for a square plate as given by them is 9.4 by taking five terms in the series 
for displacement w. 


EXAMPLE 5.10 (Buckling of simply-supported rectangular plate subjected to varying inplane 
axial load along two opposite edges) In the examples we have so far given, we assumed 
that the axial load acting on the plate 
is of uniform intensity. In practice, No No 
such a situation does not exist if the x 
plate is thick and is capable of carry- 
ing bending stresses. 
Consider a plate (Fig. 5.14) sub- 
jected to an inplane load varying with 
respect to y. The magnitude of the 
load at a distance 7 from the upper 
edge of the plate is given by 


N,, = No(1 — <7). (5.153) a 


Y 
a =0Q corresponds to a _ uniformly 
distributed compressive load, « = 2 to Fig. 5.14 Rectangular Plate Subjected to Vari- 


pure bending, and 0<a<2 to able Edge Load. 
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combination of bending and compression. Here again, the solution by the differential equa- 
tion approach is complicated, if not impossible, since the governing equation (5.42), on 
substitution for N,, becomes a variable coefficient type of differential equation. The energy 
approach, as already noted, gives an upper bound to the exact solution. We shall therefore 
use this technique to obtain an approximate solution. 

In Example 5.1, we saw that a simply-supported plate under axial compression buckles 
into equal half waves with the nodal lines perpendicular to the X-axis. Accordingly, we 
shall take each buckle as representing a plate simply-supported on all its four edges. 

Assume that the deflection of a buckled plate simply-supported on all sides is 


w = SIN 77 z A, sin nvé, (5.154) 
new! 
The strain energy U is obtained from Eq. (5.109). Substituting for w from Eq. (5.154) and 
integrating, we get 


Dr* 2)2 
U= Spat z Axl + n2p?)2, (5.155) 


The potential energy V, due to the applied load is 


No 


Ve= —37' 


[, [, a = amegey? de de, (5.156) 
Substituting for dw/dé in Eq. (5.156), we get 
No f' f! 
Ve = —3 =| | (1 — an)x? cos? wé z z A,Ag Sin nan sin qrn dé dy. (5.157) 
0J0 q=1 n=1 


Making use of the integral relations 


1 
| ein Guaein an Gee for n = ¢, 
0 
1 
| n sin g7n sin nn dn = 0 for n ~ q and n + q is an even number, 
0 
1 
| n SiN gry sin nan dn = — = — for n ~ q and n + q is an odd number, 
0 m* (q* — n*) 
we obtain 


ye —p Me Faby ode gp —2Me FF Anan 


Pp n=1 ps n==t . D: iat gut (G2 — 12)? (5.158) 


The reason the factor 2 appears in the last term on the right-hand side of this equation is 
that » assumes all values from 1 to m, whereas q takes only such values for which (” +. q) 
is an odd number. The total potential J7, can then be written, by combining Eqs. (5.155) 
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and (5.158), as 





M, =U+Ve= gra 2 An(l + rept — an Za 
N » 2 2Nox ™ ™ A,Agng 
ee oda DS See 5.159 
T %0F65" ba i P net get (q? — 7)? oe) 


Taking the derivative of J7, with respect to A,(m= 1, 2,..., m), the system of simultaneous 
homogeneous algebraic equations we get is 


Goal + nipyt — § Bad + Darel, 





2Nox x qnA, 


a , (2 — ny = 0 (n = 1, 2, eee yg m). (5.160) 
q= 


We can now calculate the critical load by successive approximation, considering different 
values of n. Such a method permits us to check the convergence rate of the solution. 


One-term solution (n = 1) Substituting n = | in Eqs. (5.160), we get 


pe wl + p?)? — an +3 sans = 0. (5.161) 


pa 


Since A; % 0, the quantity within the square brackets must be zero. This leads to 


Dr 2\2 
(Nile = er GEES. (5.162) 


Substituting for p and noting that No = at, we get 


_ Dn? (a/b + blay 


= $4 1 —a/2 (5.163) 


For « = 0, i.e., uniform compression, the expression for o,, coincides with that for uniform 
compressive stress (see Example 5.1). This solution, however, will not be accurate for 
large «. 


Two-term solution (n = 1, 2) To obtain a better approximation, we consider two terms for 
n. Writing Eqs. (5.160) for n = 1, 2, we have 


Dr‘ o a6 
[2 + p*? + — Vow?) Ar — “yNoxA2 = 0, (5.164a) 
—28Nyeds + [PEC + 493? + & — Nowa = 0. (5.164b) 


Equating to zero the determinant of the coefficients of A; and A2, we obtain 
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PR + parc + 4p4y + PRE — yom [Cl + 4p? + (1 + PPP] 


4 G — 1)*NZrt — 252N20? = 0. (5.165) 
For a square plate (p = 1) with « = 2 (pure bending), Eq. (5.165) reduces to 
No = Det ss (5.166) 
Hence, 
_ wE ti, 
Sor = ng aD ’ (5.167) 
where 


k = 45n2/16 = 27,333. 


This differs from the exact value (k = 25.6) by about 8 per cent. Timoshenko and Gere [6] 
have shown that exact value is obtained by taking m = 4 in the series representation for the 
displacement w. 


In Examples 5.1-5.10, we considered rectangular plates of uniform thickness. In a struc- 
ture such as an aircraft and a space vehicle, where weight saving is important, it is advisable 
that all sections be subjected to maximum stress levels. This can be achieved only when the 
cross-section of each such section is nonuniform. As an example, consider a uniform canti- 
lever beam carrying a tip load. Here, the bending moment varies linearly from zero to a 
maximum at the root. Thus, if the beam is of uniform cross-section, the stress varies from 
zero at the tip to a maximum at the root, thereby implying that all the sections of the beam 
are not subjected to the same stress level. Therefore, for a better utilization of the material, 
it is desirable that the sections be tapered. In a two-dimensional structure, e.g., plate, 
depending on the design requirements, the thickness can vary linearly or nonlinearly along 
the X- and Y-direction. 


EXAMPLE 5.11 (Buckling of uniformly tapered rectangular plate subjected to uniaxial com- 
pressive load) Consider a rectangular plate simply-supported on all sides. Assume that the 
thickness of the plate along the X-axis varies as P(x/a)"/> and along the Y-axis it is constant. 
The governing equation for a general nonuniform plate with all the possible inplane loads 
is given by (5.32). Particularizing (5.32) to the structure we are considering, we find this 
governing equation becomes 


Ep? 2EB> 103w aw 
12(1 — ae + 12(1 — v?) ax + "dx oy») 


EBe 1 &w ow 


Defining 
Do = Ep*/[12(1 — v’)], 
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we can write Eq. (5.168) as 


jw aw o°w N, 02w 
er (555 | "Ox ay?) rd ax oy? | "Do ox? os Ore?) 


Equation (5.169) is a variable coefficient partial differential equation, and hence it is rather 
difficult, if not impossible, to obtain its closed-form solution. At this stage, we would like to 
point out that the situation we are considering is approximate since, in practice, at x = 0, a 
plate always has some finite thickness. 

For our plate problem, we shall obtain the approximate buckling load by the Rayleigh- 
Ritz technique. The strain energy U in the nondimensional form is 


= I o*w 27°w 2 20°w dw 2 02w 2 
Y = Fpat Jo I, Diaz + Pg) — 21 — WP ’ogs aa — PUggG,)°D a an. (5.109) 
Defining 
D = ay vaf = Pot (5.170) 
12(1 — v2) ue ; 


we can write U as 


D, fi tt _. @ 2 02w @2 og 
U8 || ge + Pega? — 21 — WhpSge Fa — PG ge) a da. (5.171) 


A one-term solution of the type 
w(é, 7) = A sin maé sin 77 (5.172) 


satisfies the boundary conditions exactly. We shall consider only one half mode since (see 
Example 5.1), at the critical load, the mode shape of a plate, irrespective of the plate aspect 
ratio, along the Y-direction is only one half wave. (However, as we have already noted, the 
mode shape along the X-axis can, depending on the plate aspect ratio, be several half 
waves.) To evaluate U, we need the following derivatives of w: 


ow : 
3E = Amr cos mz € sin 77, 
ow = An sin mr€é Cos 
on "= wis 
ow . ° 
3g = —Am?n* sin mré sin 77, (5.173) 
ow 
ae = —An? sin mré sin 77, 
2w 
a = Amn? cos mn€ COs 77. 
Substituting relations (5.173) in Eq. (5.171) and integrating, we get 


Do Ant 
= pa? —Z—(m? + p?)?. (5.174) 
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The potential energy V, is 


Ve 


[TN Gm, 
—# J, J, pe ap an 


Ny 


ier 


1 ft 
| | A2m*n? cos? mn € sin? 7 dé dn 
oJo 


Sie = Aira h. (5.175) 


The total potential is then 


a = Do 2 4f yy2 2\2 Nx 2 2 
fl, = U+ Vom gigi itm + p*) Faget (5.176) 
Taking the variation of J7, with respect to A and equating it to zero, we get 
Don* 22 Nx oo 
Ara m2 + p*)* — pre (5.177) 


For a nontrivial solution, A + 0. Hence, the quantity within the square brackets must be 
zero. Replacing N,, by (N,)cr, we have 


Dor? (m2 +. p?)? 
(Nader = OF OE PY (5.178) 
For a square plate (p = 1) with m = 1, 
3 
(Nxcr = 4Do- (5.179) 


EXAMPLE 5.12 (Buckling of tapered rectangular plate uniformly compressed along axial 
direction) Consider a rectangular plate with sides x = 0, a and y = 0, b and tapered only 
along the X-direction, Unlike in Example 5.11, we shall assume that the plate has a finite 
thickness at x = 0. Our analysis here is based on the Galerkin equation (5.106). The 
interested reader may also see Wittrick and Ellen [8] for the results they obtained for a 
plate with exponentially varying thickness and various boundary conditions. 

The thickness ¢ of the plate is given by 


t = t(1 + a=), (5.180) 
The differential equation for the plate is 
dD @ @Dew . dw d2w 
4 _. —- (U2 = ( a —__ = . 
DV*w +- 2 5x w) + xt 3x2 + V5y2) + Nx 0. (5.181) 


A solution of the form 


w(x, y) = f(x) sin = 
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satisfies exactly the simply-supported boundary conditions along y = 0, b. On the basis of 
the known behaviour of uniform plates (see Example 5.1), we can obtain the lowest buckl- 
ing load when n = |. Thus, 


w = W(é) sin 7, (5.182) 
where 

E=x/a, n=y/b. (5.183) 
The function W(€) can be expressed as the series 

We) = E AE nf) (5.184) 
where each of the functions F,,(¢) satisfies the boundary conditions at é = 0, 1. The virtual 
displacement 5W is taken in the form 

SW = F,(é) sin 77. (5.185) 
For all edges simply-supported, the boundary conditions require that 

F,(0) = Fr(0) = Fmn(1) = Fm(1) = 0. 

Hence, 

F,A{€) = sin m7é. (5.186) 
Substituting Eqs. (5.182) to (5.186) in Eq. (5.106), we get 


1 fl 1 1 . : 
[, [, {Do Ar7*( + pl + «€) sin wé sin a7 


ma, 1 


+ Aan, + nv + a£) sin 27€ sin rn — 24)—> Z 7G + =) Cos 7& sin 77 


— Sans si + =) cos 2z€ sin 77] 


oS sin 7 + acral sin 27€ sin mn)}5W dé dyn = 0. (5.187) 





Now, substituting the expression for 5W for r = 1, 2 and integrating, we get 


HA + pt) = 0, 





ALD 5(1 + p?)*(1 + 5) — Nx) + 42 
(5.188) 








ALS F + pl + Af? (A + PAL + 5) — Na] = 0. 


For a nontrivial solution, the determinant of the coefficients of A; and A2 must be zero. 
‘This leads to the characteristic equation 


p 


— NC + Sd +P + 24+ 459 


ee }=0, (5.189) 





+ Pha + pd + PETC + PGA + PAL + SP + 
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where p = a/b. This is a quadratic in N,, and hence will have two roots. Of these, the 
minimum positive root gives the critical load. For a uniform square plate, we have « = 0 
and p = 1. Therefore, we get, on substituting these values in Eq. (5.189), 


(N3x)cr = 4Dov*/ a’, (5.190) 
This result is the same as that obtained in Example 5.1. 
For a square plate (p = 1) with « = 1, we have 


D 2 
(Neer = (6.5095). (5.191) 


5.45 BUCKLING OF STIFFENED PLATES 
5.5.1 Introduction 


In a civil engineering structure, whenever large areas have to be roofed without intermediate 
columns, a grid form of construction is adopted. In this, a slab is laid over beams inter- 
secting each other at right angles. In certain situations, the beams may rest across each 
other at some other angle. In aircraft construction, the top and bottom surfaces of the wing 
and the fuselage are made of thin sheets called skins. The skin is generally stiffened by 
means of stiffeners to prevent its buckling at very low loads. The stiffening can be along 
one direction or both the directions. 

In Sections 5.1-5.4, we saw that the critical value of the normal or shear force is 
proportional to the flexural rigidity of the plate, and hence the higher the flexural rigidity, 
the larger the critical load. For a rectangular plate of specified aspect ratio, the critical 
stress is proportional to ¢?/b?, The stability of such a plate can be improved either by 
increasing ¢ or by decreasing b. If the former alternative is adopted, the weight increases, 
and this is not desirable for aero and space structures. An economical solution is to intro- 
duce the stiffeners in the longitudinal direction, thereby decreasing b. The stiffeners so added 
also increase the weight. But such a weight increase is generally much smaller than that 
introduced by the increase in the thickness of the plate. The stiffeners can also be placed 
transversely, but in this case the effect on the buckling strength of a plate is negligible 
unless these are so positioned that they are very close to each other. In Example 5.1, we 
noted that a simply-supported uniaxially compressed rectangular plate buckles with a 
number of half waves, the half waves corresponding to the width 5 of the plate. Thus, to 
increase the critical stress of a plate to any considerable extent, the distance between the 
transverse stiffeners should be as small as possible, preferably far smaller than the plate 
width. 

As can be seen, the presence of a stiffener—longitudinal or transverse—results in abrupt 
changes in the flexural rigidity of a plate. If the number of stiffeners is large, that is, the 
distance between the stiffeners is very small as compared to the width of a plate, the stiffened 
plate then has two different flexural rigidities in the two perpendicular directions (Timoshenko 
and Krieger [(2)). 

A structure stiffened in two orthogonal directions in a manner such that the distance 
between the stiffeners is small is said to be structurally orthotropic. For such a structure, 
the method of analysis becomes simple and gives a good approximate result. A structure. 
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made up of reinforced concrete, wood, or composite material is called materially orthotropic. 
This type of structure can be analyzed in the same way as the one that is structurally 
orthotropic. 

In this section, we shall consider numerical examples of stiffened plates, assuming that 
the deflections are small and the plate material is elastic and isotropic. 


EXAMPLE 5.13 (Buckling of simply-supported rectangular plate with central longitudinal 
stiffener) Consider a rectangular plate of length a and width 5 and of uniform thickness ¢. 
Assume that it is stiffened by a single 
one-dimensional stiffener of cross- 
sectional area A, and second moment 
of area J,. Further, suppose that the 
stiffener is placed on either side of the 
plate (see Fig. 5.15). 

Since the structure is symmetric, 
the displacement along the Y-axis can 
be (i) symmetric (when the stiffener 
deflects) or (ii) antisymmetric (when 
the stiffener remains straight). In (ii), 
the nodal line coincides with the axis 





Y 
of the stiffener. This means that the 
stiffener does not play any part, that Fig. 5.15 Rectangular Plate with 
is, the plate behaves as a plate of Central Stiffener. 


length a and width 5/2. In this case, 

the situation is identical to the one we have already discussed (see Example 5.1). We shall 
therefore analyze the plate for situation (i), i.e., for symmetric mode, where the stringer also 
contributes to the total deformation. 

Since the structure is symmetric about the X-axis, we shall confine our analysis to one 
half of the plate (it should be noted that the symmetry criterion can be used only when both 
the boundary conditions and the structure are symmetric). The differential equation govern- 
ing the response of the plate is (5.38). In terms of the nondimensional parameters é and », 
defined as 


eae. yee ons (5.192) 
Eq. (5.38) can be written as 
a4w . 8a% = d4w 16a‘ d4w , Nyx .0?w 


Defining q (=2a/b) as the aspect ratio of the plate and 
2 2 
Peay A ye 3532 
A2 = Nip = oxte12(1 v2), 
we can write Eq. (5.193) as 


tw o4w tw 02w 
ae ee a + qs 4 5p = 0, (5.194) 


ELASTIC BUCKLING OF THIN PLATES 18) 


This equation will have the same form as Eq. (5.42) if g is replaced by p. Following the same 
steps as in Example 5.2, we can write the general solution of Eq. (5.194) as 








w(é, 7) = sin mr€(A; cosh an + Az sinh ay + A3 cos Bn + Ay sin Bn), (5.195) 
where 

pa ee ee yuzyue, 

q? 
(5.196) 

B= + OEE yueqt2, 
The four constants 4;,..., 44 are determined from the boundary conditions 

w =0 (n= 1), (5.197a) 

g2 

Saf = (n = 1), (5.197b) 

ow 

1i-Q=9 (7=9). (5.197d) 


Here, Q; and Q> are the shearing forces per unit length of the plate on either side of the 
stiffener, and can be obtained from the plate transverse shearing forces. Since the stiffener 
carries the axial load, the differential equation for its deflection w, is 


atw @ 
Eliza + 6. Avs = (5.198) 


where F, is the elastic modulus of the stiffener material. In terms of the nondimensional 
parameter é, Eq. (5.198) can be written as 


o4 g2 
El, Fe as oA = gat. (5.199) 


The expression for (Q1: — Q2) now is 


é 2wR O?wpR 307 OWL 


2a a 
a(Q1 — Q2) = qa* = — Dialer Oy? + (2—v)== 52 — q Oe O=4)—— 


og? a5 1; 
(5.200) 


where wr and wy are the transverse deflection of the plate along the right and the left side 
of the stringer. In view of the structure symmetry, the following relations exist: 





02WR = O2w, 


og? = og? Nea O 
Substituting these in Eq. (5.200), we have 


Owp _ Ow, 
ons sé Inet 





pt ao we 





(5.201) 


t=O 
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For the continuity of the structure, the deflection w, of the stiffener and the deflection 
(w = wr) of the plate and their derivatives must be the same at 7 = 0. Using Eqs. (5.199) 
and (5.201) and the condition of continuity of displacement, we can express the boundary 
condition (5.197d) in terms of w as 


a* Aw = W acd, we w = 
(Fos + hag + 5 age, =O (5.202) 


Making use of Eq. (5.195) along with the boundary conditions (5.197a), (5.197b), (5.197c), 
and (5.202), the four simultaneous homogeneous algebraic equations for A;,...,A4 we 
obtain are 


A; cosh « + A2 sinh « + A, cos B + A, sin B = 0, (5.203a) 
«2(.4; cosh « + A2 sinh «) — B2(A, cos B + A, sin B) = 0, (5.203b) 
Ay + AB = 0, (5.203c) 
2 
45 (420? — AaB?) + Cus Least — ~< Ces 222)(Ay + A3) = 0. (5.203) 
Defining 
_ El, _ A, 
Db? Be 





we can write Eq. (5.203d) as 
q( Aza? — AgB*) + (Smn*n*t — CoM nin?) Ay + As) = 0. (5.204) 


For a nontrivial solution, the determinant of the coefficients of 4;,..., A, must be zero. 
This leads to the characteristic equation 


¢ tanh « — 5 tan B)(8nitnt — 2g Yt 2m?n2) — 2p(a2 + £2) = 0, (5.205) 


where g = 2p. Here, the coefficient 8 is the ratio of the flexural rigidity of the stiffener to 
that of the plate of width 5, and ¥ is the ratio of the cross-sectional area of the stiffener to 
the area of the plate. The critical load (N,.)., can now be obtained from the transcendental 
equation (5.205). 


As can be seen from Example 5.13, the differential equation approach is too involved 
even for a single, symmetrically placed stiffener. The complexity increases manifold as the 
number of stringers increases. In such a situation, it is advisable that the energy technique 
be adopted. 


EXAMPLE 5.14 (Buckling of simply-supported rectangular plate with longitudinal stiffener) 
The situation we shall now consider is similar to the one in Example 5.13. However, we 
Shall use the Rayleigh-Ritz technique instead to obtain the solution. 

Consider a rectangular plate with the stiffener located at a distance 7, from the edge 
7” = 0 (see Fig. 5.16a). Clearly, the plate is not symmetric, and therefore we choose the 
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(a) Longitudinal stringer (b) Transverse stringer 


Fig. 5.16 Rectangular Plate with Longitudinal and Transverse Stringers. 


coordinate system from the edge of the plate. Further, the strain energy results from the 
flexure of the plate and the stringer (or stringers). Similarly, the potential energy results 
from the shortening of the plate and the stringer (or stringers) due to the applied forces. 
Thus, the change of the plate from an unstiffened to a stiffened state represents the addi- 
tional contribution of the stringers to the strain and potential energies. 

A double Fourier sine series of the following form satisfies the boundary conditions 
exactly: 


w= =) E Am, Sin maé sin nt. (5.206) 
mal n=} 


The strain energy of bending of the plate U,,, from Eq. (5.131), is 


Dn* 


~~ Spat ative 5 Ad.,(m? + D 2n?)?, 


Uppy = 


Denoting (£,/,); as the flexural rigidity of the i-th stiffener located at a distance », from the 
edge 7 = 0, we find the strain energy of bending of the i-th stiffener is 








= Gio a 
(5g nan, & 
- Lala E iN Az; sinh) 4 Aig sin Deap ag. (5.207) 


The potential energy during buckling by the force N, acting on the plate is given by 
Eq. (5.132) after putting N, = 0; thus, 


Vep = —g- EE NAR? (5.208) 


The potential energy during buckling by the compressive force P, acting on the i-th 


184 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


stringer is 








_Ps 
Vex a ¢ (Spnan, % ; (5.209) 
Substituting for dw/dé and integrating, we get 
Visi = = Cun = m(Am, Sin 7; + Am2 Sin 2a; + .. .)*. (5.210) 
Defining 
—— (E, 13); — Psi As; 
_ ee 


Db’ *'~ BN, bh 
and summing over all the stringers, we can write the buckling stress o,,, from the total 


potential J7,, as 


ZS A2,(m? + pn)? +2 z 3, yy mi 5 Amn Sit nn)? 
22D na=f m= 1 
Ce = pa Xe, (5.211) 
P ZS FS mA,42 Ly 7 Z m2 z Amn Si nn)? 
=z | 


n=] m=! 


where r indicates the number of stringers. The minimum value of o,, is determined by 
taking the derivatives of expression (5.211) and equating them to zero. The set of homo- 
geneous algebraic equations that thus results is 


TP Ama? + p*n?)? + 2 z 5; sin narnjm4 z Amk SIN kan; 
i= k=! 


— p?o,.(m2A mn + 2 z Vi sin nin? 3 Qmk sin krni)] = 0. (5.212) 
i= =] 


Now, suppose there is only one longitudinal stiffener located at »; = 1/2. Also, as we 
already know, for the minimum buckling load, a plate buckles with one half sine wave 
along the X-direction. We shall therefore take m = 1, and write the equations for different 
values of n, the number of half waves along the Y-direction. Thus, 

a*D a a 
pyplAull +P )?+28(411—- Arg + Ais—. . oof Ar +27(411— 413+ A}5)]=0, 
(5.213a) 
aD 
pape tlt + 47°)" — Gerdia = 0, (5.213b) 
nD 5 2 
pipransl +P") —28(A11—Aj3+Ais— .. .)\]—GeA13-—-20(A11—A13 + Ais—.. .)]=0, 
(5.213c) 


a Ar(l + 16p2? — ceeds = 0. (5.2134) 
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We can similarly write the equations for other values of n. As can be observed, for even 
values of n (= 2, 4, 6,...), the stringer does not contribute to the buckling load since, for 
such values, the location of the stringer corresponds to the nodal line. 

The first approximation to the critical stress can be obtained by taking n = 1. This 
gives 


fall + p*? + 28] = o,(1 + 27). (5.214) 


Simplifying, we get 


(N;)er = KP, (5.215) 


where 


_ (1 +p’? + 26 
pr + 27) 


The next approximation can be had by equating to zero the determinant of the coefficients 
of Aj; and A); in Eqs. (5.213a) and (5.213c). The characteristic equation is then given by 


k2pA(1 + 47) — kp(1 + 2¥)(c + d) — 878] + ed — 48? = 0, (5.216) 


where 
c = (1 + p?)? + 28, d = (1 + 9p)? + 28. 


We can now obtain k, and hence (N,),;, from Eq. (5.216) for definite values of 5, ¥, and 
aspect ratio. 
Equation (5.216) is quite general and is applicable for any number of stringers. 


EXAMPLE 5.15 (Buckling of transversely stiffened rectangular plate) Consider a rec- 
tangular plate of length a and width 5, with a transverse stiffener at a distance £, from the 
X-axis. Assume that the plate is uniaxially compressed and simply-supported on all sides, 
as shown in Fig. 5.16b. Here again, the plate is not symmetric. Further, the strain energy 
results from the flexure of the plate and the stringer (or stringers). However, the potential 
energy results only from the shortening of the plate since the stringer is placed along the 
Y-axis and the load is acting at the ends of the plate along the X-axis. 
Following Example 5.1, we can take the deflection of the plate in the form of a series as 


v= 


* us 


Am Sin mr€ sin a7 (5.217) 
1 
since, for the maximum buckling load, the plate deforms with one half sine wave along the 
Y-axis. 
The strain energy of bending of the plate U,,, obtained by putting n= 1 in 
Eq. (5.131), is 
Dr‘ 


Usp = Spa? z Az (m? + p?)?. (5.218) 
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Denoting (£,/,), as the flexural rigidity of the i-th stiffener located at a distance ¢, from the 
edge ¢ = 0, we can write the strain energy of bending of the i-th stiffener as 


EI, 
Una = Ga bas 


Al Falsdi I, 
“463 | 


us z A?, sin? meré}. (5.219) 


The potential energy of the plate is given as 


2 
Vep=— = = NgAmtr (5.220) 


Defining 8; = (£,/,);/(Db) and summing over all the stringers, we can write the buckling 
stress o,,, from the total potential J7,, as 


Dao Anlin? + p2? + 2p? Z 8,5 Az, sin? még, 
Sa ee 5.22 
Ocr p2bt =A m2 } ( ° 1) 


where r indicates the number of transverse stringers. The minimum value of o,, is deter- 
mined by taking the derivatives of expression (5.221) and equating them to zero. The 
—_ set of homogeneous algebraic equations is 


oe EE ean +pyt+ z 26,p? sin mré,(A; sin wé; + Az sin 27é, +. ..)] 


— onp?mAn = 0. (5.222) 


Now assume there is only one transverse stiffener located at £; = 1/2. We can then 
write the equations for different values of m, the number of half waves along the X-direc- 
tion. Thus, for m = 1, 


PLAN + py + 28,p2Ai) = oA 
or 

(Naber = Farll + PP + 287°) (5.223) 
and, for m = 2, 

i eA + p?)?A2 = ocp*4A2 
or 


mD (4 + py 
(Noe = pr = a (5.224) 
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Equation (5.222) is quite general and is applicable for any number of transverse 
stiffeners. 


EXAMPLE 5.16 (Buckling of simply-supported rectangular stiffened plate) The analysis 
in Examples 5.14 and 5.15 can be extended to a plate having both longitudinal and trans- 
verse stiffeners. If the number of stiffeners is not large, we can then use the Rayleigh-Ritz 
technique. If there is a large number of equal and equidistant stiffeners, we can consider 
the stiffened plate as a plate having two different flexural rigidities in the two perpendicular 
directions. The moment-curvature relations for such an orthotropic plate are given by 





ow d2w 
Me vv ox? + Yaya)» (5.225a) 
-5& o vs"), (5.225b) 
M,y = 2GI oy (5.225 
xy *YOx dy’ .225C) 


Substituting for M,, M,, and M,., from Eqs. vn in Eq. (5.19) and simplifying, we get 


aw aw ow 
Di + Waray + Dyson = Niza + Nipgs + Nara ase C228) 


where 
D, = EI,/(1 — vs¥y), 
D, = EI,/(1 — vx¥y), 
H = D, + 2Dxy. 


Assume now that the orthotropic plate is subjected to a uniform compression along the 
X-axis. Equation (5.226) can then be written as 


o ofw aw v= w 
Dix, + 2H. Ox2 dy2 oy? + Disa +N. *9x2 = 0. (5.227) 


Introducing the nondimensional parameters é and 7, defined as 
é = x/a, n = y/b, (5.228) 


we find Eq. (5.227) reduces to 
302w 
Degt — 2p se 50 Dyp” - 5-4 7+ N,a? oe = 0. (5.229) 


Assuming that the plate buckles with one half wave each along the X- and Y-axis, we can 


write w as 


w = A sin vé sin 77. (5.230) 
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Substituting Eq. (5.230) in Eq. (5.229), we obtain 


Dy +. 2Hp?r4 + Dyp*r4 = N,a?n? (5.231) 
or 
n? D, 2 
(Nidor = pipe + 2H + Dyp’). (5.232) 


The smallest value of the critical load is obtained by taking the derivative of Eq. (5.232) 
with respect to p and equating it to zero. Hence, 





N Der 2D. 
Maks 0 = 2 + 2Dyp (5.233) 


which yields 


p = (D,/D,)"4. (5.234) 


The critical load at this value of p is 
De croton 
(Nyer = Fe(V DzDy + H). (5.235) 


From Eq. (5.234), we can observe that the minimum buckling load of a simply-supported 
rectangular plate occurs at an aspect ratio given by the fourth root of the ratio of the flexural 
stiffnesses along the X- and Y-direction. For an unstiffened plate (as in Example 5.1), the 
aspect ratio is unity. 


5.6 BUCKLING OF CIRCULAR PLATES 


In Sections 5.1-5.5, we assumed that the plates are rectangular, and the methods we dis- 
cussed are suitable only for such a shape. In practice, however, many structures employ 
circular plates, unstiffened or stiffened. The well-known examples of this shape are corrugat- 
ed diaphragms (used in pressure vessels), perforated plates (used as base plates in containers), 
and foundations. The analysis of circular plates becomes simpler if the polar coordinate, 
rather than the Cartesian coordinate, system is employed. In our discussion here, we shall 
consider the buckling of circular and annular plates, assuming the material to be linearly 
elastic and isotropic. For more details on circular plates, see Pandalai and Patel [9] and 
Vijaykumar and Rao [10]. 


5.6.1 Governing Equation 


Consider a circular plate of uniform cross-section and subjected to a uniform compressive 
load N, distributed around the edge of the plate, as shown in Fig. 5.17. We shall limit our 
discussion to symmetric modes about the axis perpendicular to the plate and passing through 
its centre. 

Let w denote the deflection of the plate in the Z-direction. For small deflection theory, 
the curvature of the plate in the diametral section is 


Bod ae (5.236) 
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N, 
Fig. 5.17 Circular Plate under Compressive Edge Load. 
and in the perpendicular direction is 
* a f (5.237) 
Substituting for the curvature terms in Eqs. (5.25a) and (5.25b), we get 
M, = pee + v4), (5.238a) 
M, = Dé + %), (5.238b) 


where M, and M, are the bending moments per unit length acting along the cylindrical and 
diametral sections, respectively. Considering the equilibrium of an element of the plate shown 
in Fig. 5.18, we get 









(M, + ome dr)(r + dr) d? — M,r d@ — M, dr d0 + Qr dr dd = 0. (5.239) 
Q 
dM, 
M, + at 


Fig. 5.18 Section of Circular Plate along with Forces. 
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Neglecting the smal] quantities of higher order, we obtain 
M, + Ser — My + Or =0. (5.240) 


Substituting for M, and M, from Eqs. (5.238), we find Eq. (5.240) reduces to 


a 1d ¢_  @Q 
dr?" pdr r2.  D (5.241) 


For a uniform compressive load distributed around the plate edge, 
QO = N#4. 
Using the notation, 
\2 = N,/D, (5.242) 


we obtain the governing equation for symmetric buckling of a circular plate as 
pe ae ‘ot oe 4. 4+ Q?r? — 1) = 0. (5.243) 


Introducing a new variable u = Ar, we see that Eq. (5.243) becomes 


2 4 E+ We — p= 0. (5.244) 


Equation (5.244) is the well-known Bessel equation, the most general solution of which can 
be written as 


¢ = AJ,(u) + BY,(u), (5.245) 


where J,(u) and Y;(u) are the Bessel functions of first order of the first and second kinds, 
respectively. The coefficients A and B are obtained from the boundary conditions. 

We shall now demonstrate the application of Eq. (5.245) to clamped and simply-supported 
plates. 


Clamped plate 


The boundary conditions are as follows: 


(i) At the centre of the plate (r= u = 0), the angle ¢ must be zero to satisfy the 
condition of symmetry. This makes B = 0 since as r—>0, Y,(r) > ©. 


(ii) The slope at the edge of the plate is zero, i.e., ¢|,.. = 0. 


For a nontrivial solution of Eq. (5.245), J;(Aa) = 0. From the table of functions, the 
smallest root of this equation is 


Aa = 3.882. (5.246) 


Substituting for A in Eq. (5.242), we obtain 
(Nr )cr = 14.68D/a?. (5.247) 
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Simply-supported plate 
The boundary conditions are as follows: 
(i) From the symmetry of deflection, 
B= 0. (5.248a) 
(it) 


(ee BP 
M, = (F- + V rea = 9. (5.248b) 


Substituting for ¢, we see that relation (5.248b) reduces to 


ALI) + i), =0. (5.249) 


Using the derivative formula 
PN efit (5.250) 


the characteristic equation we get is 
AaJo(Aa) — (1 — v)Ji(Aa) = 0. (5.251) 
The smallest root of this transcendental equation for v = 0.3 is 2.05. Hence, 


4.20D 


(Nr)cr = 7) (5.252) 





5.6.2 Buckling of Orthotropic Circular Plates 


A circular plate fabricated with radial and/or circumferential reinforcements may be mathe- 
matically idealized as an orthotropic plate of uniform thickness ¢ having different material 
properties in the radial and circumferential directions. 

The stress-strain relations for an orthotropic circular plate are 


= Eye, + Exes, (5.253a) 
Oo = Exe, + Epes, (5.253b) 
Tre = Groyre, (5.253c) 


where E,, Ey are the elastic moduli along the radial, circumferential directions, and Ey» 18 
the coupled modulus. 

Equations (5.25) give the moment-curvature relations for a plate in the Cartesian 
coordinate system. The moment-curvature relations for a plate in the polar coordinate 
system are 


Low 1 02w 


Ma —Diza 2 ze ope 362)! (5.254a) 


192 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


low  102w o2w 
M, = — DB = + 72 992) + %ape (5.254b) 
d_ low 
Mors = — 26D" 79)» (5.254c) 
where 
ae E,t? a Eve = Es _ Sro 
D, = 45> = pt es ma 


The governing equation for a circular plate subjected to a lateral load g(r, 8) is obtained 
by rewriting Eq. (5.19) in terms of the polar coordinates and replacing the last three terms 
in the left-hand side of Eq. (5.19) by the lateral load g(r, 6). Thus, 


12d, d 


d? d d? 
gpa) = aM + lap gg Me) + gel = —rq(r, 6). (5.255) 


Substituting for M,, M,, and My, from Eqs. (5.254) in Eq. (5.255), we get the governing 
equation as 


otw aw 102w 1 dw B otw 02w 
rapa t+ 253 — Ble apa — pap! + plage + 233! 
1 o4w 1 o3w 1 o2w r 
+ 2(4 + 28)F aGr 573 — 73 Fe or + Ps aged = — HA 9). (5.256) 


For axisymmetric buckling, w = w(r) and the load term q(r, 8) can be expressed as 


Ow So. aw 
q= Nra3 =“ ~Nea (5.257) 


where N, = to, and Ny = fo, are the stress resultants induced by the applied uniform edge 
load. The resultant loads N, and N, are obtained by analyzing an orthotropic circular plate 
subjected to a uniform compression oo at r = a. 

The equilibrium equation for a plate, in the absence of body forces, is given as 
(Timoshenko and Goodier [5]) 


do, | Gy— Gy _ 


a ———? = 0. (5.258) 





The compatibility condition is given by 
for )—«¢,=0 5.259 
dr €g) — or = VY. ( e ) 


Substituting for ¢«, and ¢«, from Eqs. (5.253) and making use of Eq. (5.258), we see that 
Eq. (5.259) gives the compatibility in terms of the stresses as 


d? do, 
P50 + 3st + (1 — Bo, = 0. (5.260) 
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Substituting o, = r’ in Eq. (5.260), we get the characteristic equation as 


7+ 2A+1—B=0. (5.261) 
The roots of this equation are 
A= +(VB — 1). 


The most general solution of Eq. (5.260) is therefore 
= Arvé-! +. Br-\vs-1), (5.262) 


The constants A and B are obtained from the conditions o, is finite at r = 0 and o,(r = a) 
= 0,. From these conditions, we get 


o = 09(=)¥FH, (5.263) 
oe 
= VBoo( YF. (5.264) 
Therefore, N, and Ng are given by 


Nossa (<yve-, (5.265a) 


Nee v/Btoo(—)\vP-. (5.265b) 
The governing equation (5.256) can be rewritten as 


rd‘w aw 1d*w = 1 dw. _ ld2w  WBdw 
GA cae de ae de) ede (5.266) 


where k? = to,/(D,a?’) and 2p = VB — 1. Integrating Eq. (5.266) once, we get 


oi 1 d2w dw 
ae Saat Sky ~ BIZ = 0. (5.267) 
Let 
(r) = E A,(kr'+ey", 
w(r) = A,(kr'+P) (5.268) 


Substituting relation (5.268) in Eq. (5.267), we get the recurrence relation as 


A, = —A,-2/{a(1 + p)in(] + p) + 2p}}. (5.269) 
From the condition that the stresses at the centre of the plate are finite, we have A, = 0. 
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Hence, 

w=Ajg+A, ££ C,,X", (5.270) 

m=2, 4,6 
where X = kr '+o), 
Clamped plate 
The boundary conditions are 
dw 
== 0 (r = a). 


The characteristic equation is 


= mC,X"|,. = 0. 
weg gMEmXm| (5.271) 


Hence, 
2 
cr 
Ne = Diz? 


where A,, is the lowest root of the characteristic equation (5.271). For p = 0, 0.05, and 1, 
the roots are 14.66, 16.77, and 18.88, respectively. 


Simply-supported plate 

The boundary conditions are 
w= M,=0 (r = a). 

The characteristic equation is 


E_mim(1 +p) — (1 — a)]CpX"|-ma = 0. 


m=2, * 


Here, the values of Az. for p = 0, 0.05, and 0.1 are 4.28, 4.94, and 5.64, respectively. 


5.7 BUCKLING OF THICK RECTANGULAR PLATES 


Strictly speaking, a plate has to be analyzed treating the plate as a three-dimensional problem. 
Because of the mathematical complexities involved, such a problem is reduced either to a 
two-dimensional or one-dimensional one by making certain simplifying assumptions. The 
buckling of plates belongs to the class of three-dimensional problems and when discussing it 
(see Sections 5.1-5.5), we made one such assumption, namely, the thickness of the plate is 
very small as compared to the other two characteristic dimensions. This assumption requires 
the satisfaction of only two boundary conditions, though there are three such conditions, at 
each edge of a plate. 

In thin plate theory, the transverse shear deformation is neglected. Therefore, when this 
theory is applied, the errors in the plate response increase as the plate thickness increases 
(Reissner [11]). In view of the current extensive use of thick plates, e.g., in ship hulls, end 
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covers of cylinders, and water tanks, it is advisable we know how such plates are analyzed 
on the basis of three-dimensional elasticity. In this section, we shall consider the buckling 
of thick isotropic plates. 
5.7.1 Buckling of Thick Isotropic Plates 
Consider a thick, homogeneous rectangular plate subjected to an inplane load N, at x = 0, 
a, as shown in Fig. 5.19. In addition to the small deformation assumptions, suppose that 
(i) the plate material is homogeneous and isotropic and 
(11) the stress-strain relation is linear. 





Fig. 5.19 Thick Rectangular Plate under Uniaxial 
Compressive Loading. 


Our method of treatment here follows the technique presented in Reissner [11]. 
In the three-dimensional Cartesian coordinate system, the equilibrium equations, in the 
absence of body forces, are (Love [12]) 


ce a 

ut ay” + zr = la 
Or, d a 

ae ye ee Cae 
ar,, . a a 


Also, the strain-displacement relations are given by 


Ou ou , dv 
éx = 5p Yu = 3 + 5 (5.272d) 
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ov Ou av 


<¥ = Oy’ Yue = ot 5p 


dow du. dw 
2 aes Yan = 5 T aT 


The stress-strain relations are given by 
cx = Eley — (ey + 0,)] 
x = Blox Oy o;) ’ 
I t 
é = Ele» 7 v(o, a o;)\; 
c. = ple: — (ey + 0y)] 
a Re Cy x) Js 


] 


Vxy = Gi 


(5.272e) 


(5.272f) 


(5.272g) 


(5.272h) 


(5.272i) 


(5.272)) 


(5.272k) 


(5.2721) 


Making use of Eqs. (5.272) along with the compatibility conditions, we get the following 


equilibrium equations in terms of the displacements and the applied force N,: 


G de i pp OU 
[ay oe tO eae 
G de Be need 
Poop ae 
G Ge 7 02w 
T= av a; + OVW = Nagra 


where 


Cu ov aw 


oe Gox | oy az 
oO? oC? o? 


Be ed ee 
— at + Bp at 


’ 


The boundary conditions along the edges of a simply-supported plate are 


(x = 0, a), 


co=0, w=, = (y =0, d). 


(5.273a) 


(5.273b) 


(5.273) 


(5.274a) 


(5.274b) 
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A characteristic equation for the buckling stress can be obtained by choosing suitable dis- 
placement functions for u, v, and w, which satisfy the differential equations (5.273), the edge 
boundary conditions (5.274), and the lateral surface boundary conditions 


Op = Typ = Ty, =0 (z=0, 2). (5.275) 


By choosing uw, v, and w as 


u=t z = cos "= sin 27 bmn) (5.276a) 
neo 5 z sin oe cos — bran E)s (5.276b) 
w=t z= by sin a sin = N2(e); (5.276c) 


where ¢ = z/t, the edge boundary conditions (5.274) are identically satisfied. Substituting u, 
v, and w in Eqs. (5.273), we get 


2 
et we Ot rot — ato, sa T8) 
2 dx 
a +7 a E- nt - + pW = 0, (5.277) 
2(1 — v) d2x bh d¢ a as 3 
Si ae os ae as Ton # + rx = 0, (5.277c) 
where 
mrt nt a ae _ Nx 243 2 
eee ae Sait 8 SoS 8 P= G pr’ = & — pp 


and m and n are the number of half waves along the X- and Y-direction. 
The differential equations (5.277) can be written in the matrix form as 











1 0 0 lo 0 5x 
O11 Oo [+] 0 0 ya 
oa SS 9 7 
inte Hie 
ee ~(2 +=) 0 {a} = 0, (5.278) 


0 0 r2 
: 
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where {7} = [6  X]". Substituting {0} = {A}e*é in Eq. (5.278), we obtain a set of algebraic 
equations. Thus, for a nontrivial solution of these equations, the determinant of the coeffi- 
cients of {A} must be zero. This gives 








2 
Dn Cf Or Ae toed esi ron 
. PT By) 1 — 2v Tos 
2 
ae po 2 2 Co Co ia 
l— 2 MeO aa) ‘ay 0. (5.279) 
Ap a —2(1 — v),, - 
! 1—2v 1—2 fio 
Expanding this determinant, we get 
(A2 — r?)?(A2 — 5?) = 0, (5.280) 
where 
1 — 2 
Bz: 0358 ; 
Per ee ee 2(1 — v) 


Equation (5.280) has in all six roots, namely, two repeated roots given by +r and —r and 
two simple roots +s and —s. The vectors associated with these roots can be obtained from 
Eq. (5.279) after substituting the roots corresponding to A. A sample calculation for obtain- 
ing the eigenvectors is as follows. 

Let the root corresponding to A be +r. Equation (5.279) can then be rewritten as 





—~ _ ee pr ia } 
I—-d® 1—2 al 
2 
= =" = = » 1 ox aap vey 
pr ro r? 


1— 2 l1—2% I—2Jia 


After manipulation, Eq. (5.281) can be reduced to 








Pas es pr] {ar} 
1 — 2v 1—2 1 — 2v | 
0 0 0 az> = 0. (5.282) 
L 0 0 0 Jlas; 
This implies 
(—pa, — oa, + ra3) = 0. (5.283) 


Equation (5.283) has two independent solutions, namely, 
a, = l, a, = 0, a3 = p/r, 


a, = |, a, = l, a, = o/r. 
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Hence, the eigenvectors corresponding to A = r are 


re "| 
{A} = 0 or {Ay} a 
e/r WH) 
and 
i 
Az = r f 
7 
Similarly, we can obtain the eigenvectors corresponding to A = —r, s, —S. 


The general solution of Eq. (5.279) can then be written as 


Pies Lotasl clotesd chee ental 
o= ae 7 7 oe a re 0 ; a “i r aa 7 a a le | 2 Lent 

LHS oJ ee a Ls L—SJ 
(5.284) 


In the expanded form, ¢ can be written as 
dh = r(ayer’E + aze"b) + pase? + acest) 


= r[(% + %3) cosh r& + (a; — «3) sinh ré] + [(as + a) cosh sé + (a5 —o,) sinh sé] 


= r(B; cosh ré + B2 sinh ré) + p(Bs cosh sé + Bg sinh sé). (5.285a) 
Similarly, 
= r(B; cosh ré + By sinh rg) + o(Bs cosh sé + Be sinh sé), (5.285) 
X = u(B, sinh ré + 82 cosh r€) + o(B3 sinh ré + B, cosh ré) 
+ s(B; sinh sé + 8. cosh sé), (5.285c) 
where 
By= oy +a3, Bo=a—a3, By=a,+ay, By= ag — oy, 


Bs =as-+ ag, Bo = a5 — ay 


The lateral surface boundary conditions (5.275) can be written in terms of the displace- 
ments u, v, and w as 


Q 
=0>([(1— qo - nay se + 5) = 0, (5.286a) 


Ty = O> (= { 35) = 0, (5.286b) 


200 STRUCTURAL STABILITY OF COLUMNS AND PLATES 
sassy (OS ee ais (5.286c) 
a ‘Oy °° dz ; 


Substituting for u, v, and w from Eqs. (5.285) in Eqs. (5.286), we get a set of six simultane- 
ous homogeneous algebraic equations. For a nontrivial solution of these equations, the 
determinant of the coefficients must be zero. This leads to the characteristic equation 


8e?rs(r? + g?)2(1 — cosh r cosh s) + {l6g*r2s? + (r? + g*)4} sinh r sinh s = 0. 
(5.287) 


The critical load N,, contained in rand s, is obtained by salving this equation. The thin 
plate analysis (disregarding the thickness effect) gives the buckling load (N,)., as [see 
Eq. (5.55)] 


k Dn? 
(Nx )er os pe? 


where k = 4.0. Equation (5.287) can also be used to predict the critical load where the 
thickness effect is not neglected. However, in such a situation, the value of k is different. 
The values of k for t/b = 0.0, 0.05, 0.1, 0.2 are 4.0, 3.911, 3.741, 3.150, respectively. This 
implies that a thick plate buckles earlier than a thin plate of the same dimensions and 
boundary conditions as the thick plate. Therefore, for purposes of design, the effect of 
thickness on the buckling load must be taken into account. 

For more details on thick plates, see Srinivas and Rao [13, 14]. 


5.8 NUMERICAL TECHNIQUES 


In Sections 5.1-5.7, we observed that the analysis of a plate is quite complicated since the 
plate material can be isotropic, orthotropic, or anisotropic. In addition, the plate may have 
a number of layers. Further, the plate may have any shape (e.g., circular, rectangular, and 
skew), complicated boundary conditions (e.g., partial fixity, elastic support, and re-entrant 
corners), and varying stiffness and edge loading conditions. Such a plate often ends up in a 
partial differential equation with variable coefficients and rarely lends itself to a closed-form 
solution. In this situation, the application of even the Rayleigh-Ritz or the Galerkin 
technique leads to a very approximate solution since each of these methods requires the 
knowledge of displacement function which itself is approximately chosen. Of course, either 
of the two techniques can be profitably used if the displacement function selected is such 
that it contains a large number of terms. 

In Chapter 1, we discussed two numerical techniques, namely, the finite difference and 
finite element techniques, and their application to one-dimensional structures such as beams 
and columns. The application of these two techniques to a plate is a little more involved 
since the order of the equation governing the plate behaviour is higher and the boundary 
conditions may be complicated. In this section, we shall discuss the two techniques in the 
context of the plate problems. 


5.8.1 Finite Difference Technique 


The finite difference approximation requires the replacement of a differential equation by 
a difference equation with finite degrees of freedom. Such an approximation leads to a set 
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of simultaneous equations involving deflections at the grid points. For obtaining the diff- 
erence equation, central differences are used (see Section 1.9.1). Since the convergence of the 
solution of a difference equation is of the order of h? (h being the grid spacing), the acc- 
uracy of the solution can be improved by using an extrapolation technique and higher order 
finite differences (Szilord [15]). This however may require finding the fictitious points out- 
side the domain of a structure. To extend the finite difference technique to a plate, it is 
necessary to evolve expressions for the differences corresponding to the partial derivatives in 
the governing equation of the plate. 

Consider a plate represented by a network of discrete points, as shown in Fig. 5.20. The 
points are evenly placed at a distance h along the X- and Y-direction. In many situations, 


P| - 


ae 


xX 













4 









Fig. 5.20 Finite Difference Mesh for Plates. 


it may not be necessary to have the same distance along the X- and Y-direction. Following 


Eq. (1.213), we can express the difference representation for the second and fourth derivatives 
along the X-direction as 


d*w 
(saa), 474,57 = (Wise, | — 2044 + Winn, D/A, (5.288a) 


Ww 
(sai. 7 AAW, | = (Wisrn, 1 — 4Wian,j + OWi, 7 — 4Wi-n, 7 + Wi-2a, )/ht. (5.288b) 
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The second and fourth differences with respect to y can be written by keeping x fixed and 
moving along y. Thus, 


d2w 
(Sai = (Wy, +n — 20), 5 + Wy, j-n)/h?, (5.288c) 


d4w 
(sai, j = (Wy, j42n — 4Wi, jan + OW), 7 — 47, jn + Wi, jan) [ht (5.288d) 


The cross derivative with respect to x and y can be written by taking the second difference 
of Eq. (5.288c) with respect to x. Thus, 


a4w a? é2w 1 _62w o2w d2w 
(Sxz gyn j= Dx GyDhs eS pgp ite j — (Fab + (Fa)i-m Al 


1 
a] jalWisn, jth — 2Wi+h, i + With, j-n) — 2(Wi,jan — 2Wi, 7 + Wi, jn) 


+ (Wir, j+h — 2Wj-n,j + Wi-n, j-n)]. (5.288e) 


As already stated (see Section 1.9.2), each of these differences has an inherent error of the 
order of h2. In the governing equation of a plate, these differences replace the derivatives 


corresponding to them. 
We shall now illustrate the technique by solving typical plate problems. 


EXAMPLE 5.17 (Buckling of square plate under uniform axial loading) Consider a square 
plate with the loaded edges simply-supported and the remaining two edges clamped, as 
shown in Fig. 5.21. The governing differential 


equation for such a plate can be written, x 
following Eq. (5.27), as 
N, 02w 
4 oases 
V"w D dx 0. (5.289) 


The boundary conditions are 


d*w 
w = 0, 7x2 =O (x = 0, a), a——»| 


5.290 
aw (5.290) 


w = 0, a (y = 0, a). Y 


. : Fig. 5.21 Square Plate under Axial 
Introducing the nondimensional parameters é Compressive Loading. 


and 7», defined as 
é= x/a, SS y/b, 
we can write Eq. (5.289) as 


a2 o2w 


4 — = 
Viw + Nery er = 0. (5.291) 
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If the plate is covered with a square lattice of mesh size 1/n, then, by multiplying Eq. (5.291) 
by A* = 1/n* and writing the differences for the second and fourth derivatives, we have 


Wi+2, j—8Wj41, 7+20w,, j— BW, pW i-2, jp A2Wj 41, 541+ QWWi41, j-1— 84, 541 — 84, j-1 
Wy, p42-bWi, j—-2-b2Wi-s, j41b 2Wi-s, j-1 FAn(Wi41, 7-2, j+Wi-1, ))=O, (5.292) 


where A,, = N,,a2/(Dn?). ; 

Applying Eq. (5.292) at the internal pivotal points (i, 7 = 1, 2,...,m— 1), we get a set 
of homogeneous algebraic equations in the unknown pivotal displacements w,,;. For a non- 
trivial solution, the determinant of the coefficients of the displacements w,,, is identically 
equal to zero. The lowest value of N,, which makes the determinant zero, gives the first 
critical load. Writing the boundary conditions (5.290) in terms of the differences, we have 


w;,; = 0, Wi4i, Jj = —Wi-1, j (i= 0, n, J = 0, by 240g), 
. (5.293) 
w,,j = 0, Wi, j+t = Wi, j-t = Lies: 4, j= 0, n). 


For n = 3, the finite difference mesh for the plate is as shown in Fig. 5.22. Writing the 


(0,0) =(1,.0) (2,0) (3,0) (4, 0) 





(0, 1) 








(0, 2) 


(0, 3) 


(0, 4) 


Y 


Fig. 5.22 Finite Difference Mesh for Plate (n = 3). 


difference equations for the interior points (1, 1), (2, 1), (1, 2), and (2, 2), the set of homo- 
geneous algebraic equations we get is 


W3,1—— 8w2, 1-4-2001, 1— 8Wo, 1+ W-1, 1+ 2W2, 2+ 2W2, op —8W1, 2—8W1,o+W1,3-+ 1, -1 
+2Wo, 1+ 2Wo, o-FA3(W2, 1-21, 1+ Wo, 1) = 9, 

W3,2—8Wo, 2-+ 20W1, 2—8Wo, 2+ W-1, 2+ 2W2, 3-+ 2Wo, 1— 81, 3—8W1, 1+ W1,4+1,0 
+2Wo,2+-2Wo, 1-+A3(W2,2—2W1,2-+Wo, 2) = 0, 

Wa,1 — 8W3,2 + 20W2,1 — 8W1,1 + Wo, + 2W3,2 + 2W3,0 — 8w2,2 — 8W2,0 


+ W2,3 + W,-1 + 2W1,1 + 21,0 + A3(W3,1 — 2W,1 + W1.1) = 0, 
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W4,2 — 8W3,2 + 20W2, 2 — 8W1,2 + Wo,2 + 2W3,3 + 2W3,1 — 8W2,3 — 8W21 + Wr,4 
+ We,o + 2W1,2 + Wir + As(Ws,2 — 23,2 + Wi,2) = 0. 
Incorporating the boundary values (5.293), we find the foregoing equations reduce to 
(20 — 2A3)w1,1 — 8W1,2 + (As — 8)W2,1 + 22,2 = 0, 


—8wy,1 + (20 — 2A3)W1,2 + 2wa.1 + (A3 — 8)W2,2 = 0, 


(5.294) 
(A3 — 8)wi.1 + 2W1,2 + (20 — 2A3)W2,1 — 8w2,2 = 0, 
2W1,.1 + (A3 — 8)wWa,2 — Bw, + (20 — 2A3)2,2 = 0. 


For the antisymmetric deflection of the plate (the symmetric deflection along the X- 
direction gives a higher buckling load), 


W11=—W1,2=—%, W21= W22= —wW. (5.295) 


In view of Eqs. (5.295), Eqs. (5.294) reduce to a single equation which gives A3 = 6. 
Therefore, 


D D 
(Ni cr = 345 = (5.47) 07. (5.296) 


For 1 = 4, the finite difference mesh for the plate is as shown in Fig. 5.23. For such a mesh, 


(0, —1) Gd, —1) Q, —1) GB, —1) (4, —1) 6, —1) 


(—1, 2) 


(—], 3) 


(-—1, 4) 





(—1I, 5) 
(0,5) (5) @5) G5) 45) 6,5) 


Fig. 5.23 Finite Difference Mesh for Plate (7 = 4). 
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Wii = —W3,1, W1,2 = —W3, 2, W1,3 = —W3,3, W211 = W2,3- 


Following the same procedure as for n = 3, the lowest root we get is A, = 3.82. Hence, 
(Nee = (61.1) 2 (6.19)? (5.297) 


The number of meshes can be increased depending on the desired accuracy of (N,)cr. 


EXAMPLE 5.18 (Buckling of square plate under biaxial loading) Consider a square plate 
simply-supported on all sides and subjected to a biaxial loading, as shown in Fig. 5.24. 


N 


Y 
Fig. 5.24 Square Plate under Biaxial Compressive Loading. 
Following Eq. (5.27), the governing equation for plate buckling we have is 


No2w dw 


Vw + 5G + Fya) = O- (5.298) 


The boundary conditions are 


02yw 
w=0, 55=0 (x=0,a), 
(5.299) 
ow 
w=0, aye (y = 0, a). 


In terms of the nondimensional parameters é and 7, we can write the governing equation as 
Wi+2,5 — Wisi, 5 + 20W;, ; — Bwi-a, 7 + Wi-2, 5 + Wiss, jor + 2a, j-1 
— 8wy, ja1 — Bw; j-1 + Wi, ina + Wi, jz + Wit, j41 + 2Wiad, ja 


+ AC Wet, ; — 4w;,, + Wi-1,7 7+ Wi, jot + Wi, jai) = 0. (5.300) 
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Expressing the boundary conditions (5.299) in terms of the differences, we have 
w,,; = 0, Wi4+t1,j = —Wi-1,7 (i= 0,n, j = 0, L; 250s NM); 
(5.301) 


wi; = 0, Wi, j+1 = —Wi, j-1 (i = 0, Vy 2 pea-srtg MM, j=0, n). 


For n = 3, the finite difference mesh is the same as that obtained in Example 5.17. Writing 
the difference equations for the interior points (1, 1), (2, 1), (1, 2), and (2, 2), we get the 
homogeneous algebraic equations 


W3,1 — 8w2,1 + 20W1,1 — 8Wo,1 + W-1,1 + 2We,2 + 2W2,9 — 8w1,2 — 8W1,0 + 1,3 
+ W1,-1 + 2Wo,2 + 2Wo,0 + As(Wa, 1 — 41,1 + Wo,1 + Wi,2 + W1,0) = 9, 

W3,2 — 8we,2 + 20W1,2 — 8Wo,2 + W1,2 + 2W2,3 + 2W2,1 — 8W1,3 — 8W1,1 + W1,4 
+ W1,0 + 2Wo,2 + 2Wo, 1 + As(W2,2 — 41,2 + Wo,2 + W1,3 + 1,1) = 0, 

Wa, 1 — 8w3,1 + 20W2,1 — 8w1,1 + Wo,1 + 2W3,2 + 2W3,9 — 8we,2 — 8W2,0 + W2,3 
+ we,-1 + 2W1,2 + 2W4,0 + A3(W3,1 — 42,1 + W1,1 + We,2 + W2,0) = 0, 


Wa, 2 — 8w3,2 + 20W2,2 — 8w1,2 + Wo,2 + 2W3,3 + 2W3,1 — 8wo,3 — BWe,1 + Wa4 
+ W2,9 + 21,3 + 2W1,1 + Az(W3,2 — 42,2 + Wi,2 + W2,3 + W21) = 0. 

Incorporating the boundary values, we see the foregoing equations reduce to 

(18 — 4A3)W1,1 + (A3 — 8)w1,7 + (As — 8)w2,1 + 2w2,2 = 0, 

(As; — 8)wi,1 + (18 — 4A3)W1,2 + 2Wo1 + (Az — 8)w2,2 = 0, 

(Az — 8)wi,1 + 21,2 + (18 — 4A3)Wo,1 + (As — 8)w2,2 = 0, 

2w1,1 + (A3 — 8)Wi,2 + (A3 — 8)w2,1 + (18 — 4A3)w2, 2 = 0. 
From the symmetry of the deflection, we have 

W111 = W1,2 = W2,1 = W2,2 = Ww. 
This results in only one independent equation, namely, 

(4 — 2A3)w = 0. (5.302) 
This gives A, = 2. Therefore, 

No = (18)5 (5.303) 
If we compare this value with the value (i.e., 272D/a?) obtained in Example 5.8 by using the 
energy approach, we find that the two differ by 10 per cent. Following a procedure similar 


to that for n = 3, we get, for n = 4, 


D 
Ner = (18.75)5. (5.304) 
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EXAMPLE 5.19 (Buckling of tapered rectangular plate compressed axially) 


(i) All sides simply-supported Consider a rectangular plate as shown in Fig. 5.25. 
Assume that the plate is tapering along the X-direction and that its thickness ¢ is 


t= t9(1 + a=)", (5.305) 


where « is the taper parameter. The equation governing the plate buckling is (5.181), that is, 


dD 2 PD dw, dw. . ew 
DVw + 27 alVw) + Galaga + Vaya) + Nagas = O 


where the flexural rigidity D is 


ER + a=) 
= (5.306) 


Since D is a linear function of x, the third term in Eq. (5.181) vanishes. In terms of the 


po ecienidleacneil 
4 E—-— -— ———— pec 1 +a) 


Fig. 5.25 Tapered Rectangular Plate under 
Axial Compression. 


nondimensional parameters é and 7, the governing equation now reduces to 


of 
Csr at) Fe + 2p? Ie 5 oe + p* or ay, a5 2a Fs a Pars om) = Neg oe = = 0, (5.307) 
where 
___— Ek 
°° = Tar = vay 


The difference equations for the second, fourth, and cross derivatives are (5.288a), (5.288b), 
and (5.288e). The difference equations for the other derivatives required in Eq. (5.307) are 


ew 
5x3 = Wi42,7 — Wiss, s + 2-1, 7 — Win, s)/(2h’), (5.308) 
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d _d*w 3 
dx dy = (Wii, jaa — Wien, jot — 2Wi4n, 7 Hb 2-1, | + Wi4s, j-1 — Wi-t, j-1)/(2h°). 


(5.309) 
Substituting in Eq. (5.307) the differences corresponding to the various derivatives, we get 
(1 + a€;)[Wig2, 7 — 4Wist,j + Os, 7 — 40 7-1,5 + Wi-2,y + 2p*%{Wiar, 41 — Wists 
+ Wisi, j-1 — 2(W;, 341 — 2Wi, 9 Wi j-1) + Wien, 41 — 2Wi-1,5 + Wi-1, j-13 
+ p*(Wi, 542 — 401, j41 + OW1, 7 — 4Wy, 5-1 + Wi, j-2)] + OAL Wi42, 5 — Wists 


+ 2Wi-1,j; — Wi-2,7 + P?(Wi+t, jtt 2Wi+1, a Wiss, ja 2W3-1, 5 — Wj-1, j+1 
az 
— Wi-1, j-1)) + Nap list, j = 2Wi.,j + Wi-1, /) = (). (5.310) 


The boundary conditions in terms of the differences are given by (5.301). It can be easily 
seen that Eq. (5.310) is more complicated than the one for a uniform plate. Therefore, a 
computer is required to carry out the calculations. In Table 5.4, we have given the buckling 
load N,, so obtained with varying internal points in a square plate with « = 1.0. It can be 
seen from this table that the solution converges as the number of mesh points is increased. 


Table 5.4 Variation of N,. with Internal Mesh Points (« = 1 and p = 1) 


Number of points 4 25 36 49 


N,. 51.642 55.368 55.746 55.994 


(ii) Loaded edges simply-supported and other two edges clamped Here too, the govern- 
ing equation in the finite difference form is as given by (5.310). However, the boundary 
conditions are 

Whi = 0, Witt, = —Wi-1,j (i = 0, a, J = 0, 1, 2, eee n), 
(5.311) 
Wig = 9, Wi jar = Wi, j-1 (i= 1,2,...,n", j= 0, n). 


Here again, a computer has to be used for the calculations. The buckling load so obtained 
for a square plate with « = 1 for different internal points is shown in Table 5.5. 


Table 5.5 Variation of N,. with Internal Mesh Points (« = 1 and p = 1) 


Number of 


soints 4 9 16 25 36 49 64 





N,, 72.339 = 80.257 85.958 89.836 92.505 94.399 95.785 
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5.8.2 Finite Element Technique 


The finite element technique (see Section 1.9.3) can also be applied to plates. A plate, just 
as a column, too can be discretized into a large number of elements, each connected to the 
other at the nodal points. A column, as noted earlier, is a one-dimensional structure, and 
when analyzing it, only beam elements are considered. On the other hand, in a plate, which 
is a two-dimensional structure, a variety of elements, e.g., triangular, rectangular, trape- 
zoidal, and sectorial, are possible. The choice of element depends on the plate shape and 
boundary. From any of these simple elements (edges being straight), higher order elements 
can be obtained by increasing the number of nodes. A question that naturally arises at 
this stage is whether there is any economic or other advantage in doing this. Although, it 
is difficult to categorically answer it, in general, as the order of an element is increased, the 
number of unknowns can be reduced for a given accuracy of the solution. Consequently, 
the time needed for solving the resulting equations would reduce but that required for 
element formulation would increase. Economically, however, it is more advantageous if 
there is a reduction in the total computation time and data preparation effort. If a plate is 
flat with straight edges, it is then advisable to discretize it into any of the elements we have 
listed. If, on the other hand, a plate has arbitrary shape, it can then be discretized into 
curved isoparametric elements. The advantage in doing this is that the surface can be 
correctly mapped and also the shape functions for the geometry and displacements are the 
same. For a discussion on isoparametric elements, see Zienkiewicz [16, 17] and Desai and 
Abel [18]. 

In general, we can have two coordinate systems, namely, the global coordinate system, 
which is fixed in space and with respect to which the displacements, slopes, and moments 
are measured; and the local coordinate system, which changes from one element to another. 
The relationship between these two systems is expressed in terms of their direction cosines. 
The local coordinate system is usually preferred since it involves fewer number of variables. 
For example, consider an axial bar element lying in a plane; if the local coordinate axis 
lies along the axis of the bar, then only two axial displacements of the bar would be possible. 
However, for any axis not along the axis of the bar, there would be two displacements at 
each node, thus increasing the order of the resulting matrix. 

There are two types of elements, namely, membrane elements and bending elements. If 
a plate is subjected only to inplane loads and can resist only such loads, membrane elements 
are then considered. On the other hand, if a plate can resist both transverse loads and 
bending moments, then bending elements are considered. Since, at buckling, bending 
moments develop and the plate resists them, we shall, in our discussion, consider only the 
bending elements. 

A large number of plate bending elements have been developed and reported. In thin 
plate theory, the deformation of a plate is completely described by only the transverse 
deflection of the middle surface of the plate (w). Thus, the shape function should be so 
assumed that it satisfies not only the continuity of w but also of the derivatives of w with 
respect to the coordinate axes x and y between adjacent elements. According to the conver- 
gence requirements (Zienkiewicz [16]), such a shape function should represent constant strain 
state, implying that it must contain constant curvature states, i.e., d*w/0x? and d?w/dy?, and 
constant twist, i.e., d2w/(@x dy). Also, it must have geometric isotropy. Clearly then, for a 
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plate, it is much more difficult to choose a shape function satisfying all these requirements 
than for a one-dimensional structure, e.g., a column. To overcome this difficulty, especially 
in respect of triangular and quadrilateral elements, different investigators have developed 
various elements. 

The shape function (i.e., displacement model) is a function of two variables (x, y). A 
displacement model which is continuous within an element and compatible between 
adjacent elements is termed compatible or conforming. A variety of shape functions is now 
available, some conformable and others nonconformable. It is rather difficult to generate 
the former category of elements. In here, we shall restrict ourselves to some typical non- 
conforming and conforming elements. 


Triangular plate bending element (nonconforming) 


In a triangular plate element, the degrees of freedom at each node are transverse displace- 
ment w, and rotations about the X¥- and Y-axis (@w/dy and —dw/dx)—see Fig. 5.26. The 





Fig. 5.26 Nodal Degrees of Freedom of Triangular Plate Bending Element. 


negative sign in dw/@x indicates that if a positive displacement dw at a distance dx from 
node | is considered, then the rotation dw/dx about the Y-axis at node 1 will be opposite 
to the direction of q3. Since there are nine degrees of freedom for this element, the shape 
function must contain nine terms. The shape function can be taken as 


W(X, PY) = a + HX H+ aZY + a4gx? + asKXY + ay? + ax? + ag(X2p + Xy2) + ayy? 
= [¢l]a, (5.312) 
where 
[eJ=(1 x yp x? xy 2 XP (KV 4+ x¥) VP), 


at = [a, a2... &]. 


ELASTIC BUCKLING OF THIN PLATES 211 


The constants «,, «2,..., %9 are determined from the conditions 


>, ae ow. — ow, — 

w(X1; yy = 41, ao y1) = 42; —s(%, yy) = 3; 
=e ow. — ow, — 

W(X2, Y2) = Ms ay Y2) = %, —Ze(%2, V2) = 4, (5.313) 
_- ow, — ow, — 

w(x3, ¥3) = 42, roe y3) = 4; —Fa(%s, Y3) = 4%, 


where (X1, ¥1), (X2, ¥2), and (x3, ¥3) are the coordinates of nodes 1, 2, and 3, respectively. 
As noted earlier in this section, a local coordinate system is preferred. We therefore 

choose this system for the element. One such system (see Fig. 5.26) is to take, as the Y-axis, 

the line connecting nodes 1 and 2, and the X-axis as normal to the Y-axis in the direction 

of node 3 with the origin at node 1. Further, we assume that the local node numbers 1, 2, 

and 3 correspond to the nodes p, qg, and r, respectively, in the global coordinate system. 
Using relations (5.313), we can write Eq. (5.312) as 


q = (Ale, | (5.314) 
where 
rl 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 
0 —1 O 0 9) 0 0 0 0 
1 0 je ) 0 y3 0 0 ya 
[A] =| 0 0 1 0 0 2y2 0 0 373 |. 
lo -1 0 #0 -j 0 0 73 0 
1 x3; Ys xF Xsy3 V3 x3 (X33 + x3y2) V3 
0 oO 1 x3 2y3; 0 (2x3¥3 + x3) 393 
{[O —1 0 —2x%; —y; O —3x2 —(¥§+2x3y3) 0 J 
Substituting for « from Eq. (5.312) in Eq. (5.314), we have 
w = [¢][Al-"g 
= [N]g. (5.315) 


Equation (5.315) expresses the displacement w at any point within the element in terms of 
the nodal displacements. 
As already noted, the strain-displacement relation is given by Eq. (1.263a) or (1.263b), 
where the matrix [ B,] 1s 
ro 0 02 0 0 6x 2y 0°} 
[Be] = —2| 0 00002 0 2x 6y |, 
{0 00020 0 4x+y) OJ 


ON 
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[B] = [B,][4}-. (5.316) 


Also, the element stiffness matrix [k()] in the local coordinate system is given by Eq. (1.269), 
i.€., 





e)] — T ’ 
[eo = |, [BIFTXILB] ae, (1.269) 
The material matrix [X] is given by Eqs. (I.14) which, after rearrangement, become 
[1 v 0 || 
E |v 1 0 | 
= 5.317 
2 J 
Substituting for [B] and [X] in Eq. (1.269), we have 
h|2 
[k@)] = Carne] dA(| yy PV PMB) azylA". (5.318) 


It can be seen that the evaluation of element stiffness matrix involves the numerical deter- 
mination of the inverse of the (9 x 9) matrix, i.e., (5.318). Finally, the element stiffness 
matrix in the global coordinate system (where the XY-plane is assumed to be the same as 
the local X ¥-plane) can be obtained from 


[KO] = [A} [AOA], (5.319) 


where the transformation matrix [A] is given by 


10 000 000 07 
O0l- m= 0 0 00 0 0 
Ol; ms 0 0 0 0 0 0 
00 010 00 0 0 
(J=|0 0 0 0 1; m2 0 0 0 (5.320) 
00 001; m0 0 0 
00 000 0 10 0 
00 00 0 0 0 Ie m. 
00 00 0 0014, mz 


with (/,=, m,;) and (I~, m.,;) representing the direction cosines of the lines ox and oy. Know- 
ing [K] and following the method suggested in Section 1.9.3, we can obtain the global 
elastic stiffness matrix [K] of a structure. 


Rectangular plate bending element (nonconforming) 


Figure 5.27 shows a rectangular plate element with three degrees of freedom, namely, w, 
dw/dy, and —dw/dx, at each node. Thus, there are 12 degrees of freedom for this element. 
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42 


(0, 0) (a, 0) 


q2 
Fig. 5.27 Rectangular Plate Bending Element. 


Therefore, the displacement model must contain 12 constants; it can be expressed as 


W(X, YP) = ay + HX + ag 4 yx? + asx VY + wey? + ax? + agx7y 
+ Ay XP? + ag ~> + aX Y + arexy3, (5.321) 

that is, 

aioe: (5.322) 


where 
P= ey Boxy PB BP xP yp BP TTL, 
al = [a, 2, 2-2, 12)". 


The constants a), ~,..., 2 are determined from the conditions 


"I= FEI a FRI =a 
w(X2, 2) = qa; ap a Y2)= 45, we, Y2) = %s 
w(X3, V3) = 91 ae Y3)=%, — os V3) = %, 
w(X4, Ys) = Qo» aan Y= U1 — ow a Ya) = 412. 


Here, the matrix [A], which relates the nodal degrees of freedom (q;, q2,.--, 912) to the 
generalized coordinates («;, %2,..., %12), iS given by 
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f1 00 0 0 0 O 0 0 Oo 0 o 7 
0 0 1 0 0 0 0 0 0 0 0 

0 —1 O 0 0 O 0 0 0: O 0 0 

I 0 b 0 0 #- 0 0 0 53 0 0 

0 0 1 0 0 26 0 0 0 3b 0 0 
0-10 0 --b 0 oO 0 —s 0 0 —B 

[Aj= 1 nb a2 ab ib a a2b ab? B3 ab b3 (5.323) 

0 O01 0 a 2b 0 a’ 2ab 3b? a 3ab2 
0 —1 0 —2a —b 0 —3a2 —2ab —b? 0 —3a2b —B 

1 0 a oO 0 a3 0 0 0 0 0 

0 0 1 0 a 9 0 a? 0 oO a 0 

0 —-1 0 —2a 0 O ~3¢? 0 0 0 0 0 | 


The strain-displacement relation is given by Eq. (1.263a) or (1.263b), where the matrix [B, ]is 
fo 0 0 2 0 0 6% 2y 0 O b6xy 07 
[Bj=—2770 00002 0 0 2 by OO 6xy|, 
00002 0 0 4x 4y O 6x? 6y?] 
[B] = [B,][4“']. (5.324) 
The material matrix [X] is given by Eq. (5.317). Substituting the expressions for [B] and [X] 
in Eq. (5.318), we can obtain the element stiffness matrix in the local coordinate system. 
If the global XY-plane coincides with the local XY-plane, the stiffness matrix of the 
element in the global coordinate system is given by 


[Ke] = [AV [ROTA], (5.325) 
where 
i 0 000 000 000 07 
Ol: mz 0 0 0 00 0 00 0 
Ol; m0 0 0 00 000 0 
00 0 10 000 000 0 
00 0 01. m0 0 0 0 0 0 
00 0 Of; ms 0 0 0 00 0 
Ll=!9 0 0 0 0 0 1 0 0 0 0 0 (5.326) 
00 000 004. mz 0 0 0 
00000 00, m0 0 0 
000 00 000 0 1 0 0 
00 0 00 00 0 0 0k m: 
(2 9 0 0 0 0 0 0 0 0 by ms | 
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Triangular plate bending element (conforming) 


The triangular bending element we have considered violates the continuity of slopes require- 
ment along the common boundaries of neighbouring elements. This means that the bound- 
aries of such elements may have discontinuities of slope. The triangular element developed 
by Cowper et al [19] satisfies the continuity of slopes requirement between adjacent elements 
as also the other convergence requirements we outlined earlier in this section. Their ele- 
ment has six degrees of freedom, namely, w, dw/0x, dw/dy, d2w/dx?, 02w/dy2, and d2w/(dx dy), 
at each node. Thus, there are 18 degrees of freedom. In this situation, the displacement 
model is assumed to be a quintic polynomial in x and y. This is written as 


W(X, Y) = a + ax + agp + gx? + asxy + ay? + ax? + agx2y? + agxy? + aoy? 
te oy x4 2X2 YP A ay gx2p?2 + argxp? + aysy* + wigkX® + ayy x3 y? 
+ aygx2y? + aigxy* + aogy> + a21x*y. (5.327) 


In order to evaluate the general coordinates a, a2, ..., %21, we need to have 21 condi- 
tions. Of these, 18 conditions can be obtained from the 18 nodal degrees of freedom. Thus, 
we still need 3 more conditions. These conditions are that the variation of the slope normal 
to an edge be a cubic function of the edge-wise coordinate. Such a cubic is uniquely defined 
by two quantities (namely, the normal slope and the twist at the ends of an edge) and 
ensures the continuity of displacement and slopes between adjacent elements. 

To obtain all the generalized coordinates, the local and global coordinate systems 
Cowper et al [19] chose are as shown in Fig. 5.28. Here, the dimensions a, 5, and c in terms 





X GQ) (1, Vi) 


Fig. 5.28 Coordinate System for Bending Element. 


of the global system are 
a = {(X2 — X3)(X2 — X1) + (Y2 — V3 V2 — ¥i)VB, 
b = {(X3 — X1)(X2 — X1) + (¥3 — Vi)(%2 — Yi)yVB, (5.328) 
c = {(X_. — X1)(¥3 — Ys) — (%3 — X1)(Y2 — Y)VB, 
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where 
B = {(X2 — X11)? + (Y2 — VY1)?}4. 


If we want to enforce the condition that the normal slope (dw/cy) be a cubic equation 
in x along the edge y = O (i.e., edge 1-2), we have to set «2; = 0 in Eq. (5.327) as other- 
wise the power of x along this edge will be a quartic. We can then write Eq. (5.327) as 

w = [¢]a, 


where 
[(6J=[(1 x p x?... VI, 
at = [a,, Kon se es %209]. 


The procedure to obtain the other two slope conditions is quite involved, and hence is 
omitted. These conditions are (Bogner et al [20]) 


5bica16 + (3b2c3 — 2b4c)a44 +- (2bc4 — 3b7c*)a43 +- (c> = 4b7c3)a19 —_ 5hc*u2 = 0, 
Satcaig + (3a2c? — 2a*c)as, + (3a%c? — 2act)asg + (C5 — 4a2c* Jay + Sacta = 0 


and are along the edges 1-3 and 2-3, respectively (see Fig. 5.28). Using these equations, we 
can generate the matrix [A]. The strain-displacement relation is given by Eq. (1.263a) or 
(1.263b), where the matrix [B,] is 


fo 0000 0 6x 2y O O 12x? 6xy 2y? O O 20x° 6xy? 2y3 0 0 | 
[Blj=-—2z,0 0 0 0 00 0 0 2x 6y O O 2x? 6xy 12y? O 2x? 6x*y l2xy*? 20y° |: 
3 00010 02x 2y 0 O 3x? 4xy 3y? O O 6x*y 6xy? 4y3 0 | 
(5.329) 

[B] = [B,][A7". 


The material matrix [X] is given by Eq. (5.317). Knowing [B] and [X], we can obtain the 
element stiffness matrix in the local coordinate system. The transformation matrix [A] is 
given by 


FTA] [0] [01] 
Al =| (01 [A] [0] (5.330) 
Lo} [0] [Al] 


where 
1 0 0 0 0 0 
0 cos 6 sin @ 0 0 0 
i) = QO -—sin@ cos 9@ 0 0 0 
0 0 0 cos? 6 2 sin 6 cos 0 sin? 9 = |’ 
0 0 0 2 sin @cos 6 cos*@—sin 6 sin 6cos 0 
[0 0 0 sin 6 —2sin@cos@  cos?6 | 


{[0] = null matrix of order 6 x 6. 
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Here, 6 denotes the angle between the X- and X-axis. The global stiffness matrix is given by 
[KO] = [A] [RO]. (5.331) 


Rectangular plate bending element (conforming) 


The rectangular bending element proposed by Bogner et al [20] also satisfies the continuity 
of slopes requirement between adjacent elements and the other convergence criteria. In 
their element, there are four degrees of freedom, namely, w, dw/dx, dw/dy, and d2w/(éx ay), 
at each node. The displacement model w(x, y) they chose is 


2 2 
W(X, Y) = 2 2 (Hor &) + Hor y)wi; + HH POG 


+ HP DMP AGE Diy + APE, HP OG pub (5.332) 


where A1, Ho2,... are the first order Hermitian polynomials and are defined as 
(Zienkiewicz [16]) 


H§?(x) = S283 — 3ax? + a’), 

H§}(x) = — 502% — 3ax?), 
(=, 1s =2 4 ty 

Ai (x) = me — 2ax*+a x), 


HYG) = 3 — aX, 


and HPO ) can be obtained by replacing x by y and a by b. The subscripts ij correspond 
to the nodes shown in Fig. 5.29. Once w(x, y) is assumed, the matrices [B] and [X], and 
hence the elastic stiffness matrix in the local coordinate system, can be obtained. 






(X3, v3) 


(x, y1) 


(I, ») } 2 il) ¥ 


Fig. 5.29 Coordinate System for Plate Element. 
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To obtain the buckling load, we need to calculate the geometric stiffness matrix (see 
Section 1.9.3). 

In a situation where all the inplane stresses are acting, the element geometric stiffness 
matrix [g,] is given by Eq. (1.276), 1.e., 


tl=ox[ GHGS do +0,[ GME do + 2ray[  GEGE) ao, 


[e] = [4-"]"[g.][4-'I. (5.333) 


After we know [g], we can obtain the global geometric stiffness matrix [G]. As in columns, 
so too here, we can use either the consistent or nonconsistent approach to obtain the 
buckling load. 


EXAMPLE 5.20 (Buckling of simply-supported square plate) Consider a square plate 
simply-supported on all sides and compressed along the X-axis, as shown in Fig. 5.30. Since 
it has a regular shape, it can be divided into a number of square elements. For our analysis, 
we shall treat these elements as of the nonconforming type because the number of degrees of 
freedom in such a type is less than that in a conforming type of element. Figure 5.31 
shows a typical square element together with its coordinates. 





Y 
N, Nx 
X (0, 0) (1, 0) 
Fig. 5.30 Square Plate under Fig. 5.31 Typical Square 
Compressive Loading. Element. 


The degrees of freedom at each node of the element are (w, 9,, 9), where 0, = dw/dy 
and 6, = —0w/dx. For such an element, the displacement function is given by Eq. (5.321). 
The nodal degrees of freedom are related to the generalized coordinates as 


fl x y x? xy yr x8 xty xy ye xy a 
=|/0 01 0 x 2 0 x2 2xy 3y* x3 3xy? ‘ 


[0 —1 0 —2x —y 0O —3x? —2xy —y* 0 —3x*y —y? |Laiaj 
(5.334) 


The matrices [A], [B,], and [X] are given by (5.323), (5.324), and (5.317), respectively. 
Substituting these equations in Eq. (5.318) and integrating, we get the elastic stiffness 
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matrix for the element [k*] as 


7 
© 


1.2 
6 
2 

0.6 

1.8 
3 

0.9 


oo odcd0oo 08 Oo 8G © 
oOoeoeoooecoc‘jceooooo oo 
oe ooooooeo oe 


[— 
© 


Symmetric ‘| 
1.4 
4 
0 1.8 12 C2) 
14 06 3 3.2 
14 2 $1.2 1.7 4.2 
0 6 2.7 1.2 3.0 12 
14 09 6 2.7 2 418 6.5 
14 3 18 2.0 4.1 60 2.6 6.5] 


The geometric stiffness matrix [g] is derived by using Eqs. (1.277) and (5.333) after 
dropping the contributions from N, and N,,. The term 00/0x corresponds to dw/dx which 


is given by 
fo, 1 
ow = [0 1 0 2x y O 3x? 2xy y* 0 3x2y ye: ° (5.336) 
L712) 
Making use of Eq. (1.277), we get [g,] as 
("0 Symmetric 7] 
0 1 
0 0 0 
010 ¢ 
040 4% 3 
00000 0 
[ga] = 0102402 (5.337) 
040% 3 0 ¢ ¢ 
049% 40 4 ¢ 3 
000000 0 0 9 0 
04+0% 4 0 ¥ 4 2 0 § 
lozt+0%4%40 % §$€§ 0 § 4) 


Since the plate structure is symmetric, we need consider only one quarter of the plate 
to obtain the global elastic stiffness and geometric stiffness matrices. 
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In Table 5.6, we show the results we have obtained, using a computer, by considering 
varying number of elements in the plate. 


Table 5.6 Values of [N,.a2/(7*D)] for Simply-Supported Square Plate 


Number of elements Quarter plate Full plate 
2x2 3.714 3.150 
3x3 3.869 3.575 
4x4 3.927 3.749 
5x5 3.9536 3.8358 


For more details on the application of the finite element technique to plate buckling 
problems, see Kapur and Hartz [21] and Anderson et al [22]. 


PROBLEMS 
5.1 Obtain the buckling load of a rectangular plate of uniform thickness, simply-supported 
along two opposite sides and uniformly compressed (see Fig. 5.32) for each of the follow- 


ing sets of conditions: 
The edges x = 0, a are simply-supported and 


(i) the edges y = +5/2 are simply-supported; 
(ii) the edges y = +5/2 are clamped; 
(ili) the edge y = +5/2 is simply-supported, the edge y = —b/2 is clamped; 
(iv) the edge y = +0/2 is simply-supported, the edge y = —b/2 is free. 
Assume the plate to be of aluminium. 


Y 





Fig. 5.32 Problem 5.1. 


5.2 Obtain an expression for the buckling load of a rectangular plate, simply-supported 
along the edges x = 0, a and supported elastically by beams of area of cross-section A 


along the edges y = +5/2 (see Fig. 5.33). 
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fs 
A fff 





Fig. 5.33 Problem 5.2. 


5.3 Obtain the buckling load of a rectangular plate, simply-supported along the edges 
x = 0, a and free along the edges y = 0, b and subjected to an inplane load N, per unit 
iength (see Fig. 5.34), given by 

vis 


Ny = Ni + (No — N,) sin 


Also, plot the buckling coefficient k versus (N1/N2). 





Fig. 5.34 Problem 5.3. 


5.4 A rectangular plate, clamped on all sides, is stiffened by two transverse stiffeners, as 
shown in Fig. 5.35. The stiffeners are of the same material as the plate. Further, J, and J, 


Y 


| oh, Et 


b 
a/3 af3 a/3 
IS Et, 
/ 7 AA hi é vf 7 


Fig. 5.35 Problem 5.4. 
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are the second moment of area of the stiffeners. Obtain an expression for the buckling load. 
The plate is uniformly compressed along the edges x = 0 and x = a. 


5.5 Solve Problem 5.4, assuming that the compressive load is applied along the edges 
y = 0, b and on the stiffeners. Also assume that the areas of the stiffeners are A, and A>. 


5.6 A simply-supported rectangular plate is subjected to end loads along the edges x = 0, 
a (see Fig. 5.36). Obtain an expression for the critical load in terms of « and the material 
parameters. Given N(y) = No[{1 — a«(y/d)]. 


Nccmaponitcg” 


Fig. 5.36 Problem 5.6. 


5.7 A0.1mx0.25 m x 0.001 m aluminium alloy (E = 58.86 GPa, v = 0.3) skin panel of 
an aircraft wing is subjected to a minimum longitudinal compressive stress o,, and a shear 
flow g. Draw the interaction curve for the buckling of the panel. Assume the panel to be 
simply-supported on all sides. 


5.8 Repeat Problem 5.7, with compressive edges simply-supported and the other two edges 
clamped. 


5.9 Determine the critical load of a simply-supported rectangular plate compressed in two 
perpendicular directions by a uniformly distributed load, as shown in Fig. 5.37. Obtain the 
solution by using the (i) Rayleigh-Ritz method and (ii) Galerkin technique. 


Fig. 5.37 Problem 5.9. 
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5.10 Use the Rayleigh-Ritz method to determine the buckling load for a square plate 
simply-supported on all sides and loaded along the X-direction by a linearly varying load 
(Fig. 5.38). 


Y 


No X No 
Fig. 5.38 Problem 5.10. 
5.11 Solve Problem 5.9 by using triangular and rectangular nonconforming type of 
elements. Compare the results so obtained with those arrived at in Problem 5.9. 
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6 
Buckling of Composite Plates 


6.1 INTRODUCTION 


In Chapter 5, we discussed the buckling of two-dimensional structures, namely, plates—both 
stiffened and unstiffened—, subjected to inplane uniaxial and biaxial loads. In doing so, we 
assumed that the plate material is isotropic, that 1s, the mechanical properties of the material 
are the same in all the directions. The mechanical properties of a material can be changed 
only by alloying or by heat treatment. 

A composite material consists of two or more materials and offers a significant weight 
saving in a structure in view of its high strength to weight and high stiffness to weight 
ratios. Further, in a fibrous composite, the mechanical properties can be varied as required 
by suitably orienting the fibres. In such a material, the fibres are the main load bearing 
members, and the matrix, which has low modulus and high elongation, provides the neces- 
sary flexibility and also keeps the fibres in position and protects them from the environment. 

A lamina, in general, is a thin sheet with fibres oriented in some direction. Such a sheet 
can be characterized as two-dimensional, with orthogonal material properties. It is, however, 
not capable of carrying any load. Hence, for practical purposes, a structure consisting of 
several laminae is used. If the fibres in the laminae are oriented along the same direction, 
then the structure behaves like an orthotropic laminate. If, however, the fibre orientations 
of the laminae are different, the laminate behaviour is anisotropic. The buckling analysis of 
such a plate is more involved than that of an isotropic plate. 

In this chapter, we shall analyze the composite plates subjected to both uniaxial and 
biaxial loads. In doing this, we shall assume that the deflection is small and the thickness of 
the plate is smaller than the other two characteristic dimensions. 


6.2 GOVERNING EQUATION 


A laminated plate is made by using a lamina as the building block. Its stiffness is obtained 
from the properties of the constituent laminae. To do this, we should know the orientations 
of the principal material directions of the laminae with respect to the laminate axes. There- 
fore, a knowledge of the variation of stress and strain through the laminate thickness is 
necessary. 

We shall make the following assumptions regarding the behaviour of a laminate: 


(i) It is made up of perfectly bonded laminae. 
(ii) The bonds are infinitesimally thin and no lamina can slip relative to the other. 
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This implies that the displacements are continuous across the lamina boundaries. As a result, 
the laminate behaves like a lamina with special properties. 


(iii) After buckling, a line originally straight and perpendicular to the middle surface of 
the laminate remains straight and perpendicular to the middle surface, that is, y,,=+y,,=0. 


(iv) The strain perpendicular to the middle surface of the laminate is ignored. 


Figure 6.1 shows the deformation of the plate plane in the XZ-plane. Let u, », w 





Undeformed , Deformed 
section section 


Fig. 6.1 Deformation in XZ-Plane. 


represent the displacements along the X-, Y-, Z-direction and y°, v® the deformation of 
the laminate middle surface. The displacement along the X-axis of any point C at a distance 
z from the X-axis is 


u= u — az, (6.1) 
where « is the slope of the middle surface in the X-direction, that is, 


Ow 
c= ax: (6.2) 
Hence, the displacement u at any point z through the laminate thickness is 


Ow 
u= 49 — ze (6.3) 


Similarly, we have the displacement v along the Y-axis given by 


v=v? — ae (6.4) 
oy ‘ 
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Using the strain-displacement relations 


_, u 
ex = Ox’ 


av 
= oy (6.5) 


Yay = ay + ax’ 
we can write the strains in terms of middle surface displacements as 


_ ae _ ow 
x = Ox 7ax2? 


dv? 02w 
¢_= ay _ 752° (6.6) 


ou 4c Ovo O2w 
Yxy = Gy * Ox “Ox oy’ 


Equations (6.6) can be rewritten as 

















|] f ee cr | 
€x | Kx 
eh} 4 a ” 
LYxyJ LYxy/J i 
where 
C- oy 
f <0) ox | 
| i dv? 
] €y = ‘oy Ps (6.8) 
LYsyJ au . av 
Lay + Ox) 
{ ¢g2w } 
Cie) Ox? 
fe) | | «o 
nese <a. “f) ° ‘ 
Lea 2. 
UKxyJ o2w 
| a oy 


Substituting Eq. (6.7) in the stress-strain relations, 1.e., (1.21)—see Appendix I—, we can 
express the stresses in the r-th layer in terms of the laminate middle surface strains and 
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curvatures as 


| | [Oi O1> O16 | (fe iy 
Oy = | O12 Qo Dag | + 1] b+ * Ky a (6.10) 
LTxyJr L Or. 0 Oce_r \ 12, | LKxy) J 


Since the reduced stiffness matrix Q,, is different for each lamina, the stress variation 
through the laminate thickness need not be linear, even though the strain variation through 
the thickness is linear. Knowing the stresses in terms of the displacement, we can obtain 


the stress resultants N., Ny, Nx», Mx, M,, and M,, from Eqs. (5.2). Thus, the forces and 
moments for an N-layer laminate can be defined as 


| =a hl2 | | N [Ze | : | 

<N,+ = | 4 a, } dz = E | {a,} dz, (6.11) 
| | —h]2 | | r=] JZr-1 | | 

tNxyJ LTxyJr UTxyJr 

f 7 f 7 f 7 

fied ee ee ae ie 

‘ M, > = | {ay} zdz= = gall z dz, (6.12) 
| | —h]2 | | r=1 J Zr-1 | 

iM; UTxyJr igh 


Geometric middle 
surface 





Fig. 6.2 z-coordinates of N-Layer Laminate. 


in Eqs. (6.11) and (6.12) and integrating over the thickness of each layer and adding the 
results so obtained for N layers, we can write the stress resultants as (Jones [1]}) 


a Ay, At Ate | €) Bi Biz Bye \ fx 


7} 
Ny $=! At. Ar Ar } e. ++! Bio By By ; Ky : (6.13) 
tNxvy) LAs 42s Aoslivev) LBis Bre Bee ltkxy! 


je] CBi Bi By lle. CDu Diy Dig |x 


4 My += | By By Br } ey + + Dy2 D2 D6 } Ky bs (6.14) 
tMiy) (Bie Bos Besliveys LDis Dos Deo|tkxy) 
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where 


N 
Ai; maar a (0,;)-(z, = Zr-1)s 
= 2 2 
Bi; = te (0;;),(z, ner Zr—1)> (6.15) 


Z 3 3 
D;; =4 o (D:;)(z? — Z;-})- 


Here, A;; are the extensional stiffness, B;; the coupling stiffness, and D,; the flexural 
stiffness. 

It can be observed from Eqs. (6.13) and (6.14) that, in a general laminate, there exists a 
coupling between extension and flexure, that is, if an inplane force is applied, it will not 
only cause extensional deformation but bending and twisting as well. Further, if the layers 
in a laminate are laid out in a manner such that the elements of the coupling matrix B;, 
are zero, then the laminate is termed as a symmetric laminate. The force and moment 
resultants for this laminate then reduce to 


(Ne} (Aun 4p Are] f ex) 
Ny | =| Aip Az. Ang | ey}, (6.16) 
| vey LAis 426 Aes} yxy 
(M,\} [Dy Diz Die |f rx } 
| M, | = | Diz Doz Dag |x Ky I (6.17) 
Vy, a | Dis Dr Dee_| ce» 


On the other hand, if the layers in the laminate are such that the fibre orientation @ alter- 
nates from lamina to lamina as + 6/—6/+0/—6, then the force and moment resultants are 
bs [Ai Aj. O y ey | [Bi Biz Bis) = | 
4 Ny} = | Ay, Ar O |g ey $+ | Bin Boz Bag | Ky fi (6.18) 
J 


t(Vaws LO OO Agelivzy) LBie Bros Bool xx» 
(Ae | [Bi Bi Bielfex) [Diu Diz Dig lf xz 


’ 
{M,>=| Bi2 Bar Br f ey +] Di2 Daz Dog |k ky (6.19) 
iMxyj LBis Bos Bes live,s (Dis Doe Deslirxy) 





© 


Such a laminate is called an antisymmetric angle-ply laminate. In this type of a laminate, if 
each lamina has the same thickness, it is then called a regular antisymmetric angle-ply 
laminate. For such a laminate, Eqs. (6.18) and (6.19) reduce to 


a [An Ai Oise) FO O- Bie |fxx) 


tN, + =| Ara Ax» 0 | or +| 0 0 Bas |t 1; : (6.20) 
\Nxyy LO OO Age] Ly, LBis Boe 0 JUkxyj 
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(Oo 0 Bre fe | [Di Dy O ]fn, 


f 7 
aoe 0 0 Bas |i 65+ +| Du Dx» 0 ee 
| | LBic Boe 0 JirvkyJ L 0 0 Des less) 

There is yet another class of laminates. Here, the laminae are oriented at either 0° or 
90°. A laminate of this type is termed as a cross-ply laminate. Such a Jaminate can, again, 


be either symmetric cross-ply or antisymmetric cross-ply. 
The equilibrium equations in terms of the forces (see Section 5.2) are 


(6.21) 





oN, ONgy 

Ne 4 oe — 0, (5.5) 
aN,» , ON, 

eae ay re 


Following the same steps as in Section 5.2, and the direction of moments shown in Fig. 6.3, 
we can write the moment oo equation as 


02M, 0?M,y o2w o2w 


ax2 i aa By oy +5 ae Sor Nix = Nee x + Neva Dy ay a Ore) 


where N,, Ny, Nx» in Eqs. (5.5) and (5.6) are the internal forces and N,, Ny, and N,, In 
Eq. (6.22) are the forces applied at the edges. Substituting for N,, Ny, Nx», Mx, My, May 





Fig. 6.3 Plate Moments (a quantity with an asterisk is as defined in Section 5.2). 


from Eqs. (6.20) and (6.21), after substituting for ¢y, €), 72y, Kx» Ky, Kxy from Eqs. (6.8) and 
(6.9), in Eqs. si 5), (5.6), and (6. ti we BH the oo equations as 


ay o2 vy? 62u 
Aina 2 oa (Ai2 + Ass) ay a Ak 5a rae 5) a Oy? = Aseayr 
aw ow aw 


= Brix 3 — 3Bigx5 ay (By2 + Bess ea — Basi = 0, (6.23a) 
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duo d2u9 d7u° dy? d79 dy? 
Aisaoa + (Aj2 + Ass) ar By + Arar -— Agsx3 + 24265 ay + Arar 


jw ew aw a3w 
— Biss — (Ba + 2B) 5x2 dy i 3 Brea ay — Bags = 0, (6.23b) 
of of O4w o4w o* 
Duss + 4Disg3 ay + (2Di2 + WDeslaa a2 Ee 4Das5.ayi + Dax 
231° ay 03u° ey? dy 
_ Bua — 3B ay — (Be + 2Beolax ay ces Baas = Bisx3 


23? av? o2w ow oe 
— (Bi + 2Be6) 5 Gy2 = Bus = — Naa = NyaR — Nava ay (6.23c) 


For a general laminate, all the three equations, i.e., Eqs. (6.23), have to be solved simul- 
taneously as they are coupled. We shall subsequently consider certain special laminates, 
where these equations can be simplified and closed-form solutions are possible. 


EXAMPLE 6.1 (Buckling of simply-supported specially orthotropic rectangular plate subjected 
to uniform inplane uniaxial load) Consider a laminated rectangular plate simply-supported 
along the edges x = 0, a and y = 0, b and subjected toa uniform uniaxial load N, along 
the X-direction, as shown in Fig. 6.4. 





Fig. 6.4 Simply-Supported Laminated Rec- 
tangular Plate under Uniaxial Compression. 


A Specially orthotropic laminate is obtained when orthotropic laminae are symmetrically 
arranged about the middle surface of a Jaminate. For such a case, the stiffness coefficients 
Ai¢, Ar, D6, Dzg are zero; in addition, all the elements of the coupling matrix [B] are zero. 
Substituting these in Eqs. (6.23), we observe that the equations governing u°, v°, and w get 
decoupled and can be solved independently. The buckling load is described by only the 
equation governing the displacement w. Therefore, we have 


otw ofw of4w d*w 
Dirxaq t+ 2(D12 + 2Ds6 x53 Gy ae Dix + Naa = 0. (6.24) 
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This equation is identical to Eq. (5.227). In Eq. (6.24), D1, Di2, Dec, and D22 correspond to 
a laminated plate, whereas, in Eq. (5.227), they correspond to a single layer of an ortho- 
tropic plate. In terms of the nondimensional parameters é and », defined by Eqs. (5.228), 
we can write Eq. (6.24) as 


fw o2w 


Diizze + 2p*(D12 + Degas on 5 + Dorp? an ais a N, xO ae = 0. (6.25) 
The simply-supported boundary conditions along the edges give 
ow oe 
w=0, Me=—(Duggy + Dops)=0 (€=0, 1), (6.26) 
d€ On 
oe oe? 
w=0, My= —(Digzy + Paps 3)=0 (n= 0, 1). (6.27) 


Since w is equal to zero everywhere along the edges, the moment boundary conditions 
reduce to 


2 
M; = — Duss 5B = 0, (6.28) 
M, = — Digs = 0. (6.29) 


A solution of the type 
W = Amy, Sin mré Sin ny (6.30) 
satisfies the boundary conditions (6.26) and (6.27) exactly. The nontrivial solution of 
Eq. (6.25) exists when 
[Dim + 2p7(Di1 + 2D¢66)n? + Dy p* *y (6.31) 
It is obvious that the smallest value of N, is obtained when n = 1, so Eq. (6.31) reduces to 


Nx = Dim? + 2p?(D1 + 2D6¢66) + Dn | (6.32) 


Thus, the minimum value of N,, for a given value of m depends on the stiffnesses and aspect 
ratio. When 


Di _ yg Du + Des _ 


—— = | 


D22 D22 i 
Eq. (6.32) reduces to 
Ny = 210m? + 2p? + Fy (6.33) 


The transition from m to (m + 1) half waves occurs at a discrete value of p with the value 
of N, remaining the same, that is, 


10(m + 1)? + = 10m? + 


(in aR 
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From this equation, we obtain 


p = (10)'4/Vm(m + 1). (6.34) 


Substituting m= 1, we get p = 2.5. At this aspect ratio, we have the transition from one 
half wave to two half waves. By setting m = 2, we can obtain the transition from two to 
three half waves and this occurs when p = 4.35. 

The buckling load for a square plate (p = 1) is obtained by putting m = 1: 


137?D>> ae, pm D2 


(Nx)cr a wy Ee (6.35) 








Table 6.1 gives the values of k for different values of aspect ratio. 


Table 6.1 Variation of k with sea Ratio p 


a et ED A ee 


] ] 1 2 2 3 





m 
p 0.5 1 > 3 4 5 
k 


42.25 13.00 8.50 8.96 8.50 8.37 


EXAMPLE 6.2 (Buckling of simply-supported antisymmetric angle-ply laminate subjected 
to uniform inplane uniaxial load) Consider the laminated plate shown in Fig. 6.4. An 
antisymmetric angle-ply laminate has the nonzero stiffnesses A11, A12, A22, Age, Big, Bas, Dit, 
Dz, and Dee as given in = (6.20) and ekg Further, the governing equations are 


074° dew e7w 

Ans, aa ‘ae 3 ee (Ai2 + Ae) a — 3Bres a ay a Baws = 0, (6.36) 

dy? 02° o7w a3w 

(Ai2 + Age) a - + Apsara + Arar — Biss-3 — 3 Braap gy = 9 (6.37) 
d4w ay G3y? 

Disa + 2(Di2 + 2Deeds Fg ay? + Daag — BiB, oy + 9x3) 
ape as eye! ae 6.38 

e oa + Ox oo) *Ox2 oo) 


Thus, the equations for u°, v°, and w are coupled. In such a situation, it is not easy to find 
the solution for u°, v°, and w since the boundary conditions on each of these displacements 
have to be satisfied. We shall therefore so choose the boundary conditions that a closed- 
form solution is possible. (For boundary conditions other than those we select, it is difficult, 
if not impossible, to apply this technique.) These boundary conditions are 


dv® = du? oe 02w 
w=0, M,= Bi 5 + oy) Dis — Dirz3 = 0 (6.39a) 


(x = 0, a), 
aw a a O2w 
y° = 0, N xy = Aes + 3) Bis—3 — Basa = 0 (6.39b) 
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av® —s aul o2w oz 
w=0, M,= Br + Fy) ~ Page — Dasa = 0 (6.39c) 
ay? 92 92 (y = 0, b). 
Ww 
v9 = 0, Mey = Aeolge + 7) - Bisa — Broz a = 0 (6.39d) 


Introducing the nondimensional parameters, é and 7, we can rewrite the governing equa- 
tions and the boundary conditions as 


e2u° ,0*u° ay9 3 Bw p? ew 
Augga + Agop " + P(Aj2 + Aes) 5H — 5516987 a, Bast Fi = 0, (6.40) 
,0709 ~—s Big 03 w p &w 
P(Ay2 + Aes) er on + “oe + Arp P’5a2 — 72 — 3 Bice aE by 53 = (6.41) 
4 oY 
Dugga + 2(D12 a 2D¢6)p” is Fr 942 4.2 5 Dup'—" = — Bye(3aP 3544 On + a5z3) 
B ; 50° w 
_ MP + aiga + Neg ° (6.42) 
ou o? G2 
w = 0, M, = Bila if —p5,) sn Digg = Dip x3 = 0 (6.43a) 
(é ae 0, 1), 
o*w 50 
uw=0, Ne = Aad dr i, aps) — Bega ~ Basp*s — =0 (6.43b) 
cue o? oe 
w= 0, My = Balas i + ap Jn) — Dirge — DaP*Z 3 = 0 (6.43c) 
7 = 0, 1). 
v=0, N safes gy He” = Bpk” So reas 
’ én 66 ae an 169 ¢2 — 26P” dn? . 


Our method of finding the solution here is similar to that in Jones et al [2]. If u°, v°, 
and w are so chosen that 


u® = u Sin mré COs nn, 
v® = B cos mr€ sin nan, (6.44) 


w = w Sin mr sin nan, 


then the boundary conditions (6. 43) are satisfied exactly. Substituting Eqs. (6.44) in the 
differential equations (6.40)-(6.42), we get 


U(Ayym?n? + Aggp?n?a?) + G(Ay2 + Age)pmnn? — (3 Bygm2n? + Bygp?r?n?) = 0, 
(6.45a) 


U(Al2 + Age)mnpr? + B(Az2p2n?n? + Acgin?n?) — W(Bigm?n? + 3 Bagp?n?n2)— = 0, 
Qa 
(6.45b) 
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—U(3.Bigmn? + Bag pn?a?)—a? — O(Byigm2n? + 3 Bagp*n'n?)— a? 
+ w[D,m‘*n4 + 2p?*m?n?r?( D2 + 2De6) + D22p*n*x*] = N,,a2m*n2w = (), (6.45c) 


Equations (6.45) are a set of simultaneous algebraic equations; hence, for a nontrivial 
solution, the determinant of the coefficients of u, 3, w must be zero. This leads to the 
characteristic equation from which (N,)., can be obtained as 


1 a2(2T12T13T23 — T11T33 — T73T22) 
Nver = SIT. a ee ee 6.46 
( Jer antal 33 + Ti1T 2 a T?, ] ( ) 
where 
Ty, = Ama? + Age p?n?n?, 
Ti2 = (Aj2 + Age)pmnr?, 
nt 
T13 = —(3Bygm*n? + Brop?n'n)(-); 
(6.47) 


T22 = (Az2p*n?a? + Aggm?n?), 
T23 = —(Byem?n? + 3 Bagp?n?n?)(—"), 
T33 = Dm‘a4 + 2p*m2n*a*(D2 + 2D66) + Daptn'r', 


As can be seen from Eq. (6.46), the buckling load is a function of A,;, Bj;, and Dj and 
the aspect ratio of the plate. These, in turn, depend on the number of layers, and the 
thickness and mechanical properties of each layer in the laminate. In our analysis, we 
have assumed that, for each layer, the material and the thickness are the same. 

Table 6.2 shows the variation of critical load with the orientation and number of layers. 
Clearly, as the number of layers increases, the buckling load also increases. However, the 
difference in the buckling load for two layers and four layers is initially large, but decreases 


Table 6.2 Variation of Buckling Load [N,,/(Ert?)] with Orientation and 
Number of Layers (aspect ratio 1.0, E./Ey = 6.3334,Gyr/Er 
= 0.6667, VT = 0.2, VIL = 0.0315) 


Number of 


ven 6=0° 6=30° 6=45 6=60° 6=90° 
2 0.6872 0.6213 0.5857 0.6213 0.6872 
4 0.6873 0.8408 0.8743 0.8408 0.6873 
6 0.6874 0.8654 0.9283 0.8654 0.6874 
8 0.6875 0.8809 0.9470 0.8809 0.6875 
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as the number of layers increases. Moreover, the buckling load is maximum when 0 = 45° 
except when the number of layers is two. 


6.3 HIGHER ORDER SINGLE GOVERNING EQUATION 


The method of analysis we have given is useful if we can find out a suitable function sepa- 
rately for each of the three displacement components u®, v°, and w. However, to obtain a 
more general solution for complicated boundary conditions, it is advisable that the three 
displacement equations of equilibrium be combined into a single, higher order partial 
differential equation. In Sharma et al [3, 4, 5], the technique of doing this has been 
discussed in detail and applied to different sets of boundary conditions. In what follows, we 
shall reduce the three governing equations, namely, (6.23), to a single, eighth order partial 
differential equation in terms of a single displacement function. Equations (6.23a), (6.23b), 
and (6.23c) can be rewritten as 


Lyu® + Ly2v®° + Ly3w = 0, (6.48a) 
L1u° + Lov + Low = 0, (6.48b) 
ae Eee Te —N a ss Noss = Wayg oe, (6.48c) 
where 
02 02 0? 
Lu = Ans + 2A 6a Oy a Assay (6.49a) 
o? o? oO 
La = Ly = Aisa + (Aj. + Asa + Ars 53» (6.49b) 
o3 03 03 a 
Ls, = Li = — Bus — SBisgxt ay — (By + 2 Bes) ay — Bare (6.49c) 
0? oe? o 
Ly = Agsar2 + 2A By - Anz» (6.49d) 
oe 3 oe 3 
L32 = Ly = — Broz — (Br2 + 2B) ax2 Gy = 3 Bux Gy = Basi (6.49e) 


34 4 g4 4 4 
L33 = Dita + WDisz53 By + 2(Di2 + 2Dee)ax Gy + 4 Diss 5y3 + Dasa (6.49f) 


Let us assume 


wo = —Ly27(x, y) — Ly 3h(x, y)s (6.50a) 
v9 = Li17(x, y)s (6.50b) 
w == Li(x, y), (6.50c) 


where the functions 7(x, y) and (x, y) are continuous and differentiable in the domain of 
the laminate. These displacements satisfy Eq. (6.48a) identically, whereas Eq. (6.48b) becomes 


(Lali, — Li2ka)n + (L3Li1 — LisLa1)$ = 0. (6.51) 
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Equation (6.51) can be rewritten as 


Pn + Oy = 0. (6.52) 
If we now choose 

n = —Q®(x, y), (6.53a) 

% = PP(x, y), (6.53b) 


Eq. (6.48b) is identically satisfied. This enables us to express Eqs. (6.50a), (6.50b), and 
(6.50c), in terms of ¢ alone, as 


= (Li2L23 — £13L22)P(*, Y); (6.54a) 
v9 = (Ly3L2, — L23L11)4(%, y), (6.54b) 
W = (Ly, L22 — Ly2Lr1)4(x, y), (6.54c) 


where 


d(x, y) = L1,P(x, y). 
Substituting Eqs. (6.54) in Eq. (6.48c), we have 


(Ly Laks3 — LayLi2l33 — L32LegLli, + L3iLi2be3 + L32Lhi3ha1 — £31L13L22)d(x, y) 
o? o? 
= — Wx + 2Nxv5 5, oy + NygzypErlar —e Ey2L21)¢. (6.55) 
Equation (6.55), when expanded, becomes 
aed a ag O° he 
Augys + Arar ay + Ange aa t+ Ansa + Asa aa 


Op 


+ Axa as 


arg arp a4 
at Angra aye + Asay ay + Asx 8 


= —(N o 4.0N a AnA 2 oe 
xx2 Fx Oy + N Fan 11466 — Ai6) 54 





+ 2(A11A2%6 — Ai2At6) x as + (AijA22 + 2416426 — 2412466 — Aare 5 a 





dy? 
+ 2(A1¢422 — Ay2A a6 Acc A A ce 
16422 12426) y + (Ag6A22 — 20) 54 ass (6.56) 
where 
Ay = Bu(2AygBig — AgoBrt) — Ay B¥6 + Di1(AutAes + A¥o), (6.57a) 


A» — 2Bi1(Ai6G + Ei Bie — 3 Ace Bie _ A26B11) + 2Bi6(2A16B 16 —- A1G) 
+ 2Dii(Aig4e66 + 11426 — AteE1) + 4D16(A11466 — Ais), (6.57b) 
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As = 2Bi(3A6B25 + EiG — 5Ar6Big — AccG) + 2Bi6(2A 6G + 3E: Big 

— 5AgsBis — 3411Bas) + Dis(2Ar¢426 + Abs + Autre — E}) 

+ 8Dy6(Aig4e6 + AitA26 — ArE1) — A22Bii 

— AG? + 2F(Ai1A66 — Ais), (6.57c) 
Ag = 2Bii(A16B22 + 34, Bag — Ag6Bos — 3A22B16 — ArG) — 2B 2B 6A 

+ 4Bi6(2A1¢Br5 — 2E\G — 3A Big — 2Ag6G) — 6 BAG 

+ 2Di1(A22A16 + A2¢465 — ArgE1) + 4Di6( Abs + 411422 + 2416425 — E3) 

+ 4D Ayes — Ais) + 4F(Atedo6 + At14o5 — ArcE\), (6.574) 
As = 2Byi(E, Boz + Arg B26 — A22G) + 2B22(AieBig — AiG) — 4B16A26G 

— 4BAigG — 9A22Bis — 9411B36 + 4Bi¢Br6(5E, — 3Age) + Dy1(Ar24e6 — Ais) 

+ Do(A11466— Ate) + 8D16(A22416 + Ar64e6 — A261) 

+ 8D26(Ai6Ace + Aitd25 — AieE1) + 2G(Et — AgeG) 

+ 2F( Ags + 41422 + 2416426 — Et), (6.57e) 
Ag = 2By1(AzgBz2 — A22Bog) + 2B2x(2E,Big ~ ArgG — 3411 Bog — AoeBie) 

+ 2Big(4AngBrg — 342:G) + 4Bag(2E,G — 2AggG — 3Ai¢Bac) + 2Doo( Arges 

+ Aj1A2g — AieE1) + 4D16(A22466 — 436) + 4D26(A11422 + 2416426 

+ 2A, — 2E?) + 4F(A22416 + A22466 — Ar6E), (6.57f) 
Ay = Bp2(6A6Big + 2E;G — 10A1¢Brg — 2Ag6G — A11B22) — 6Bi¢B26422 

+ 2B2(3E, — 5A66) + Do2(A11422 + Ads — E? + 2416A26) + 8D26(A22A1¢6 

+ Ax6Aog — ArE1) + 2F(A22466 — 436) + G(4A26B26 — AnrG), (6.57g) 


Ag = 2B2(A2gG + BogE; — 3Ag6B26 — A1¢B22) + 2B26(2B2¢A26 — GAz22) 


+ 2Ds(Aaoig + Anges — AnsE) + 4D2e(Acc42z — A), (6.57h) 
Ay = B2(2A2¢Bog — B22A66) — A22B3¢ + D22(A22A66 — Ag); (6.571) 
Ei =Ai+ Age, F=Dy2+2D6, GC = Biz + 2Be. (6.57)) 


Equation (6.56) is the governing equation for buckling of laminated plates. 
For an asymmetric angle-ply plate, the following relations hold [see Eqs. (6.20) and 
(6.21)]: 


Aig = Azg = By = Bir = Br = Bee = Dig = Dog = 0. (6.58) 
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In view of Eqs. (6.58), the coefficients A, Ay, Ag, and Ag vanish in Eq. (6.56). Thus, the 
governing equation for buckling of an antisymmetric angle-ply laminate is 


Are ap aed Ch a*d ag 
xt Area t Agra + Angar ay + Anays 
62 e2 A ag 
= — (Nix + Nix Dy + Ny SoMCAucdaa — 2412466 — Aira a3 aye 
of of 
+ Acadaas§ + AssAsco—§ (6.59) 


where A4;, A3, As, 47, and Ap are obtained after substituting Eqs. (6.58) in Eq. (6.56). 
For an antisymmetric cross-ply plate, the following relations hold (Jones [1]): 


Ate = Age = Dig = Doo = Bir = Big = Bag = Beg = O, Bo = — Bu. (6.60) 


In view of relations (6.60), the coefficients 42, A4, Ag, and A; vanish in Eq. (6.56). The 
governing equation for buckling of an antisymmetric cross-ply then is the same as Eq. (6.59). 
However, the coefficients A; to Ay are not the same. These can be obtained by substituting 
Eqs. (6.60) in Eqs. (6.57). 

We shall illustrate the use of the higher order governing equation (6.56) through 
examples. 


EXAMPLE 6.3 (Buckling of laminated angle-ply cor »osite plate with loading edges simply- 
supported and other two edges free) Consider a laminated rectangular plate simply-support- 
ed along the edges x = 0, a and subjected to a uniform uniaxial load N, along the 





Fig. 6.5 Laminated Plate under Uniaxial Compression. 


X-direction, as shown in Fig. 6.5. For such a plate, the governing equation (6.59) reduces to 


ae | OM an a a a 
Aix + As 6 oy dy? + Asaa 5A ays + Ann a6 aye + Asx -- NxtAeAcox 6 


0° 0°d 
+ (411422 — 2412466 — Abas + AndAssa a ay) = 0. (6.61) 


In terms of the nondimensional parameters, defined by Eqs. (5.228), Eq. (6.61) can be 
written as 
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Ao? Ab ie 


Od 37° 
Aiges + A3P*a5555 ag® an 2 - Asp" 5 e4 ont + A a5 og? an 6 +A 


op® dns 





06 06 06 
+ Nee Au Aciaes + p*(A11A22 — 2A12A65 — Adar 5s + Ar A¢ep* a2 = = 0. 
(6.62) 


The boundary conditions can also be written in the nondimensional form. Thus, for ¢ = 0, 
1, we have 


9 a>g » o¢ {0° 
u = Bro(2Aes— 412) 595-973 — Bal2A66+ 3412—3.411)P 5a dys t B2rAmp as (6.63a) 


w= AuAcago + Ae6422p* ra 5 + (A422 — 2412466 — Ai2)p? om , = 0, (6.63b) 
O° O° a O° 

M; =a 5g6 + 912? 524 Gr - 113P "ser aaa r i = 0, (6.63c) 
Nen = a ei jG 6.63d 

in = ISo¢4 On 16 og? ant = ( ‘ ) 

and for 7 = +1/2, we have 
ant 2 OP 
Na = AUTEES Fz + aigp 38 op 0, (6.63e) 
eae 2 Ob 
Nen = UTE Oye + ai6p bf ont 0, (6.63f) 
Od Op O° Op 

M, = 7 + 920? "554 gy8 + GP" 5e5 Ba + a2 P56 = 0, (6.63g) 

OM en ag » od ag ap 
I aE +P i = 4146958 5, ++ azsp ae Oy + A + asP*r a =0, (6.63h) 

where 

a1, = Ay(Bis — AgeD1), (6.64a) 
M12 = 3441 By Bog — 4Bisdt2 — Dy,(A11A22 — Ad, — 2442466) — D12411A665 (6.64b) 
Q13 = Bi6(3.Bi¢A22 — 4B2¢A12) — D12(Ay1422 — At2 — 2412466) — D41A22Ao6, (6.64c) 
Q14 = A22(Bi¢B25 — Di2A6o); (6.64d) 
a5 = 2BreArrdes = Biel Ata — 2A12A66 — A11A22); (6.64e) 
Q15 = 2By¢A22.Agg + Brg(At2 — 2412466 — A112), (6.64f) 
ayy = —Q5, (6.64g) 
aig = —A16, (6.64h) 
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aig = A1(Big B26 — AgeD 12), (6.64i) 
Ax = Ayy(3B25 — AgeA22) — 4BisB2A12 — D12(AiArz — Ai2 — 2412466); (6.64)) 
Qp1 = A(3BigBog — Dir4¢6) — 4B36412 — D22(A11422 — Aj2 — 2412466), (6.64k) 
Gz = A2(B3s — Do2Age), (6.641) 
a23 = 422, (6.64m) 
a4 = 3A11Bi¢Bog — AAgsD12 — 4411 Do6Aes + 4Bizdes — 2A12Bic, (6.64n) 


Qzs = 9B¢A11 — 16BygBaoAi2 — (D2 + 4D¢6)(A11 2242 — 2A124p6) 

+ 6BicA22 + 8BicBr Ae, (6.640) 
Q2¢ = Az(5Bi¢Bog — Dy2Aee) — 6 B6A12 + 4B%6A65 — D22(A11422 — At2 — 2412466) 

— 4D 6642266. (6.64p) 


The solution for 4(é, 7) is so chosen that it satisfies the boundary conditions at £ = 0, 1 
identically. The displacement function can therefore be written as 


P(E, 1) = om(m) Sin (mE), (6.65) 


where «,, = mm. This method of analysis is generally referred to as Levy’s method. When 
expression (6.65) is substituted in Eq. (6.62), the resulting equation for ¢,,(7) is an ordinary 
differential equation and has a solution of the type 


$m(n) = ere, (6.66) 
The solution of Eq. (6.62) can therefore be written in the form 

Om(E, 7) = "7 sin (ene). (6.67) 
Substituting relation (6.67) in Eq. (6.62), we get the algebraic equation 

AB A yA® + Cort + c3A2 + cg = 0, (6.68) 
where 

C1 = —Ay/Ay, C2 = (As — pp*Ar2A66)/ As, 

C3 = [—A3 + pp*(Ai1d22 — 2A124e6 — Ai2)I/A9, C4 = (At — HA eAee)/ Ao, 

p= N,a2/a2.. 

Equation (6.68) gives eight roots of \ which can be real or complex. As the laminate is 
symmetric about the X-axis, we need consider only one-half of the laminate. Applying the 
boundary conditions along the edge 7 = 1/2, we get four homogeneous algebraic equations 
in terms of c,, ..., c4 whose coefficients are the functions of N,, laminate material properties, 


and number of layers in the laminate. Since the equations so obtained are complex, the 
critical load N, has to be calculated using a computer. 
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We now discuss the results of the numerical computations we carried out for different 
values of the aspect ratio of an angle-ply laminate of carbon fibre reinforced plastic (CFRP) 
with varying number of laminae. The material properties are E£,/E, = 6.33, Gi2/E2 = 0.667, 
and v,2 = 0.20. 

Figure 6.6 shows the nondimensional buckling load as a function of the thickness ratio 
t,/t2 of a four-layered antisymmetric angle-ply square plate for three different fibre orienta- 
tions, namely, 30°, 45°, and 60°. As can be seen, for each orientation, the buckling load is 
maximum at ¢,/t2 = 0.4142. This is due to the fact that the coupling stiffnesses (B,, and Bz.) 
tend to vanish at this thickness ratio. 

Figures 6.7 and 6.8 show the results for a six-layered antisymmetric angle-ply square 
plate. Here, the buckling load is maximum at f¢,/t3 = 2.0 for t:/t; = 1.0 (Fig. 6.7), and 
to/t; = 4.1623 for t,/t3 = 2.0 (Fig. 6.8). 

Figures 6.9, 6.10, and 6.11 exhibit the variation of buckling load as a function of the 
aspect ratio p (=a/b) for an antisymmetric angle-ply plate for three different fibre orienta- 
tions. Clearly, as the number of layers increases, the buckling load tends to be independent 
of the number of layers. 

Coupling brings down the strength of a laminate. This effect of coupling can be reduced 
or eliminated by a proper choice of stacking sequence or by increasing the number of layers 
(Sharma et al [3]). The effect of coupling as a percentage reduction in the buckling load 
between four- and two-layered, and between six- and four-layered configurations of a square 
antisymmetric angle-ply plate as a function of @ is given in Table 6.3. As can be seen from 
this table, the reduction in the buckling load is smaller at extreme values of 6 (close to 0° 
and 90°). This is because at these values the coupling terms tend to vanish. 


Table 6.3 Percentage Redaction in Buckling Load As A Consequence of 
Coupling for CFRP Square Antisymmetric Angle-Ply Plate 





Fibre Percentage reduction Percentage reduction 
orientation between N = 4 between N = 6 
(6) and N = 2 and N = 4 
15 6.73 2.32 
20 18.93 3.24 
25 22.39 3.90 
30 23.92 4,32 
35 23.97 4.20 
40 22.39 3.93 
45 19.67 3.34 
50 16.18 2.89 
55 12.27 2.23 
60 8.87 1.63 
65 5.36 1.14 
70 3.63 0.98 


75 1.29 0.40 
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Fig. 6.6 Variation of Buckling Load with 
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EXAMPLE 6.4 (Buckling of laminated composite plate with loading edges simply-supported 
and other two edges clamped) Consider, once again, the laminated rectangular plate in 
Fig. 6.5, with clamped boundary conditions along the edges y = +5/2. The governing 
differential equation 1s (6.62). The boundary conditions along é = 0, i are given by (6.63a), 
(6.63b), (6.63c), and (6.63d). Further, the boundary conditions — the clamped edges are 





5? 
yo — Bi (2Ag6 = Aid 5ee Fy ot as Br6(2A6e + 3A12 —< Andras an 3 + By¢A2p?— on - = 0, 


(6.69a) 
: ad a: 
w= BrAwggs — (8162466 + 3412) — 3A11B26}p IE Op 
Q> 
+ Bales — AdP*z¢ 54 = 0, (6.69) 





of o a4 
v= Access + AccAasp's 5 + (A11A22 — 2412466 — AinP 555 eo 5 = 0, (6.69c) 


o 
= = AveAcegen + A,¢A22p* an ie + (A1y422 — 2412466 — Ai2)p? 52 of 3 = 0. (6.69d) 





Following the procedure described in Example 6.3, we get four simultaneous homogeneous 
algebraic equations from which the critical load N, can be obtained. 

We now discuss the results of the numerical computations we carried out for different 
values of the aspect ratio of angle-ply laminates of three different composite materials with 
varying number of laminae. The materials and their properties are as follows: 


(i) Boron fibre reinforced plastic (BFRP) with £,/E, = 10.0, G,2/E2 = 0.33, v;2 = 0.30. 
(ii) Carbon fibre reinforced plastic (CFRP) with £,/E, = 6.33, G12/E, = 0.667, 
v2= 0.20. 
(iii) Graphite fibre reinforced plastic (GFRP) with £,/E, = 40.0, G,2/E2 = 0.50, 
Vi2 = 0.25. 


Figures 6.12, 6.13, and 6.14 show the variation of buckling load as a function of @ for 
an antisymmetric angle-ply square plate for the materials (i), (ii), and (iii), respectively. As 
can be observed, the buckling load, for each material, reaches a maximum in the region 
6 = 45° approximately. Further, the buckling mode along the X-direction has two half sine 
waves beyond @ > 40° unlike in Example 6.3 where the mode has one half sine wave for 
all values of 9. The rise in the buckling load in the region 0° < 6 < 45° is due to the 
increasing effect of the clamped edges as 0 goes up. As a result, the effective cross stiffness 
increases. Also, at 0°, the buckling load is of the same order of magnitude as in Example 6.3. 
For an infinite number of layers, the result is the same as that for an orthotropic plate 
where all the coupling terms are zero. 

Table 6.4 gives the percentage reduction in the buckling load between four- and two- 
layered, and between six- and four-layered configurations of a square antisymmetric angle- 
ply CFRP composite plate as a function of 6. 

The variation of the buckling load as a function of the thickness ratio ¢,/t2 for a four- 
layered CFRP square plate with three different fibre orientations, namely, 30°, 45°, and 60°, 
ds shown in Fig. 6.15. At each orientation, the buckling load reaches a maximum at 
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Table 6.4 Percentage Reduction in Buckling Load As A Consequence of 
Coupling for CFRP Square Antisymmetric Angle-Ply Plate 


Fibre Percentage reduction Percentage reduction 
orientation between N = 4 between N = 6 
(8) and N = 2 and N= 4 
15 9.82 1.50 
20 15.73 2.20 
25 18.94 4.04 
30 23.30 3.74 
35 27.03 5.13 
40 28.57 4.80 
45 30.05 5.27 
50 29.31 3.23 
55 28.23 4.98 
60 24.63 4.42 
65 20.78 3.77 
70 16.34 2.60 
75 10.33 2.05 


t;/t2 = 0.4142. The percentage reduction in the buckling load between an equal thickness 
ratio laminate (t;/t. = 1.0) and an optimum thickness ratio laminate (t,/t2 = 0.4142) is of 
the order of 8 for 30° and 60° fibre orientations and 10 for 45° fibre orientation. 

Figures 6.16 and 6.17 show the variation of buckling load with the aspect ratio p for 
GFRP and CFRP plates of varying layers with 30° fibre orientation. The cusps in these 
figures represent the changes in the mode shape along the X-direction as the aspect ratio 
increases. It is seen that the location of cusps depends on the number of layers in, and 6 
and degree of anisotropy of, the material. 


EXAMPLE 6.5 (Buckling of composite cross-ply plate with loading edges simply-supported 
and other two edges free) Consider, yet again, the plate in Fig. 6.5, with lamina orientation 
alternating as 0° and 90°. The equation governing the plate here is similar to Eq. (6.62). 
However, the coefficients of A;, A3, As, A7, Ao are different. The governing equation is 


a8d ard ard ad ag ae 
Atzza a Asp’ 5¢6 Gz3 + Asa 6 Gy c AnP 5 das + Asp 5,8 + NPA Acees 





a 06 
+ p(Ay422 — Aj, + Ardea 3 + Ar2Acep* of eat = 0, (6.70) 
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Fig. 6.16 Variation of Buckling Load with Aspect Ratio. 
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where 

At = Ag(AuDir — Bir), 

Ay = 2AtAge(Di2 + 2D¢e6) — A22Bi, + Di1(Ai1422 — Ai2 — 2412466), 

As = 2(D12 + 2D¢6)(A11422 — Ai2 — 2412466) — 2Biy(A2 + Ao) 

+ Age(A11D22 + A22D 11), 
Aq = 2A22Ac6(Di2 + 2De6) — AuBit + D22(Ai1A2 — Aj2 — 2412466), 
Ay = Agg(A22D22 — Bin). 


The boundary conditions along the edges é = 0, 1 are 


a bali 2 ape cf 
ue = By Leggs 11 222’ aes Ha + (iz + Ace)P*s a = 9, (6.71a) 


ag a4g ang 
w= Ai Acca + AccAnwts§ + (Adz — 2A12do5 — Any ser 53 =0,  (6.71b) 


06 rh 8 08 
M,; = buss + bP ar sa F barge + bu pss = 0, (6.7 1c) 
36 96 36 
Nias brags ge rn bear 5 + bits. (6.714) 
and those along the edges 7 = +-1/2 are 
re 08 06 
N, = breggs + bsp par sa + bop ser 5 =x (), (6.7 le) 
08 06 08 
Neq = bisges + bP gars + bites = 0, (6.71f) 
06 06 ro 08 
M, = baiaes + boop? io as bast aero + bap ss = 0, (6.71g) 


OMe Mn arg a6 ah _ 
Et Pay = 8D yt bos P aga ays + OaP*zgr 5,3 + bP aa =0, (6.71h) 








where 
bit = Age(Biy — ArsD11), 
biz = BiyAz2 — Dy,(A11422 — An — 2412466) — Arr AgeD 12, 


bis = Bi,(Aj2 + Age) — Ar2Ac6Dir — Dix(Ar An — 422 — 2A12A¢¢6), 
big = —AnAgeDi2, 
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bis = —A12AgeBi1, 
big = Br Ag6(A22 — Ait), 


biz = A1rAgeBi, 
big = Ay2Ai6Bu1, 


big = Dig, 

boy = — Bi A12A 665 

ba = —ArnAgeD12, 

boy = Bii(A12 + Age) — Di2(Ar1422 — Ai2 — 2412466); 

bos = BirAu — Dy2A224e¢ — D22(A11422 — Aj2 — 2412466); 

bog = Age(Bit — A22D22), 

bos = —Ar1Age(4De6 + P12), 

bog = Bis(At2 + Aee) — D12(Ai1422 — At2 — 2412466) — D226, 

boy = Bi Ais — 4D¢6A22466 — D12A22A66 — D22(A11422 — Aj2 — 2412466). 


We now discuss the results of the numerical computations we carried out for different 
values of the aspect ratio of a CFRP antisymmetric cross-ply laminate with varying number 
of laminae. 

Figure 6.18 shows the variation of nondimensional buckling load as a function of the 
aspect ratio for a regular (M = 1) antisymmetric cross-ply laminate. The dependence of the 
buckling load progressively decreases with increase in the number of layers. The variation 
of buckling load for a square antisymmetric cross-ply plate with cross-ply ratio M is shown 
in Fig. 6.19. It is seen that the buckling load increases with M, the increase being maximum 
between cross-ply ratios of 1 and 3, whereafter the buckling load becomes asymptotic with 
cross-ply ratio. For a designer, this may indicate the optimal cross-ply ratio beyond which 
an increase in this ratio becomes unnecessary to achieve a given buckling load. 


6.4 APPROXIMATE TECHNIQUES 


The closed-form solution of the differential equations derived in Sections 6.2 and 6.3 is 
possible only when the boundary conditions are simple and for uniform inplane loadings. 
What is more, even for the simple case of a plate with all the four edges clamped, no closed- 
form solution is possible. In such situations, an attempt can be made to apply one of the 
approximate techniques which have the inherent ability to converge to the exact solution. 


6.4.1 Galerkin’s Technique 


As we have already noted, the Galerkin technique yields an approximate buckling load. 
Further, in a situation where it is not possible to obtain a closed-form solution through the 
governing differential equation, we can obtain an approximate solution by using the Galerkin 
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integral (1.195) which is true for a one-dimensional structure. In Section 5.4.2, we extended 
this method to two-dimensional structures, i.e., plates, and obtained the Galerkin equation, 

e., (5.106). This equation is valid only for isotropic plates. In this section, we shall 
demonstrate the application of the Galerkin technique to composite plates. 


EXAMPLE 6.6 (Buckling of simply-supported angle-ply composite plate subjected to varying 
uniaxial load) In Examples 6.4 and 6.5, we assumed that the inplane end load is uniform. 
Such a situation is rather rare in practice. Here, we shall assume that the end load varies as 


N, == No(1 — «7), (6.72) 


where No is the intensity of compressive load at the edges » = 0, 1 and « is a numerical 
factor. « = 0 corresponds to uniform loading and « = 2 to pure bending; for any other value 
of «, the loading corresponds to bending and compression. 

Substituting the expression for N, in Eq. (6.62), we get the governing equation as 


Ae 8g, a8 a 
AGS + Avg eras + At ger gg + A ger 5 + AP's, an 
06 6 
+ Nl — ana Aredeeres + p*(Ay1A22 — 2412466 — fog 


0° 
+ AndesP x32 53} = 0. (6.73) 


The boundary conditions along the edges é = 0, 1 are given by (6.63a), (6.63b), (6.63c), and 
(6.63d). Further, along the edges 7 = 0, 1, the boundary conditions are 


v® = Bic? — (Bie(24es + 3412) — 341 Baghp?= 2 P— 
16441 og 6 66 1 11426 0&3 On? 
4 Oo 
+ Bog(2A66 — A12)p a 0, (6.74a) 


ot of of 
v= ArcAeagi + Acsdap's 5 + (411422 — 2412466 — Ab ga = 0, (6.74b) 


8 OH Hae 
M, = 411556 + ay2p Ie ant + 413) aE dat + G4p ae 0, (6.74c) 
08 06 
Men = aro + Pg = 0, (6.74d) 


where 
Q11 = Ay1(BypBag — AgeD12), 
12 = Ay(3B3¢ — AgeD22) — 4Bi6B26A12 — Di2(AiA2 — Ai2 — 24,2466); 


Q13 = A2(3BigBr, — D 124g) — 4B%6A12 — Dyx(AA22 — 422 — 2412466), 
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Q14 = A2(Bys — Dz2Age), 
Gis = 2B26A11466 + Big Ai2 — 2412466 — A11A22); 
16 = 2B,¢Ar2Agg + Bag(Aj2 — 2412466 — A142). 
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Equation (6.73) is a variable coefficient differential equation, and hence it is difficult to 
obtain its closed-form solution. We shall therefore analyze the plate we are considering * by 


applying the Galerkin technique (see Section 5.4.2). 
A function of the type 


o(E, 7) = iz z Amn Sin mn€ sin nay 


(6.75) 


satisfies the boundary conditions. Now, applying the Galerkin technique, the resulting 


integral we get is 
1 fi © ) 
| | (2 LF CrnAmn Sin mv€ sin nn) sin pr€ sin gan dé dy 
0J0 m=! n=] 


1 © 
— No {.f. (2 z DmnAmn SiX mr& sin nv) sin pré sin gry df dy 
0 


0 m=a=1 n=| 


1 
+ Now | [ ( z z DinnAman Sin mr€ Sin nv) sin pré sin gan dé dn 


0 m=] neo! 


= 0 (p-G == 1, 2363) 
where 


Cinn = 77°(Aym8 + ‘Aamr? + Asm'n4 + Azm?n® + Aon*), 
Dinn = W[AgAgem® + p?(A11A22 — 2412466 — Aia)m'n? + Ar2Age ptr). 


Making use of the identity 
[, sin imé sin jr€ dé = 0 for i <j 
=1/2 fori=j, 
we find Eq. (6.75) reduces to 
1A ND Are + Mox(E Depts) =0 (p= 1,2)--- 5m, 


q=1,2,...,N), 


where 


1 
Ion = [, 7 SIN My Sin gry dy 


(6.76) 


(6.77) 
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= 4 
= 0 
4 


~~ OH FF 


(q=n) 


(q#n, q+ nis an even number) 


(q #n, g+7 1s an odd number). 


This leads to an infinite set of homogeneous equations for A,,. In such a situation, No is 
determined by the process of iteration for a given value of «. 

We now discuss the results of the numerical computations we carried out for a square 
angle-ply laminate of two different materials with varying number of laminae. 

Figure 6.20 shows the variation of buckling load with fibre orientation for a square 
GFRP laminate with « = 2. As can be observed, the results here are similar to those in 


Examples 6.3 and 6.4. 
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Fig. 6.20 Variation of Buckling Load with Fibre Orientation. 


Figure 6.21 shows the variation of buckling load with the thickness ratio ¢,/t2 for a four- 
ply laminate for two different loading conditions (i.e., « = 0, 2). A comparison for the two 
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loading conditions shows that, for each load, the buckling load is maximum when the fibre 
orientation is 45°. However, the percentage increase is slightly more when « = 0 than when 


a= 2. 


Nondimensional buckling load, (Ny)crllb7/(E2t*)] 
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Fig. 6.21 Variation of Buckling Load with Thickness Ratio. 


PROBLEMS 


6.1 Obtain the buckling load of an antisymmetric cross-ply laminate, simply-supported 
on all sides and subjected to an axial compressive loading. Plot the variation of the buckl- 
ing load with the aspect ratio of the plate, taking the number of layers as the parameter, 
for the following composite materials: 


(i) Graphite-epoxy (£,/F2 = 40, Gi2/E2 = 0.5, v12 = 0.25). 
(ii) Carbon-epoxy (£,/Ez = 6.33, Gj2/E2 = 0.667, v12 = 0.20). 
(iii) Boron-epoxy (£;/E2 = 10, G12/E2 = 0.33, v12 = 0.30). 
6.2 Plot the buckling load versus the aspect ratio for a specially orthotropic rectangular 
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plate simply-supported along the loaded edges and clamped along the other two edges. The 
plate is subjected to a uniaxial compressive loading. 


6.3 How would the buckling load of the plate in Problem 6.2 be affected if the plate is 
subjected to a biaxial loading? 


6.4 Derive the equilibrium equation for a skew, rectangular, laminated plate subjected to 
a uniaxial loading. 


6.5 An angle-ply laminated clamped rectangular plate of graphite-epoxy is subjected to a 
uniaxial compressive loading. Obtain the variation of buckling load with aspect ratio. 


6.6 A symmetric laminated plate is made up of four laminae. The top and the bottom 
layers are of carbon-epoxy and the central layers are of glass-epoxy. What will be the 
buckling load of such a hybrid laminate if the laminate is subjected to a uniform, uniaxial 
compressive load? Assume the plate is simply-supported on all sides. 
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7 
Inelastic Buckling of Plates 


7.1 INTRODUCTION 


In Chapters 5 and 6, we studied the buckling of plates, assuming Hooke’s law. Further, in 
Chapter 2, we showed that in a column the stresses may, depending on the size and shape 
of the column, exceed the elastic limit before the buckling stress is reached. In a plate too 
the stresses may go beyond the elastic limit before buckling occurs, but here this depends 
on the plate thickness and the load applied. Unlike in a column, there exist two loading 
axes in a plate. If the load is applied only along the longitudinal direction, then the stress 
in this direction is likely to exceed the elastic limit and that in the transverse direction may 
remain within the elastic limit. Here, the plate response is governed by two moduli. If, 
however, the load is acting on both the axes, the entire plate will exhibit inelastic beha- 
viour. In either situation, the elastic theory (see Chapter 5) has to be modified before it is 
applied. This can be done by so correcting the constitutive equation that it takes into 
account the inelastic effect. The theory Stowell [1] developed for inelastic buckling is based 
on the plasticity hypothesis and uses incremental constitutive equations. Since this theory 
is quite involved and requires the knowledge of tangent and secant modulus of the plate 
material, Bleich [2] proposed a simplified version of the theory. According to him, when 
the stress co, along the X-axis exceeds the elastic limit, the tangent modulus £, governs the 
deformation along this axis, and the elastic modulus E governs the deformation along the 
Y-direction. Further, when the stress exceeds the elastic limit in both the directions, then 
E, governs the deformation in both the X- and Y-direction. 
In what follows, we shall discuss the two approaches in detail. 


7.2 STOWELL’S THEORY 


The Stowell theory is based on Shanley’s approach for inelastic columns, where it is 
assumed that there is no strain reversal. 

In our description here, we shall take as valid (i) the two assumptions we made in 
Section 5.2 on the behaviour of a thin plate, (ii) the basic force and moment equilibrium 
equations, namely, (5.5), (5.6), (5.17), and (5.18), and (iii) the strain-displacement relations 
(5.22). However, the change occurs only in Eqs. (5.20). 


7.2.1 Inelastic Constitutive Equations 


The derivation we shall present here closely follows that given in Gerard [3] and Rivello [4]. 
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Since we have assumed that the plate is thin, only the inplane stresses ¢,, oy, and r,y exist 
and all the other stresses are zero. To simplify the analysis, it is advisable to represent the 
complex state of stress or strain by means of the invariant functions of stress or strain. 
Examples of such invariants are octahedral shear stress or shear strain, and effective or 
significant stress or strain. For a two-dimensional state of stress, the effective stress and 
strain are defined as 


= (2 + a — 0,0y + 372,)"2, 1 
-1) 
e= 22 + e, + €,€, — Yer, 


J3 


Here, o may be treated as an equivalent tensile stress, producing the same strain € as the 
combined stresses ox, oy, and 7,,. ¢ is uniquely defined by a function of € as 


o = G(¢), (7.2) 


where ¢ is called the plasticity function. 
We shall make the following assumptions for deriving the constitutive equations: 


(i) The plate material is continuous and isotropic. 


(ii) The principal axes of plastic stress and strain coincide at all times. 


(iii) The volume of the material remains constant. This assumption requires that 
Poisson’s ratio must increase from its elastic value (~0.3) to the value 0.5 for the plastic 
condition. 


In view of our assumptions, the following relations between stress and strain hold: 


CSO yi o = $(€) 


Ex € € 

Gy—vo, 9@  ¢(€) 
€y ee ee (7.3) 
Txy _¢ ; $(€) 


2(1 _ Wey € €- 


The plasticity function is obtained from the stress-strain curve of the material. Since 
o/€ = E, (secant modulus), ¢(€)/€ is also equal to E,. Hence, the constitutive equations (7.3) 
become 


é, = Es — o,), (7.4a) 
1 
€y = E — to,), (7.4b) 


3 
Yxy = E.7*”’ (7.4c) 
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Relations (7.4) can also be written in terms of the stresses as 


oc. = $E,(ex 5 Sey), (7.5 a) 

Cy = $ s(€y + $e), (7.5b) 
Es 

Txy = Vay (7.5c) 


7.2.2 Governing Equation 


As a result of the change in the constitutive equations in the plastic region, the moment- 
displacement relations also change. Thus, up to the point of buckling, the only stress acting 
in the plate is o,. Hence, from Eq. (7.5b), 


€y = —Hhe,. (7.6) 
Substituting relation (7.6) in Eq. (7.5a), we get 
o, = E,e,. (7.7) 


After buckling, the distortion of the plate gives rise to a variation in the strains ¢«,, «y, and 


Yxy. This distortion is mainly due to the bending of the plate. Hence, from Eq. (7.5a), we 
have 


do, = £E,(Se, + $5ey) + S(e, + $e,)5E,. (7.8) 
Further, from Eq. (7.7), we obtain 


1 


dE, = 5) a e 


o 
do, — 6c, 
€x 


Identifying 50,/(5e,) = E, (tangent modulus) and o,/e, = E,, we find Eq. (7.8) becomes 


de, 


SE, = —(E, — E,). (7.9) 


& 
Substituting Eq. (7.9) in Eq. (7.8) and simplifying, we get 
50, = $E,(5e, + 45e,) + (E, — E,)be,. (7.10) 


Equation (7.10) can be rewritten as 
E 
50, = 4E[(4¢ + 2 Fee + 4$5e,]. (7.11) 


A variation in the strain causes a change in the curvature. Thus, 


Se, = —Z8X,, Sey = —28Xn, By = —2Z8X3. (7.12) 
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The stresses 5c,, Soy, and 57x, give rise to the couples 5M,, 5M,, and 6M,,: 


4/2 
6M, = { 5o0,z az, 
12 


£/2 
$M, = ie Sayz dz, (7.13) 


2 


5M, = Styyz dz. 
xy i TxyZ Az 


Substituting for 5c, from Eq. (7.11) and integrating, we get 
Fad E. 
8M, = —Exgl(t + 2 8% + 49%. (7.14) 


To determine the incremental moment 5M,y, we proceed in a manner similar to that for 
5M,,.. Thus, we first obtain 
Soy = $E,(Sey + $5e,) + Fey + dex)dEs. (7.15) 
Then, substituting for 5£, from Eq. (7.9), we get 


5 
Boy = $E,(Sey + 43¢,) + $e, + 44. (E — E)—. (7.16) 
Now making use of Eq. (7.5b), we find Eq. (7.16) gets simplified to 
5 Cy de, 
Ss x 


Since o, is the only applied stress, Eq. (7.17) reduces to 
do, = 4E.(Se, + Se,). (7.18) 
Hence, 5M, from Eqs. (7.13), after substituting for 5c, from Eq. (7.18), is 


3 
SM, = —E.5 (8% 4 43X,). (7.19) 


The increment in the twisting moment 6M,, is obtained, starting from Eq. (7.5c), as 
follows. The change in 7,, is 





E 
OT xy = “OY xy + "POE. (7.20) 
Since 7,, = 0, we get 
E 
bt. = Yay: (7.21) 
Substituting 57,, in the last of Eqs. (7.13) and simplifying, we obtain 
Et? 
8M xy = — Fe 8%s. (7.22) 
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From Eq. (5.19), the equilibrium equation for an element of a plate is 


o2w 


Sem, + £(8M,) — 25-5 (8M xy) aa Now 2 a+ Nx 2 i 2N x95 ay =0. (7.23) 


The changes in the curvature are related to deflection by the relations 


2 2 
a 2" o2w 


. BX, =» EY ia 
1 = 93° = By? ae By’ (7.24) 
Hence, 
o2 3 £,.04*w ow 
Fx OM) sa Ee +3 4 Bax a $ Ox2 x2 aye 
02 1 d4w 
gyi My) = Es aA e $ ax2 sar gyi (7.25) 


oe te d4w 
Bx ay Mav) = — Evia lager gyal 
Substituting Eqs. (7.25) in Eq. (7.23) with N, = N,y = 0, we get 


E,.o* dw = «SON, 02w 
(4 ae @ z Ea F 2 oy? +aqz oy4 ae D ox. = 0, (7.26) 


where D = E,t?/9. Equation (7.26) is the governing equation for the plastic buckling of a 
rectangular plate loaded on two opposite sides by only a uniformly distributed load N,. 
This equation has to be suitably modified for any other loading condition. For example, if 
only Ny is acting, we can show, after going through a procedure similar to that used for 
obtaining Eq. (7.26), that the governing equation becomes 


tw otw a E19 N,, d2w ‘ 
ax4 at 2552 dy dy? +G+4 ea ae D ay? = 0 (7.27) 
with 
02w é2w 
M, = —Di55 +4 aya)? 
M, = —Dun 5 + (4 + 3 4 aes, (7.28) 
02w 
My = —Dr oy’ 


We shall demonstrate the application of the foregoing equations through an example. 


EXAMPLE 7.1 (Buckling load of inelastic rectangular plate simply-supported on all sides) 
Consider a rectangular plate (Fig. 5.6) subjected to a uniform axially compressive force N,, 
per unit length along the edges x = 0, a. The governing equation is given by (7.26). In terms 
of the nondimensional parameters ¢ and 7, defined as 


x = aé, y = bn, (7.29) 


264 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


Eq. (7.26) can be written as 
E,.04w otw d4w ~.02w 
14 Soe 2s at 1 2 ee 
(4 4 Bae 2p 0&2 dn Pp ant A O€? 0, (7.30) 


where p = a/b and A? = N,a?/D. Since all the edges are simply-supported, the boundary 
conditions in the nondimensional form are 


E,. 02w o2w 
ee SO 2 = = 
w=(4+ 3 B32 + $p an? 0 (€ = 0, 1), (7.31a) 
o2w o2w 
w= (P53 + 4 oD = 0 (yn = 0, 1). (7.31b) 
Since w = 0 along é = 0, 1 and 7» = 0, 1, 
o2w 
on? = 0 (é <— 0, 1), 
02w 
Making use of these relations, we find the boundary conditions (7.31a) and (7.31b) reduce to 
2w 
w= ag = 0 (€ = 0, 1), (7.32a) 
O2w 


These are identical to those we obtained in Example 5.1 [see Eqs. (5.45) and (5.46)]. Thus, 
for the plate we are considering, the boundary conditions are the same as those for elastic 
analysis. We see that the differential equation (7.30) and the boundary conditions (7.32) 


contain terms which are of even order in € and »; hence, we assume, for Eq. (7.30), a variable 
separable solution of the type 


w(é, n) = = by Amn Sin mr€ sin nn, (7.33) 


where m and n define the number of half waves that the plate buckles along the X- and Y- 
direction, respectively. With this representation for w(é, 7), the boundary conditions are 
identically satisfied. Substituting Eq. (7.33) in Eq. (7.30), we get 


ro) ) E Ki 
z : Zz Amni{(t + 2 Rin + 2p?m*n2nt + ptntat — d2m2n?} sin mr€ sin nay = 0. 


(7.34) 


The terms within the curly brackets can be zero only if the coefficient of each one of the 
terms 1s zero. Thus, 


E 
Amn{(t + 2 Rint + 2p?m*nrn* + p4nta4 — d2m?n?} = 0. (7.35) 
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Since Amn, + 0, for Eq. (7.35) to be satisfied, 
2 Nx 2 1 E, 22 272772 4n' 2 6 
=5r=6 a+ 2a )min + 2p*n + Poa (7.36) 
Hence, 
2 E,., b 
N, = ria + 3 Em” + 2n? + n( =)? (7.37) 


Since we are interested in finding the lowest value of N, at which the plate buckles, m must 
be equal to one. This implies that, irrespective of the plate aspect ratio, the plate buckles 
with one half sine wave along the Y-direction. The number of half waves along the X- 
direction that correspond to a minimum value of N, can be found by taking the derivative 
of Eq. (7.37) with n equal to 1 and equating the resulting expression to zero. Thus. 


(fy =(+ ae. (7.38) 


Equation (7.38) indicates that, in inelastic buckling, the wave number along the X-direction 
is a function of the plate material property and the plate does not buckle into square plates 
as in elastic buckling [see Eq. (5.54)]. Therefore, 


(Nxer = =e + 2G +35 a, (7.39) 


nes t 3E; 


(Ox)cr = 





I) (7.40) 


Comparing Eq. (7.40) with Eq. (5.59), we see that 


4n2E 
(Ox)er = 12(1 — Baas" (7.41) 


Defining 7,, the plasticity reduction factor, as 


__ (Gx) (plastic) 


~~ (ax)cr (elastic) (7.42) 





and substituting Eqs. (7.40) and (7.41) in Eq. (7.42), we obtain 


to Tae Ba + a + EB (7.43) 


where v, and v, are the elastic and plastic values of Poisson’s ratio, respectively. 


The differential equation and the boundary conditions Stowell [1] derived for plastic 
buckling are applicable for a plate with simply-supported, clamped-free, and elastically 
restrained edges. Thus, as already noted, we need to know the values of two moduli E, and 
E, when following Stowell’s approach. Further, since E, depends on the stress level, a know- 
ledge of the stress-strain curve of the plate material is also required. 
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7.3 BLEICH’S APPROACH 


Consider a uniform rectangular plate as shown in Fig. 7.1. If it is subjected to a uniaxial 
compressive loading along the X-axis (as 
in the figure), then the stress oc, is likely 
to exceed the proportional limit. Hence, 
the modulus governing the plate behav- 
iour along the X-axis will be E,. Also, the 
stress along the Y-axis will be the one due 
to Poisson’s effect since the applied stress 
(load) along the Y-axis is zero. Thus, 
there exist two moduli when the critical 
load exceeds the elastic limit. 

In Chapter 5, we derived the governing 
equation, i.e., (5.27), using the moment- 
curvature relations which assume that the 
plate behaviour is governed by only the 
elastic modulus. For the situation we are Fig. 7.1 Rectangular Plate under Uniaxial 
considering here, the moment-curvature Compression. 
relations take the form 


Y 





_02w 


M, = ~ Do + w/t ay a3) (7.44a) 
_02w 
My = —D0V/t735 + a. (7.44b) 
2 
May = —My = Dy7(l — Vg, (7.440) 


where 
T=E/E, D= Ev/(1%1—v)), 


because the modulus along the X-direction is E, and that along the Y-direction is E. In 
Eq. (7.44a), the second term within the parentheses is the contribution to M, from the cur- 
vature along Y. Further, the value of »/7is taken as a mean of O and 1; alternatively, its 
value can be arbitrarily chosen. 

The transverse shear forces ss the X- and Y-axis become 


0, d2w 
Q,= — Dy (53 1 Vi5 a (7.45a) 
_0*w . d2w 
Qy = —Dz, w(v5 x2 at ay) (7.45b) 
ne = (7.44) in Eq. (5.19) and ite we get 
Dee fj aye 0, 
7 Vax Oy? Oy? + 5p Ft S (7.46) 


where N,, Ny, and N,y» are the applied compressive loads. Equation (7.46) is valid only for 
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a uniform plate compressed axially along the X-direction. If a plate is compressed only 
along the Y-direction, then the governing equation (7.46), moment-curvature relations (7.44), 
and transverse shear force equations (7.45) become 


otw _ dw ow aw 
ow dw 
M,. = —D(53 + v5 3)» (7.48a) 
vw ew 
M, = — DOV 755 + T7yn)» (7.48b) 
i Sca Sep ed eh (7.48¢c 
xy = —My, = Dv/7( — Vax By -48C) 
0 ow _02w 
0, = — Dra + V7 53)» (7.49a) 
0, .2w dw 


If a plate is acted upon by loads along the X- and Y-direction, Eqs. (7.47), (7.48), and (7.49) 
get further simplified and reduce to the equations derived in Section 5.2, with D replacing 
Dr. 

We shall demonstrate the application of the equations we have derived through numerical 
examples. 


EXAMPLE 7.2 (Buckling load of rectangular plate in inelastic region) Consider a rec- 
tangular plate (Fig. 5.6) subjected to a compressive force N, per unit length along the edges 
x = 0, a. In terms of the nondimensional parameters é and 7, defined as 


x= aé, y = bn, (7.50) 


the governing equation (7.46) becomes 
atw > ,- ow saw ew _ 
"3e4 + 2p V5 a2 9 "2 + p ant +A 022 = 0, (7.51) 
where 
p= a/b, d? = N,a?/D. 


For all edges simply-supported, the boundary conditions in the nondimensional form 
reduce to 


2 
we Diss =0 (¢=0,)), (7.52a) 
g 
2 
HeDe SO. Gy 20%. (7.52b) 


On? 
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A solution of the form 


w(é, n= 5 Amn Si mn€ sin nay (7.53) 


n=1 me 


satisfies the boundary conditions (7.52) exactly. Substituting Eq. (7.53) in Eq. (7.51), we get 


EE Ang(tmat + 2p2a/Fmenent + ptntat — 2m?) = 0. (7.54) 
1 


n=] m= 


For Eq. (7.54) to be satisfied, either A,,, is zero or the quantity within the parentheses is 
zero. The first alternative leads to a trivial solution, where, for all loads, the plate remains 
flat. For a nontrivial solution, 


4 
2 = oat = tm?n? + 2p24/Tn2x? +- pint, (7.55) 
Therefore, 
Dr? fe n* 
(Nader = —y-(rm? + 2p2a/7n? + pt.) 


_ Dr? 4/tm , vn 


ee + py. (7.56) 





We are interested in finding that value of m and n which makes (N,),; a minimum. It is easy 
to visualize that as nm increases, (Nx):r also increases; hence, for a lowest value of (N,)cr, 2 
must be equal to one. This implies that the plate buckles with one half sine wave along the 
Y-direction. The number of half waves along the X-direction that correspond to a minimum 
value of (Nx)cr can be found by taking the derivative of Eq. (7.56) with respect to m and 
equating the resulting expression to zero. Thus, 


A(Nx)er nm 1m T 
ae ae 2DE(VT = Bye —- £) = 0. (7.57) 


From this, we get 
m = p/(r)'i4, (7.58) 


Substituting this value of m in Eq. (7.56), keeping m equal to one, we get 
ar = 
(Nx)cr — 4DEvt. (7.59) 


Thus, for a simply-supported plate, the critical load depends on the elastic as well as the 
tangent modulus of the material. Further, from Eq. (7.58), we see that the wavelength along 
the X-direction depends on the material property and is larger than that for the correspond- 
ing elastic case [see Eq. (5.54)]. 

In general, the load (N,),, can be written as 
ee 


(Nx)er so khiDe, (7.60) 
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where 
a7 je ATE 5 
k, = WS + iP) ° (7.61) 


To obtain the transition point at which the number of half waves m changes to (m + 1) 
half waves, we equate the buckling coefficient k, for the two values of m since the other 
quantities are constants. That is, 


(m + 1) p 
>t (m+ 





vite aie (7.62) 
Simplifying, we get 
p= Vm(m + [)(r)". (7.63) 


Thus, the aspect ratio at which the transition takes place also depends on the material 
property. 


EXAMPLE 7.3 (Buckling load of rectangular plate in inelastic region) Consider a rec- 
tangular plate (Fig. 5.6) with the loading edges € = 0, 1 simply-supported and the edges 
7 == 0, 1 clamped. 


(i) Stowell’s approach The differential equation governing the buckling behaviour is 
(7.30), i.e., 


2 E.0*w ow 
(3 + 2 4 ED ae + pa a Bat Pt on a4 + on = 0. (7.30) 


The boundary conditions along the edges é = 0, | are 
w= (R+Ee ee + 4p pigs = 0 (7.64a) 


and those along the edges 7 = 0, | are 


__ ow 
a (7.64b) 
We choose a solution of the form 

w(E, 0) = F(n) sin mr. (7.65) 


This satisfies the boundary conditions along = 0, 1. Substituting the expression for 
w(é, 7) in Eq. (7.30), we get an ordinary differential equation in F(»), given as 





2 4.4 _. ‘puede 
Ga = Stn 4 TF = wr F] sin mat = 0, (7.66) 
where 
b=3422 


270 STRUCTURAL STABILITY OF COLUMNS AND PLATES 


Since sin ni7€ is not zero, the quantity within the square brackets must be zero. The general 
solution of Eq. (7.66) is 








F(n) = A, cosh an + A2 sinh an + A3 cos Bn + Ay sin Bn, (7.67) 
where 
ma? mnt — =~ m2? 
Cg PS ee 


(7.68) 


mea2 
Pp 


22 
2202, 
ps 


gp =[- 





an 
+ (1-8) +9 


The constants A;, A2, A3, and Ay have to be determined from the edge conditions (7.64b). 
Following the same steps as in Example 5.2, we can obtain the critical load N, from the 
transcendental equation 


B 


a 


2(1 — cosh « cos 8) = ( a sinh « sin B, (7.69) 


where « and £ are as defined by Eas. (7.68). 
Table 7.1 shows the variation of critical stress with the aspect ratio for an aluminium 
alloy plate. 


Table 7.1 Values of )., for Axially Compressed Plate, Loading Edges Simply-Supported 
and Other Two Edges Clamped 


Given 

E = 0.588 x 10° N/m?, tb = 0.04, E/E, = 0.9, 7 = 0.9. 
Aspect ratio 0.5 0.8 1.0 1.2 1:5 2.0 25 
Ae 4.2705 6.7375 8.5410 9.8645 12.4523 16.3879 20.4911 
(Stowell) 
dex 4.2063 6.6605 8.4127 9.7256 12.3014 16.1707 20.2086 
(Bleich) 


D = E,t*/9, } = Nx(a?/D). 


(11) Bleich’s approach The differential equation governing the behaviour of the 
plate is 


o4w _ Ofw d4w ON, 62w 


THA + Wrosa aa t Het D ag =? Van 
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In terms of the nondimensional parameters ¢ and 7, Eq. (7.46) can be written as 





ow 
“SE a + VP Sgr aap ae ap + Page + ee me sie | ke 
where 
N,a? 
2 == x 
A — D e 


The boundary conditions along the edges £ = 0, 1 are given by (7.52a). The differential 
equation (7.70) and the boundary conditions (7.52a) are satisfied by the expression 


w(é, 7) = F(n) sin mné (m = 1, 2, 3). (7.71) 


Substituting Eq. (7.71) in Eq. (7.70), we obtain the fourth order ordinary differential 
equation 

d‘F 2n2 q2F 

Ga 2ve mtG mn — Sra?) sin ming = 0. (7.72) 


Since sin m7€ is not zero, the quantity within the square brackets has to be zero. This 
leads to 

d‘F mn d2F i? 

dit 2/7 —— Dm de + ( aint _ er = 0. (7.73) 


The solution of this equation is 





F(n) = A, cosh an + A2 sinh an + A; cos Bn + A, sin Bn, (7.74) 
where 
ar arn) 
(7.75) 


pm (yee 4 Amy 


The constants 41, A2, A;, and A, have to be determined from the edge conditions (7.64b). 
Following the same steps as in Example 5.2, we obtain the transcendental equation 


2(1 — cosh « cos B) = é — §) sinh a sin B. (7.76) 


From the roots of this equation, we get « and f. The buckling parameter 4 can now 
be obtained. 


Table 7.1 shows the variation of critical stress with the aspect ratio for an aluminium 
alloy plate. 


EXAMPLE 7.4 (Buckling of rectangular plate) Consider a rectangular plate along with its 
edge view (Fig. 7.2). Assume that the two restraining plates are symmetric with no loads 
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acting on them. Further, suppose that these plates are stiff enough so that they do not 


Restraining plate 
VL iL LLL MMA hh hdl hehe ded Ld 





Lh MMhdheidedidededededede de des 


Fig. 7.2 Rectangular Plate with Its Edge View. 


allow any transverse displacement of the plate along their edges. Since the active plate 
and the restraining plates are rigidly connected along the edges, the active plate and the 
restraining plates rotate by an amount such that the angle between them is maintained 
at 90°. 

Since the structure and the loading are symmetric, we have accordingly chosen the 
coordinate system (see Fig. 7.2). 


(i) Bleich’s approach In terms of the nondimensional parameters ¢ and », defined as 


x=af, y= an (7.77) 


the differential equation (7.30) can be written as 





o*w —. dw 40*w 
"364 + V Pigg aap i PI5k or ee = = 0, (7.78) 
where 
N,.a? 2a 
2 = = = 
* = D 9 P1 b 2p. 


Even though we have replaced p by p;, the analysis procedure here remains the same as in 
Example 7.3. The ordinary differential equation governing F(n), i.e., (7.66), then becomes 


a‘F _ fz a a?F 


= mat — mn? 
dit P? drt + (Gm at =n )F = 0. (7.79) 


In view of the symmetry of the structure, the solution of Eq. (7.79) can be written as 


F(n) = A, cosh en -+- A; cos Bn, (7.80) 
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where 
a= (Vr as wenn) 
sony i (7.81) 
B =(— Vee + —mm)'2 


The constants A, and A; have to be determined from the boundary conditions along the 
edges 7 = -+-1. These conditions are 
F(n) = 0, (7.82a) 
d = od. (7.82b) 


To incorporate these boundary conditions, we need to express ¢ and ¢ in terms of the 
deflection w(&, 7). As the active plate deflects, a moment M, develops at the edges, causing 
a rotation of the active, and therefore of the restraining, plate. The bending moment M, is 
assumed to be proportional to ¢ (small deformation theory assumption). This is expressed as 


M, = —%, (7.83) 


where { depends on the dimensions of the restraining plate. (Bleich [2] has derived the 
expression for ¢ for various dimensions of the restraining plate.) The moment M, is related 
to the deflection w, according to = (7.44b), as 


= ~Dovie4 3 eC ot yen + b/2¢ (7.84) 


As the edge is supported everywhere along the X-direction, d2w/dx? = 0. Equation (7.84) 
therefore reduces to 


o*w 
My = — D553 )yas012- (7.85) 
Substituting for M, in Eq. (7.84), we get 
Daw 
o= FlGpa yma: (7.86) 
According to Eq. (7.82b), ¢ = ¢ and, since ¢ = +(dw/dy),).+5;2, Eq. (7.86) takes the form 
dw Dew 
ay += F oy a3 y= 40/2 = 0. (7.87) 
In terms of the nondimensional parameters 7 and £,, we find Eq. (7.87) reduces to 
F d°F 
i Seg adams = 0, (7.88) 
where 
2D 
=>; F 
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It can be easily seen that when 2, = 0, the plate edge is clamped, and when %, = ©, the 
edge is hinged. Introducing Eq. (7.80) in the boundary conditions (7.82a) and (7.88), we 
get two homogeneous algebraic equations, namely, 


A; cosh « + A; cos B = 0, (7.89a) 
Aya sinh « — A3B sin B + Cy( Aja? cosh a= A382 cos B) == (), (7.89b) 


For a nontrivial solution, the determinant of the coefficients of A; and A; must be zero. 
This leads to the stability equation 


a tanh « + 6 tan B + (a? + 7) = 0. (7.90) 


The critical load N,, can be obtained by solving this transcendental equation. 


(ii) Stowell’s approach The equation governing the plate behaviour is (7.30) and, with 
p replaced by pi, this becomes 


E,.04w o*w o* 
(2+ B50 + viga ge + Pi5na + ne = 0, (7.91) 


where p; = 2a/b and \? = N,a?/D. A solution of the type 


w(E, 4) = F(q) sin mag (7.92) 


satisfies the boundary conditions along the edges = 0, 1. Substituting Eq. (7.92) in 
Eq. (7.91), we obtain a fourth order ordinary differential equation in F(n), namely, 





GF 2mx* dF 54. a 

af pr ae + wacom a4 — mn?) F = 0, (7.93) 
where 

— E 

b=t+iT 
In view of the symmetry of the structure, the general solution of Eq. (7.93) is 

F(n) = A2 cosh «17 -+ Ag cos Bin, (7.94) 
where 

Oy = ae ——} 1271/2 (7.95a) 

22 
B, = a + {7 — see + er td (7.95b) 
1 i 


The bending moment M, is given by 


— po 2 = ace a 


The constants 42 and A, in Eq. (7.94) have to be determined from the boundary conditions 
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along the edges » = -+-1. These conditions are 


F(n) = 0, (7.96a) 

> = ¢d. (7.96b) 
The bending moment M, is assumed to be proportional to ¢. This is expressed as 

M, = —%¢. (7.97) 
The moment M, is related to the deflection w as 

M, = —DG om + sn) (7.98) 


As the edge is supported all along the X-direction, d*w/dx? = 0. Equation (7.98) therefore 
reduces to 
o2w 
M, = —D oy?’ (7.99) 
Substituting for M, in Eq. (7.99), we get 
D aw 
¢ = 7lgyar—son (7.100) 


Since ¢ = +(dw/0y)y246/2, Eq. (7.100) becomes 
D &w 


dw 
Gy + z Fyp)venol2 = 0. (7.101) 


In terms of the nondimensional parameters y and {, and making use of Eq. (7.96b), we find 
Eq. (7.101) reduces to 


G + ty Fest <250; (7.102) 


where 


ml 


2 
by =5 


Introducing Eq. (7.94) in the boundary conditions (7.96a) and (7.102), we obtain two homo- 
geneous algebraic equations, namely, 


Az cosh a, + A, cos B; = 0, (7.103a) 
Aga, sinh «, — AB; sin By + Cp(A2%7 cosh «1 — A4B? cos B1) = 0. (7.103b) 


For a nontrivial solution, the determinant of the coefficients of Az and A, must be zero. This 
leads to the stability equation 


a, tanh a, + B; tan By + %,(a? + Bz) = 0. (7.104) 
The critical load N, can now be obtained from this equation. 
7.4 BIAXIAL LOADING 


In Section 7.1, we noted that if a plate is subjected to inplane biaxial loading, then the 
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stresses in the plate along both the X- and Y-direction may exceed the elastic limit. For 
example, if a plate is subjected to pure shear loading, then the corresponding principal 
stresses are o, = —o2 = Txy. In such a case, a reduced modulus of elasticity is effective in 
both the directions, and therefore the buckling load in the inelastic region is obtained by 
replacing the elastic modulus by an appropriate reduced modulus. In what follows, we shall 
show how the Stowell and Bleich approaches (see Sections 7.2 and 7.3) can be applied to 
inelastic plates. 


7.4.1 Bleich’s Approach 


Consider a rectangular plate subjected to a biaxial inplane loading. The governing 
equation (7.46) ‘we derived is applicable only when the load is applied along the X-axis. The 
mixed derivative term in this equation results from the curvatures along the X- and Y- 
direction. Equation (7.46) therefore gets modified to 


a4w atw otw aw ew 
Dra + 2a oy + 3) + Nusa + Nya =0 (7.105) 
-or 
atw atw aw N,0?w , Ny dw __ 
ax + or ay + Gy + D, ax + D, BF ~ ne 


‘where D,, the reduced modulus, is equal to Dr. 
The moment and shear force equations for biaxial loading reduce to 


M, = — DE + Sa) (7.107) 
My = DGS - omy, (7.108) 
M,y = —M), = D, — (1 — Noe (7.109) 
QO. = ~D2e% + sa) (7.110) 
Q, = DAS +3). (7.111) 


The method of solution from here onwards remains the same as given in Section 7.3. 


‘7.4.2 Stowell’s Approach 


The constitutive equations derived in Section 7.2.1 are also valid for biaxial loading. How- 
ever, to derive the governing equation, the moment-curvature relations (7.14), (7.19), and 
(7.22) have to be modified. This is done as follows. As we know, up to the point of buckling, 
Eqs. (7.5) give the state of stress. Further, at buckling, the bending of the plate gives rise to 
.a variation in the strains ¢,, €y, and y,y. In view of the small deflection assumption, we 
neglect the change in the strain due to the middle surface strain. Therefore, the variations 
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in the curvature caused by a change in the strain are 
de, = —Z0X;, Sey = —Z8X2, Sy zy = —2Z8X3. (7.112): 
Thus, the change in the stress 5c, is 


50, = $E,(5e, + 35ey) + $(éx + dey) dE, 


= $F,(de, + $6¢e,) + Hex + e,)8(2) 


= 48,8, + 18) — He. + Ee — Bp. (7.113) 


The work done by the internal forces when the plate passes from the undeflected to a 
deflected state is 


Gd€ = 0,d€, + ade, + 27,57 xy. (7.114): 
Substituting Eqs. (7.112) in Eq. (7.114), we have 

dé = — =(6,8%; + oy5X2 + 27,y5X3), (7.115): 
Substituting for 5€ in Eq. (7.113), we get 


50, = $E, (Se, + 45e,) + $ex + de,)a(Es _— E)=(0,5%, + ay5X2 + 27;y5X3) (7.116): 


= $E,(—zdX, — $25X2) + z =(E, — E,)(o;5%1 + oydX2 + 27,,8X3), (7.117). 


Co 


The change in the moment M,, is given as 


t/2 
5M, = | 80,2 dz 
—t/2 


12 < 
E $E,(—z75X, — $278X2) + BaqEe— E,)(o,8%1, + oy8X2. + 27y5%X3)] dz 


Cy 


3 
FES 10% + 48%) — 2 Zin(Es — Eyox8% + 08% + 2r598%)] 


I 


Co 


2 
—Di(1 — 3A25)8%, + HEL — BAEK — ZEN], (7.118). 





where 


E,t® 
Dar oe 
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Similarly, 
8M, = —Di(1 — 2A 22)5x, ea = #A-25”)8x, — — 9-278x), (7.119) 
oY Fi — eax, — BA(—EG%8X, + “2 5%5X,)]. (7.120) 


From Eq. (5.19), the equilibrium equation for a plate element is 


oe o2 a2 o2w o*w 
FilM,) + 538M) — 25M y) + Net + Nyga + 2Nexgezy = 0. (7.121) 


Equation (7.24) gives the relation between the curvatures and the deflection w. Hence, 


x xx o 
Z OM, = = —Di(1 — pz 25 0 tHe ee aye — BE "gS Fy , (7.122a) 





o? x0y, Ow a O° 
FAOMs) = — DIN — BDSG + 10 — Der ae, — HOEY Be I, (7.1226) 





oe aa D 3r2, w — 2) OxTxy Ow OyT xy ofw 
Ix gy OMe) = —7lU — Se ay N= 553 ay” oe 2 oe Ox ays (7.122c) 


Substituting Eqs. (7.122) in Eq. (7.121) with N,, = 0, we get 


Oxy N;. 6?w Ny dw | 
(1 — PBs + 20 D> Srp t poet Doe t DR 


(7.123) 


where ¢ = (02 + 0% — o,0,)!2, 
As can be observed, Stowell’s approach is more involved than Bleich’s approach. 


7.55 NUMERICAL TECHNIQUES 


The two numerical techniques, namely, the finite difference and finite element techniques 
(see Section 5.8), are both applicable to inelastic buckling. When the former method is 
applied, the differential equations (7.30) and (7.51) have to be written in a finite difference 
form, using the differences derived in Section 5.8.1. For a given problem, + or £,/E, is known 
a priori, and hence the method basically reduces to solving the differential equation for an 
elastic plate with different coefficients. The application of the finite element technique, on 
the other hand, is comparatively more involved, and therefore we do not discuss it here. 


PROBLEMS 


7.1 Determine the critical load for a simply-supported square plate, axially compressed 
(see Fig. 7.3). The thickness of the plate is such that the stresses within it exceed the elastic 


limit before buckling occurs. Assume 7 = 0.9. 
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X 





Y 
Fig. 7.3 Problem 7.1. 


7.2 Solve Problem 7.1 by using Stowell’s approach. Given E,/F, = 0.85. 


7.3 Determine the critical load of a simply-supported square plate axially compressed in 
the X-direction by a linearly varying load, as shown in Fig. 7.4. 
(Hint: Use the Galerkin technique.) 


Alb 


Fig. 7.4 Problem 7.3. 


7.4 The web plate of the T7-section (see Fig. 7.5) is subjected to a uniform axially com- 
pressive load. The loading edges are assumed to be simply-supported. The coefficient of 


j+— 2n — 
LLL LASS SZ t 
b 
lw | 


Fig. 7.5 Problem 7.4. 


restraint ¢, is given by 


ieee 
br 3 2 1,2? 
fe 1 _ 0.016)" 2 


tz b 
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where h = 0.025 m, 6 =0.1m, ty, = 0.001 m, and ¢, = 0.003 m. Determine the critical 
load N,. 


7.5 A 0.005-m-thick aluminium plate of length a = 0.8 m and width b = 0.6 m is simply- 
supported on all edges. It is subjected to uniform compressive loads in both the directions. 
If N, = 0.6N,, determine the value of N, for inelastic buckling. Let E = 58.86 GPa, 
7 = 0.9, and v = 0.3. 


7.6 Determine the critical stress for a web plate of a girder, subjected to a pure shear 
Stress Tx. 


7.7 Derive an expression for the critical load in the inelastic region of a plate, simply- 
supported along the loaded edges and elastically restrained along the other two edges. The 
restraints are due to rotational springs of stiffnesses 8; and B2 per unit length per unit 
rotation and linear springs of stiffnesses kK, and k2 per unit length per unit deflection. 


7.8 Plot the interaction curve for buckling in the inelastic region for a square plate, 
simply-supported on all sides and subjected to biaxial inplane compressive stresses. 


7.9 Use Stowell’s approach to derive the governing equation for inelastic buckling when 
only o, and r,, are acting in the plane of a plate. 
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8 
Postbuckling Behaviour of Plates 


8.1 INTRODUCTION 


In Chapter 1, we discussed the buckling of columns. Experience has shown that a column 
fails when the critical load 1s reached. Experimentally too it has been shown that the strength 
of a column tends to zero at the critical load and a slight increase thereafter in the applied 
load is sufficient for the column to collapse. 

In Chapter 5, we showed that the behaviour of a plate is entirely different from that of 
a column because of the two-dimensional nature of the former. A plate starts to buckle when 
the critical load is reached. It is usually able to resist additional load thereafter and may 
not fail till the load applied is considerably higher than the critical load. This 1s so because 
a plate is supported on all sides. Such behaviour of a plate is of much consequence when 
the structural weight has to be minimized to safely carry a given load. For example, in an 
aircraft, the wing spar is enclosed within the wing surface. The spar is made up of flanges 
with a thin web. As the initial buckling load is reached, the web buckles, but then since the 
flanges support the web, the web can carry additional load. It has been observed that this 
excess load can be 20-30 times the initial buckling load. In structural engineering and when 
designing ships, the increase in the actual load carrying capacity is less impressive because 
b/t is quite large and is generally of the order of 2. Even in a stiffened structure, for instance, 
in the sheet-stringer panels of an aircraft, the ultimate load could be several times the buckl- 
ing load. 

In Chapters 5 and 6, we derived the equilibrium equation for the buckling of elastic iso- 
tropic, stiffened, and composite plates, assuming the deformations to be small. To take into 
account the large deformations which occur in the postbuckling range, these equations need 
to be modified. In this chapter, we shall do this and apply the governing equation so obtain- 
ed to some typical problems. 


8.2 GOVERNING EQUATION 


We shall derive here the governing equation for the postbuckling (finite deformation) of a 
thin plate. In doing this, we shall assume that the plate is subjected to all possible inplane 
stresses, namely, o,, 9,, and 7,y. Also, we shall treat as valid assumptions (i) and (ii) made 
in Section 5.2, except that the membrane stresses that develop due to the stretching of the 
midplane would no longer be negligible and would need to be incorporated in our analysis. 

As has already been noted, a plate element is acted upon by the stress resultants N,, Ny, 
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Nyy, and M,, My, M,y. Of these, the inplane quantities, namely, N,, Ny, and N,,, change 
because of the finite deformation; the moments, however, remain unchanged. Hence, the 
moment equilibrium equations (5.14) and (5.16) are still valid. 

Figure 8.1 shows the inplane forces acting on a differential element; in it, we have retain- 
ed only the first order terms. As depicted, in addition to the change in the slope, the internal 








Ow  d.dw 





ow  @_.dw 
By + By Gy? dy 
Fig. 8.1 Inplane Forces Acting on Plate Element. 


inplane stress changes when we move from one side of the element to the other. This change 
in the internal inplane stress results when the small deformation assumption is relaxed. 
In Fig. 8.1, 


g a 
* : * _. aed 
NE =Ne+ 3Ne dx, NF = Ny + ZN, dy, 


d 0 
Ny = Nay + 5>Nxy ax, Nyx = Nyx + gyNoe dx, 


aw* aw | a dw dwt dw , a dw 


The projections of the inplane forces in the X- and Y-direction are 





ow* ow Ow o2w ow 
*o cone exer * me — oma = 
(N; Bx Nx )dy+ [Nyx a> 4+ ay ax dx) Nyx5~] dx = 0, (8. 1a) 


ow* Ow Ow 62w 
na aT re * NOS 
(Ny By Nyv5y) dx + NeW, + ay Ox 





dx) — Nayse ] dy =0. (8.1b) 
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These, on simplification, yield 








“. ONxy _. 0, (8.2a) 
ON, sae: 
pt Gt 0. (8.2b) 


Since the inplane forces are inclined to the sides, there exists a transverse component of 
these forces along the Z-direction. This is obtained by taking the z-component of all the 
forces. The z-component of the force N, is 

dw zow* 
Nagy dy + Nx ay dy. 
Substituting for the quantities with an asterisk and neglecting terms of higher order, we get 


d*w ON, dw 
Nxzx9 aX ay x dy + Ae ax dx dy. (8.3a) 
Proceeding in a similar manner, we find the z-component of each of the forces Ny, Nx,, and 
Nyx (=Nxy) along the Z-direction is 








Nios W dx dy + me , o dx dy, (8.3b) 

Neyer dx dy 27 Ney o dx dy, (8.3c) 
dw a dw 

Neygenye dx dy + Tee dx dy, (8.34) 


The net vertical component of the inplane forces is 


o2w 02yw 
(Nix + Nyaa a + Neyo ay =—z-) dx dy. (8.4) 


Here, in view of Eqs. (8.2), the rest of the terms of Eqs. (8.3) are identically zero. Combining 
Eq. (8.4) with Eq. (5.27), we find the nonlinear equilibrium equation along the Z- 
direction is 


vow 02w o*w 


Dig + ges + Naya ~ Nva53 


Yy2 — 2Nxyx ys = 0, (8.5) 


where the coefficients N,, Ny, and N,y are not applied quantities as in Eq. (5.27). Instead, 
Nx, Ny, Ny here are the inplane forces generated as a consequence of the large deformation 
of the plate, and hence they vary from point to point within the domain of the plate. 
Equation (8.5) is a function of four variables, namely, w, N,, Ny, and N,y. In turn, each of 
these variables is a function of x and y. In order to solve this equation, we need additional 
equations involving these variables. As the deflection is large, the fibres, in addition to bend- 
ing, stretch, and hence the strain-displacement relations (5.22) need to be modified to take 
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stretching into account. Defining uo and vo as the displacements of a point in the middle 


plane, the normal and shear strains in the middle plane are 


= ow, 


€, ou (a, 


= ro ey 


a 4 0vo . Ow dw 
ray = ox ' ax ay’ 


Eliminating uo and vo, we get 


Bex | Bey ray _ (Wy _ aw Bw 
Oy? © ax? axdy ‘dx dy Ox? dy? 





(8.6a) 


(8.6b) 


(8.6c) 


(8.7) 


The strain terms in Eq. (8.7) can be eliminated by using the stress-strain relations. These 


relations can be written in terms of force per unit length as 


Et 
Nx = 7 yalex + vey); 


Et 
N, = Ta oil + Vex), 


Et 
Ne = 30 py 


Using Eqs. (8.8) and (8.2) in Eq. (8.7), we get 


L 2M 4 BN, _ Nay _ ¢ BW yy _ Bw dw 
Boy + id ~ -aeay ™ Gea” — Te Her 





In terms of the force function ¢(x, y), defined as 


Op 
N, = tay a 
ang 
Ny = t33 x2? 
oe. 
Nae sae Os oy’ 
Eq. (8.9) reduces to 
np a*d see Ap aw d2w 





oS 
it t Ox aye t HA Agar Fae x2 Oy? 
In view of Eqs. (8.10), Eq. (8.5) takes the form 
ow atw Ow t 06 dw dp dw ap dw 


aa ag a Ad ALD Sane ae 
Ox* Ox? dy2 ay D‘dy? dx2 * ax? dy? “Ox dy ax dy” 


(8.8a) 


(8.8b) 


(8.8c) 


(8.9) 


(8.10a) 
(8.10b) 


(8.10c) 


(8.11) 


(8.12) 
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Thus, the governing equations defining the postbuckling behaviour of an isotropic plate 
reduce to two simultaneous equations, namely, (8.11) and (8.12), in terms of ¢ and w. These 
equations were first derived by von Karman and are usually referred to as von Karman’s 
large deflection equations. In view of their complex nature, it is not possible to obtain a 
closed-form solution. Therefore, an approximate or a numerical method has to be applied. 
In the approximate method, a simple solution for w(x, y) satisfying the boundary conditions 
is assumed. This function, when substituted in Eq. (8.11), leads to a differential equation in 
¢. The solution for ¢ is then substituted in Eq. (8.12) to obtain a better estimate for w(x, y). 
This estimate, when substituted in Eq. (8.11), gives a better solution for ¢. The procedure is 
terminated when the desired convergence has been attained. This process, though simple to 
look at, is quite involved since the differential equations are partial and nonhomogeneous. 


EXAMPLE 8.] (Postbuckling behaviour of simply-supported plate) Consider a square plate 
simply-supported on all sides (Fig. 8.2). 





Fig. 8.2 Simply-Supported Square Plate under 
Uniaxial Compression. 


In Chapter 5, we imposed the boundary conditions only on the transverse displacement 
w(x, y). Here, since the equations are coupled, we need to prescribe, in addition, conditions 
on the inplane displacements. The conditions on w(x, y) are 


2 2 

w= Dest %sR=0 (x=0,4), (8.13a) 
o*w o2 

w= Dix + ven) =0 (y=0,a). (8.13b) 


As the edges are supported on all sides, these equations reduce to 


o2w 


v= ax = 0 (x = 0, a), (8.144) 
ew 
w= By? = 0 (y = 0, a). (8.14b) 
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The plate is supported in such a manner that the inplane displacements u and »v are not 
restricted. The possible inplane boundary conditions are 


Ny=0 or v=0 (y = 0, a), (8.15a) 
Nyxy = 0 (along all edges), (8.15b) 
N,=0O or u=0O0 (x = 0, a). (8.15c) 


Since the applied load is along the X-direction, u is not equal to zero, and since the dis- 
placement v is freely allowed, N, must be zero. Further, N,, is zero on all the edges. Thus, 
the inplane conditions reduce to 


Ny = 0 (y = 0, a), 


(8.16) 
Nyx, = 0 (x = 0, a, y= 0, a). 
In view of Eqs. (8.10), Eqs. (8.16) can be written as 
Od _ 
s$=0 (7 =0,2), (8.17a) 
ad os he 
dx dy = 0 (x = 0,a, y = 0, a). (8.17b) 


The method of solution we follow here is based on the work of A.S. Volmir (see Chajes [1]) 
and K. Marguerre (see Bleich [2)]). 
In terms of the nondimensional parameters € and y, defined as 


=x/a, 7=y/b, (8.18) 
Eqs. (8.11) and (8.12) can be written as 
a*d » ad 40d or, OW. 9? w 02w 
ae + 2p SEF dy + Pp a Ep GEG = de Oph (8.19) 
d4w otw Aw  t ,a*dd*w | d*hd?w a*hd = d?w 
ag + Pag aah + Pant = DP ane age + BE an? — 78E Oy OE Om iene 


where p (=a/b) is the aspect ratio of the plate. The boundary conditions, written also in 
terms of € and 7, are 


w(E, 9) = ~ (€ = 0, 1), (8.21a) 
mE =F (n=O, 0) (8.216) 
an iG (é = 0, 1), (8.21c) 
er = 0 (€ =0, 1, 7 =0, 1). (8.214) 
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Since we are considering a square plate with p = 1, we assume that, as the load reaches the 
initial buckling value, the plate buckles with one half sine wave along the é-direction and 
one half sine wave along the 7-direction. This assumption may not be true for other values 
of p (see Section 5.2). Thus, 


w(E, 7) = A; sin w7é sin 77. (8.22) 


This satisfies the boundary conditions (8.21a) and (8.21b) identically. Substituting relation 
(8.22) in Eq. (8.19), we obtain 


ad ag 


ao Aj al 
gpa + 2562 ant T Fy 





(cos? zé cos? 7 — sin? w€ sin? m7). (8.23) 


Using the trigonometric relations 
cos? 6 = 4+ 3 cos 28, sin? 6 = 4 — 4 cos 28, 
we find Eq. (8.23) reduces to 


ad atd 


= At ee 
ag + 252 Gn 


52 dn? + Fn! 





(cos 27€ + cos 277). (8.24) 


This is a linear nonhomogeneous partial differential equation, and its solution must satisfy 
the boundary conditions (8.21c) and (8.21d). Since the applied load is uniform with respect 
to 7, the complimentary solution of Eq. (8.24) can be written as 


$c = By7?. (8.25) 


The particular solution of Eq. (8.24) depends on the nonhomogeneous part of the equation. 
As this equation is linear, the particular solution can be written as 


Pp = C; Cos 2né + D, sin 277. (8.26) 


Substituting expression (8.26) in Eq. (8.24) and equating the coefficients of the same type, 
we get 


2 
pp = (cos 27é + cos 277). 
The complete solution is 
EAj : 
d = dp ot dc = 37 (cos 2né + cos 27m) + Bin . (8.27) 


The constant B, is obtained from the conditions on stress distribution that exist prior to 
buckling. Since the stresses are N, = 0, N,, =0, and N, = a constant, we have, prior to 
buckling, 


x dy2 a Ar? (8.28) 
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Substituting for ¢, from Eq. (8.26), we get 


a2 
Bi = —Ni. (8.29) 
Hence, 
2 2 
§ = T4'(cos 2né + cos 2mm) — NeSn?. (8.30) 


The constant A, is still an unknown. This can be obtained by substituting Eq. (8.30) in 
Eq. (8.12) and then solving for w(é, 7). This gives a highly complicated expression. As 
suggested by Chajes [1], an approximate solution to this expression can be obtained by 
using the Galerkin technique. In our context, such a solution is 


Let _ 
[ [, L(é, ng(é, n) dé dn = 0, (8.31) 


where L, obtained from Eq. (8.20), is 


AREn4t 


L(, ») = [44,Dz* — —] 





(cos 2#€ + cos 2mn) — N,a?Ain7] sin wé sin wn ~— (8.32) 


and g(é, 7) is the mode shape for w(£, 7). In Eq. (8.31), substituting for Z(é, 7) from 
Eq. (8.32) and writing g(é, 7) = sin 7é sin mn and integrating, we get 





4Dn2— E\Arat 
N= = te o (8.33) 


In Eq. (8.33), the first term corresponds to the initial buckling load [see Eq. (5.54)], and 
the second term gives the additional load the plate can resist because of the finite deflec- 
tion. Therefore, the average stress in the plate 1s given by 


Dn? EAja 
a*t 8a? © 





Ox, = 4 (8.34) 
Thus, the average stress in the plate in the postbuckling range is proportional to the square 
of the amplitude of deflection and increases as the deflection increases. As stated in 
Chapter 1, the behaviour of a plate is entirely different from that of a column. In the latter, 
the initial and postbuckling loads are the same, whereas those in the former are very much 
different. 

The foregoing analysis is applicable for stress levels within the elastic limit. Even with 
this limitation, it is possible to obtain postbuckling loads which are very much higher than 
the initial buckling load. This fact is made use of when designing an aircraft structure 
where weight minimization is extremely important. 

The longitudinal stress o,, is 


07d EA? N, 
Ox = — ant —_ “Bq? COS Amn + 
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or 
Oy = Oxg + (Cx — Scr) COS 27 (8.35) 
and 
1 026  EA?n? 
Cy =—=__ 7a ae? = 303 cos 2ré 
or 
Oy = (Gxq — Scr) COS 2xé. (8.36) 


Figure 8.3 shows the variation of o, and o, at the middle surface of the plate. We note 


irr. 
raat ls 


y 





Fig. 8.3. Variation of Stresses in the Middle 
Surface of Plate. 


from the figure that the stress o, which was constant across the width of the plate 
prior to buckling is no longer constant. Further, the ends of the plate withstand more 
stresses than the middle portion of the plate. This implies that, in the plate, the sides are 
stiffer than the middle portion. In fact, the change in stress in the middle portion before 
and after buckling is almost negligible. The stress o, is zero before buckling. However, 
after buckling, if the middle portion is constrained to remain straight, tensile stresses develop. 
It is these stresses that are responsible for the postbuckling strength of the plate. If the 
unloaded edges are not supported, then the postbuckling load is much smaller than that 
with supported edges. In practical situations, the edges are normally supported, for 
example, in sheet-stringer stiffened plate and web plate of J-section. 


8.3 ENERGY APPROACH 


As stated in Section 8.2, the differential equation approach becomes quite complicated 
when the postbuckling load of a plate has to be evaluated. In such a situation, as suggested 
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by Timoshenko and Gere [3], it is advisable that the Rayleigh-Ritz technique be applied. 
When using this approach, the deflection of the plate is determined from the condition of 
minimum strain energy. The strain energy of a plate is due to (i) the inplane stresses and 
(ii) the bending stresses. 

Strain energy due to inplane stresses 


The inplane stresses in a plate are o,, o,, and r,,. The strain energy U,, is then given by 


a b 
Un = ; | | : (o,€, + Oy + Tryyxy) dx dy. (8.37) 


Using Eqs. (8.8), we can write U,, in terms of strains alone as 
Et ef? l—v 
Un = | - | LEE G+ Wexey + F472) de dy. (8.38) 


Substituting the strain-deformation relations (8.6), we can express Eq. (8.38) in terms of 
Ug, Vo, and w as 





a Moya 12M )4 (oy so Uo Oa dv9, OW, 
Un= wm [| GP + ag + Gt G+ Fae) + EE) 
Ou Ovo a 2 OU ae 2 ow 2 2 l—vy oy 
+2 “nt By tt aay + HG +3 P+ C5 ie 
Gud 24 dw, 0W,, Ov9,_,0 72% dw ow’ Uy Ow dw 
+ (FP + GIG! + AGING) + 2 Fe Gp + Fy Fy Gy EY 
(8.39) 
The strain energy due to bending is given by Eq. (5.99). 
The total strain energy of a plate is given by 
U = U,+ Un. (8.40) 


The unknown constants in U, and U,, are determined from the condition that the strain 
energy U is a minimum. 


EXAMPLE 8.2 (Buckling load of rectangular plate) Consider a simply-supported plate 
compressed along the Y-direction and with no inplane displacement along the X-direction 
(see Fig. 8.4). Since the loading and the structure are symmetric, the coordinate system we 
choose is as shown in the figure. 

An approximate expression of the type 


TY 
w=A cos — =< ~ cos 


F ab (8.41) 


satisfies the boundary conditions exactly. The accuracy in this representation can be 
improved by taking additional terms in the series for w. (This is left to the reader as an 
exercise.) The boundary conditions for the inplane displacements u and v are 


u= 0 (x = +a, y= +5), (8.42a) 
v = constant (x = ta, y= +5). (8.42b) 
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Y 


Fig. 8.4 Rectangular Plate under Axial Load. 


The displacement functions that satisfy the inplane boundary conditions are 


- TWX wy 
Up = Cy Sin —- COS >; (8.43a) 
7X . Wy 
V9 = C2 COS 7a $10 a = ey. (8.43b) 


The second term in v9 satisfies the condition of uniform strain in the Y-direction. The 
expressions for strains €,, ey, and yxy in terms Of uo, vo, and w are given by (8.6). Further, 
the strain energy due to inplane strains is given by Eq. (8.39). Substituting for uo, vo, and 
w in Eq. (8.39), we get 


us es ain a fe 4 4 7X 4 ae 
C= Wo [. 7 [, [ci-5 or * cos 5 spt Ae sin 5a * cos ae <? 
Fost eee ~-)4 cost >~ sint > 
apa ON ag Coe eS Og ORY ag Ob 
A*c\73 ™X 27 27 A*con 7X my Ott 2 7y 
+ ag Soe a cos = ab Y sin oF ~ cos ab zt “gps S08 7, COS | cos* = = sin 3b 
Ar 3X 45 T , 7 7X ry my 
© G52 cos Aa sin aD Fe ieee ab cos Fa cos ab cos P 
7X vy m™X og mx . my 
— €cy = cos “= cos 5 et 44 Coop oA sin? 5g 00S 5p 00 S57 sins 


ey; cere ee, 5B 2 22 2%. cS 
4eA 4q2 sin 5q 8S a5 + 3A 75 00s 7a sin 7 7 cos — cos =» aR 
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ad — 


2X ox RY 
Yaz, sin aa sin > 





a a OD ene? cine 
+ tA 5 os sin? Fq COS Fp COS" 57 sin 5a} + 


2 n4 
+ cigg sin® — sin 6 + A Téa2b2 sin? = = cos cos > sin a5 


2 
+ 2e1erg sin 5 sin “ sin — * sin a 


— 2A? cag sin = cos oF cos = sin F sin rd 


3 
SOA t te ee eee ibd 
2Acs-5; sin — sin = cos = 5 ~ cos = 5 Y sin? aril dx dy. (8.44) 


The bending energy U, is obtained after substituting for w in Eq. (5.99). On integrating the 
result so derived, we get 


2p] “ 
U= as = — 26 + ni) 2 (8.45) 


Now, integrating Eq. (8.44) and adding the resulting expression to Eq. (8.45), we get 








n4abA2D 1 a2 A2ae a4 44 
Uma tat a " rae — abe wa a of ae) 
1—3 1— 3 —vb 
os tT tee + Py + ogg + ES) 
+ 32 + E28) + crested +») — A, (8.46) 


For a given value of «, the constants c;, c2, and A are determined from the condition that 
the strain energy U is a minimum. Thus, 


oU dU oU 
aq = 0 ae = 0, ae ai: (8.47) 


This results in 








Te “at +B Tre sal >t one 1+ 5% pt) 

= 5 7 Atos 5 e+ >) te re +- = = Aes) = 0, (8.48) 
= eae 41 ~ 4m 26(1 + v) =0, (8.48b) 
aes 2 ice = ay + c88(1 + v) = 0. (8.48c) 
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Since, for a square plate, a = b, c, = c, = c, we get, from Eqs. (8.48b) and (8.48c), 
2 
A (—4.112 + 2.4679) + c(23.984 — 0.690v) = 0. (8.49) 


Since, for most engineering materials, v = 0.3, Eq. (8.49) reduces to 





A2 
c= (0.1418)—-. (8.50) 
Substituting this value of c in Eq. (8.48a) for c; and c2, we get 
wa2AD 4 BAS a4 As 
ie a t 30 maa" a + 356a2 X20 
= vA x 0. 141826 + 
or 
A(4.06t2 — 6.42a7e + 5.688A7) = 0. (8.51) 


For a nontrivial solution, A + 0; hence, for a solution to exist, the quantity within the 
parentheses must be zero. Thus, 


A = V6.42a% — 4.0672. (8.52) 


Here, since A is real, only the positive sign is retained. Further, for A to be real, the 
quantity under the radical sign must be zero. This gives €,, as 


oe (0.632)... (8.53) 


This is the strain at which there is a finite deflection. 
The compressive load on the plate is 


b 
2 —/ oy dx, | (8.54) 


Oy|ymb = Taapllodns + v(Ex)yubl- (8.55) 


The inplane strains e, and e, at y = b from Eggs. (8.6), after substitution for uo, vo, and 
w, are 


€x|yab = 0, (8.56a) 
mr 1X 
€ylyab = — TAO. 418) cos ~ oe ae 5 2s cos? —— 5° (8.56b) 
Substituting for e,, from relation (8.53), we get 


E A 
Olyab = -—G[— yx 0.418 cos ~ — 0, 63245 Si ae cos? sl: (8.57) 
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Hence, for a square plate (i.e., a = b), 


_ 2 E aA? ax 1. 3 AP Rt - .Gomx 
pss —1[" (Lay ee cos 7a — (0.632) + > 4a cos 3a! dx 
Et A t?2 Arr? 


For more details on the postbuckling behaviour of plates, see Bleich [2]. 


8.4 ULTIMATE COMPRESSIVE STRENGTH OF FLAT SHEETS 


The foregoing analyses show that a flat sheet (plate) does not fail when the initial buckling 
load is reached. This is because the stiffening 
members are usually capable of resisting stresses 
higher than those corresponding to the initial 
buckling load. The ultimate load is, to a large 
extent, governed by the failure of a stiffening 
member itself. For example, in a rectangular 
plate simply-supported on all sides, the stress 
distribution across the width of the plate varies 
as schematically shown in Fig. 8.5. Here, the 
stress distribution across the width of the plate 
is indicated by lines 1 and 2. Line 2 gives the 
stress level at which the initial buckling takes 
place. As the applied load increases beyond 
this value, the stress distribution is as given by 
lines 3, 4, 5, and 6. It can be observed that the Fig. 8.5 Schematic Variation of Stress 
stress in the central region of the plate hardly across Width of Plate. 
increases beyond the initial buckling stress. 
Therefore, the plate can be thought of as composed of two strips, each of width, say, w,, on 
which a uniform stress o, acts. The total load carried by the plate is obtained from o,. 

To obtain the approximate value of w,, assume that the effective width of the plate is 
2w,., the plate being simply-supported on all sides and with buckling stress o,. From 
Eq. (5.59), oy is 





e, = KE), (8.59) 
where K = 3.62. The effective width w, then is 


We = 0.95 1 (8.60) 


The numerical factor in Eq. (8.60) is slightly higher than that determined experimentally. A 
relation of the type 


Wwe = 0.854 / = (8.61) 


Oy 
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satisfies the experimental data fairly accurately. Further, the effective width obtained by 
using Eq. (8.61) is lower than that calculated by exact analysis. However, from the design 
point of view, this is quite safe since it represents a conservative estimate. For a sheet 
supported on three sides and free on the fourth side, 


we = 0.601 |. (8.62) 
Ou 
On the basis of the analysis carried out for different values of the aspect ratio of a plate, 
Argyris and Dunne [4] have suggested several ways of obtaining the effective width. For a 
discussion on these methods, the interested reader may see Chajes [1], Bleich [2], Timoshenko 
and Gere [3], and Rivello [5]. Further, the method suggested by Peery [6] is also fairly 
accurate. 


EXAMPLE 8.3 (Buckling of sheet-stringer panel) Consider an axially loaded aluminium 
sheet-stringer panel simply-supported along the loaded edges and at the rivet lines and free 
at the sides (Fig. 8.6). Each stringer has an area 0.6 x 10-* sq m. We further suppose that 


-———0. 125 ————_>1 
025-0 #-0.025 





(a) Top view 


P 


ce 
a 


P 


(b) Front view 


Fig. 8.6 Sheet-Stringer Panel. 


panel 2 has the dimensions 0.25 m x 0.125 m x 0.001 m and is simply-supported on all sides, 
and that each of panels 1 and 3 has the dimensions 0.25 m x 0.025 m x 0.001 m and is 
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simply-supported on three sides and free on the fourth side. Taking E = 0.588 x 10!! N/m?2, 
we Shall determine the compressive load 


(i) when the sheet first buckles, 
(ii) when the stringer stress o, = 58.84 x 106 N/m?. 


(i) The initial critical stress o, for panels 1, 3 and 2 is 
Oc, , = KE(t/b) 


0.001), 
0.025 





= 0.385 x 0.588 x 10!! x ( 


= 3.53 x 107 N/m?, 


0.001 


aie 11 2 
Oc = 3.62 x 0.588 x 10! x (STF) 





= 1,363 x 107 N/m2. 


Thus, the sheet between the stringers buckles first. Just prior to this buckling, the entire 
width of the plate is effective in carrying the load. The area of the plate 


A = 0.175 x 0.001 + 2 x 0.6 x 10-4 = 2.95 x 10-4 sq m, 
and therefore 


P= 0,A = 2.95 x 10-* x 1.363 x 10? = 4020.85 N. 


(ii) For the postbuckling region, the load is calculated by using the effective width 
obtained by applying Eqs. (8.61) and (8.62). Thus, 


We, = 0.851 ie 


CO» 


= 0.85 x 0.001V/[0.588 x 10!4/(58.84 x 108] 
= 0.02688 m, 


We, = 0.6, 


= 0.6 x 0.001 [0.588 x 101!/(58.84 x 10%)] 
= 0.01897 m. 
The effective area of the sheet is 
A = 2(We, + 2We,)f 


= 0.917 x 10-4 sq m. 
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The total compressive load is 
P =o,(A. + 2 x 0.6 x 10-‘*) 
= 58.84 x 10°(0.917 + 1.2) x 10-4 
= 12456 N. 


As can be observed, the postbuckling load is three times the initial buckling load. 


8.5 ULTIMATE STRENGTH OF FLAT SHEETS IN SHEAR 


The postbuckling behaviour of a sheet subjected to shear loading (extensively investigated 
by Kuhn et al [7] and Van der Neut [8]) is similar to that of an axially compressed sheet. 
Examples of such a sheet are thin web of a spar and web of an /-section girder. In wing 
spars, which are not exposed to air stream, the webs at times are permitted to buckle at a 
small fraction of the ultimate load. This results in a minimum weight structure. 

In 1928, Hans Wagner demonstrated that a thin web stiffened by vertical members 
subjected to shear does not fail when the initial buckling load is reached. This is so because 
the applied load is transferred as a series of tension diagonals while the stiffeners take the 
compressive load. In arriving at his conclusion, Wagner assumed that the web is so thin 
that it cannot resist any compressive load. However, in a real-life structure, the webs do 
have some thickness, and hence a part of the applied load is resisted as shear stress and the 
remaining part as tensile stress. In order to appreciate and understand the behaviour of a 
tension field beam, it is worthwhile to know how a complete tension field beam behaves 
(see Peery [6] and Kuhn [9)). 


8.5.1 Complete Tension Field Beam 
Consider a beam with a very thin web (see Fig. 8.7). Assume that the entire bending load is 








»—r : 


Fig. 8.7. Diagonal Tension Beam. 









resisted by the flanges and the web resists only the shear. Also suppose that the web buckles 
into a series of diagonal elements, each of width unity. If we assume that the beam behaves 
like a complete tension field beam, then the stresses acting on a diagonal element are as 
shown in Fig. 8.8. 
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For the given beam, the shear force is constant along the length. Further, the shear flow 
q acting on the sheet is P/h and the shear stress at all points in the sheet is P/(hr). 


Or 





Cy 


Fig. 8.8 Stresses Acting on Element. 


The Mohr circle and the principal stress diagram for the shear stress distribution are 
shown in Fig. 8.9. This figure shows that this stress distribution results in o, and o,. If the 


C5 
serena 


oy 
= (| « 
0; Os; 
oO; 
= 
Tc 


iS 
Fig. 8.9 Mohr’s Circle and Principal Stresses. 


web cannot resist any compressive stress, then the principal stress diagram reduces to the 
one in Fig. 8.10. The consequence of this assumption is that we need to introduce additional 


o, = 0 


T 
Or 
o 
Or 
o, = 0 a 


Fig. 8.10 Mohr’s Circle and Principal Stress Diagram. 


normal stresses o, and o, along the X- and Y-direction. From the geometry of Mohr’s circle 
(Fig. 8.10), 


o, = 0, cot a, (8.63) 
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oO, = o, tan a, (8.64) 
20, 
= ae. (8.65) 





These additional stresses o,, o, generated get transferred to the flanges and vertical stiffeners. 
Thus, the flanges, in addition to the axial stresses they carry, have to resist the distributed 
stress o,. Further, if the beam is shear resistant, no load is carried by the vertical stiffeners. 
Otherwise, the vertical stiffeners have to resist an additional compressive load equal to oytb. 
The stress o, acts as a uniformly distributed load on the vertical members. This stress is not 
of much consequence to the central stiffeners because it acts on either side of these stiffeners. 
But for the vertical member at the end of the beam, this stress acts as an additional load. 
Thus, we observe that the flanges and vertical stiffeners have to be of a large cross-section 
to withstand the stresses that arise as a consequence of complete tension field assumption. 

In our discussion, we have assumed that the vertical stiffeners are symmetrically placed 
on either side of the sheet (i.e., web). If this is not so, then the compressive load, because 
of the stress o,, acts eccentrically on the vertical stiffeners. As a result, not only the compres- 
Sive stresses, but also the bending stresses, develop in the stiffeners. 

It is well-known that if a sheet is completely shear resistant, then the angle « at which 
the wrinkles are formed is 45°. However, when the stresses o, and ay, act, the value of « 
depends on the relative stiffness of the stiffener and the flange. For a technique to obtain «a, 
see Peery [6]. 


8.5.2 Angle of Diagonal Tension 


The beam shown in Fig. 8.7 is initially horizontal and when it is subjected to a tip load P, 
it undergoes a displacement along the Y-direction. This corresponds to a shear angle y 
which is constant along the length of the beam. The angle «, as already noted, is due to the 
shear buckling of the panel of the web (see Fig. 8.7). Hence, we shall consider only the 
shear deformation and neglect the bending deflection. The shear deformation y is due 
to (see Fig. 8.11) the elongation of the (1) vertical webs and flanges and (ii) web diagonals. 
To find the contribution of each of these, consider a panel of length d’(=d cot «) and depth 
d. The horizontal length of the panel is slightly different from @’. This difference is negligi- 
ble provided y turns out to be small. Assume that e,, ey, and e are the unit axial strains of 
the vertical, horizontal, and shear members, respectively. The deformation due to a vertical 
stiffener is e,d (Fig. 8.11la). Hence, the shear angle ; 1s 


d 
Vi= Zorg = & tan a. (8.66) 


Further, the axial deformation of the flange is «, d cot « (Fig. 8.11b). Hence, the shear 
angle y2 1s 


pee oo = €, cot a. (8.67) 





To understand the deformation contribution due to the web, consider Fig. 8.11c. Here, the 
length AB of the diagonal is d/sin «. Hence, the axial deformation CD is ed/sin «. Therefore, 
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d cot —e 


«xd Cot a ¥3 = Sin @ cos a 
(a) Stiffener (b) Flange (c) Shear web 
component component component 


Fig. 8.11 Components of Shear Deformation. 


the deformation BD is 
BD = ed/sin? a. 


Thus, the shear strain y3 is 


ed e 
¥3 Sqr gl (d Cot 8) = Se cos a” ie 


The total deformation y is the algebraic sum of the components 1, y2, and y3. Thus, 


e 
y = —ey tana —e, cota + Sin COS Oo. (8.69) 
The negative sign here indicates that the axial strains in the vertical stiffeners and flange 
members are generally compressive. 
The angle « is evaluated from the condition that the shear deformation y is minimum. 
This implies 
dy 


= 0. (8.70) 


From Eq. (8.69), dy/dx is 


dau cos? a ° sin2« cos? « = sin2 » 
or 


sin? a(e — e,) = cos* a(e — e,) 


POSTBUCKLING BEHAVIOUR OF PLATES 301 


or 


€—e€ 
tan? « = ———.. 


(8.71) 


The strains that develop in the members depend on the stresses which, in turn, depend on 
the load applied and the cross-sectional areas of the members. The stress in a sheet along 
the principal direction is o,. Hence, the axial strain e in the web is o,/E or 20, cosec 2a/E. 
Similarly, the strain e, is —o,b tan «/(A,E), where A, is the effective area of the stiffener. If 
we assume that the axial strain due to the flange members is negligible (this is generally so 
since the flange members are quite stiff), then 


cot* a = 2 + 1. (8.72) 


The effective area of the stiffener depends on the structural configuration. If the stiffeners 
are placed on either side of a web, then A, is equal to the actual cross-sectional area of the 
stiffeners. On the other hand, if the stiffeners are attached to only one side of a web, the 
load P due to oy, will not only cause compressive stresses but also bending stresses which, in 
turn, depend on the distance between the centre of gravity of the load and that of the 
section. Thus, the compressive stress is 


_ oytd (c,td)e?__ aytd e? __ aytd 
= A T Tere A [1 + jal ge A. 9 (8.73) 
where A, is 
A 
Ay = Sage (8.74) 


8.5.3 Semi-Tension Field Beam 


In Section 8.5.2, we assumed that the skin (i.e., web) is not capable of resisting any diagonal 
compressive load. This is generally not true since the web has some thickness. Therefore, 
the web resists the load partly as a shear resistant web and partly as a tension field web. 
A beam consisting of such a web is referred to as a semi-tension field beam. Examples of 
this beam are incomplete tension field beam and spar web. 

Our analysis of the semi-tension field beam here is based on an engineering approach. 
Assume that the web shares a part of the applied load as a complete tension field beam and 
the remaining part of the load as a shear resistant beam. If P is the applied load, then k,P 
is the load resisted as the complete tension field beam and (1 — k,)P as the shear resistant 
web. The diagonal tension factor k, is determined from an empirical relation. One such 
relation, derived experimentally by Kuhn [9], is 


k, = tanh (0.5 logio =), (8.75) 
scr 
where o, is the shear stress due to the applied load and o,,, is the critical shear stress for a 


panel whose size is the same as that of a panel of a semi-tension field web. Once k, is known 
from Eq. (8.75), we can find the distribution of stresses, and hence o, and o,,. 
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Figure 8.12 (top and middle) schematically shows the stresses acting on an element of 


Zak Ne — k,)o, 
walla Kos a (1 — ko, 


(SES. (1 — k,)eo,; 


Ck 


kyo, 


kyoy 
+ (1 —— k,)os 


Fig. 8.12 Stresses Acting on Element. 


= 
= 


(1 — k,)o, 


7 


k,o, a a (1 —, kos 


the web for the two parts of the applied load; the bottom of the figure shows the stresses 
resulting from the total applied load. 


For more details on semi-tension field beams, see Kuhn and Peterson [10]. 
EXAMPLE 8.4 (Axial loading in tension field beam) Consider the complete tension field 
web shown in Fig. 8.13. Assume thai the buckling angle a = 45°. Now, 
gta Sak 
°s ht 0.4 x 0.001 
Further, from Eqs. (8.63), (8.64), and (8.65), 
o, = 0, cot « = 107 cot 45° = 107 N/m?, 
oy = 0, tan « = 107 N/m?, 


20; 2 x 107 


pS. see Nae 7 2 
> Gade oo! 


= 10’ N/m2. 
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t= 0.001 





4000 N 
Fig. 8.13 Tension Field Beam. 


The shear flow in the web is 
Gs; = o,t = 107 0.001 = 104 N/m. 


The central stiffeners are subjected to the stress o, on both sides. However, the end 
stiffeners are subjected to the stress o, on only one side. Further, the stress o, acts on the 
flanges as a uniformly distributed load. The resultant of o, and o, is the compressive load 
on the vertical stiffeners. 

On the flange members, there is a shear flow q, (=10* N/m) in addition to oy, and at the 
ends of the flange members, there is an axial load due to the bending moment arising from 
the applied load P. 


Figure 8.14 schematically shows the loads acting on the flange members, central stiffeners, 
and end stiffeners. 


12,000 000 
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y 
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<< <——— 
8000 9g, = 104 N/m 2000 


Fig. 8.14 Schematic Distribution of Load. 
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EXAMPLE 8.5 (Loads in semi-tension field beam) Figure 8.15 shows a semi-tension field 
beam. The stiffener is attached to only one side of the web, its cross-sectional area and 
second moment of area being 0.62 x 10-* m? and 0.7 x 10-8 m4, respectively. The thickness 
of the web is 0.001 m. 


a 





-_ 


‘istliedsulicehclaiaie eal 


Fig. 8.15 Semi-Tension Field Beam under Tip Load. 


40,000 N : 


As discussed in Section 5.4, the buckling stress for the web can be obtained from 
Eq. (5.152). Further, since the flanges and the vertical stiffeners are rivetted to the web, the 
fixity coefficient for the sheet will lie between the fixity coefficients for the simply-supported 
and clamped edges of the sheet. For simplicity, we shall work with the average of the fixity 
coefficient values for the two extreme cases. 

Following Timoshenko and Gere [3], we have, for all edges simply-supported, 


K = 4.34 4+ aby (8.76) 


and, for all edges clamped, 


5.6 


Therefore, for this web with a/b = 2.0, we get K = 5.34 for simply-supported edges and 
K = 10.38 for clamped edges. Thus, we shall use the average of these two values, i.e., 
K = 7.86, in our calculations. Assuming that the web is of an aluminium alloy with elastic 
modulus E = 58.8 x 10? N/m+?, we get 


Oscr = 7.86 X 58.8 x 10? x Cony = 1.156 x 107 N/m2. 


The shear stress o, is obtained as 


_P_ 40000 
os = Fi 04x0.001 ~ 1 N/m. 


Since the stiffener is attached to only one side of the sheet, we need to estimate the effective 
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area A, of the stiffener. The stiffener radius of gyration is 


— [0.7x 10-8 2 
K = je = / 062x104 = 1.06 x 10-*. 


Let the eccentricity e = 0.001 m. The effective area A, then 1s 


ea oS 
area 0.001 ee m?. 

1.06 x 10-2 
Thus, 


td 0.001 x 0.2 


A. 0.37x 10-4 a 


Therefore, the diagonal tension factor k, is 
k, = tanh (0.5 log suse -~«) = tanh (0.5 logio 8.65) 
e810 17156 X 107 ae 


= 0.43, 
From Eq. (8.72), 


cotta 2+ 1 = 6.4. 


Hence, 
a = 32.16°, 
tan « = 0.6287. 
The stresses oy, o, are obtained as 
o, = k,o, tan « = 0.43 x 108 x 0.6287 = 2.703 x 10’ N/m?, 
o, = k,o, cot « = 0.43 x 10° x 1.59 = 6.579 x 107 N/m?. 


PROBLEMS 
8.1 The skin on the upper side of an aircraft wing 1s made of 24~ST Alclad material. 
Further, the stringer spacing is 0.12 m and the rib spacing is 0.5 m. Assuming the edges to 
be simply-supported between the ribs and stringers, find the compression buckling stress for 
the skin gauges (i) 5x 10-4 m, (ii) 10-3 m, and (iii) 1.5 x 10-3 m 


8.2 If, in Problem 8.1, the stringers are attached as in Fig. 8.16, what would be the 
compressive load 


(1) when the sheet first buckles? 
(ii) when the stringer stress 1s 62.78 MPa? 
(iii) when the stringer stress is 188.34 MPa? 
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Fig. 8.16 Problem 8.2. 


Assume that the sheet undergoes large deformation. 


8.3 Figure 8.17 shows a sheet-stringer panel. It is subjected to a uniform axial compression. 


| 0.08 | 0.25 | 0.08 a 


Fig. 8.17 Problem 8.3. 


The sheet is assumed to be simply-supported at the loaded ends and along the rivet lines, 
The sides of the end panels are free. Each stringer has an area 1.2x 10-4 sq m. Find the 
total compressive load P when the (i) sheet first buckles and (ii) stringer stress is 196.2 MPa. 
Assume E = 70.63 GPa. All dimensions are in metres. 


8.4 For the semi-tension field beam shown in Fig. 8.18, compute the flange and vertical 


| 
4 


50 KN 












Fig. 8.18 Problem 8.4. 


stiffener stresses. The stiffeners are placed on both sides of the sheet. The thickness of the 
sheet is 0.002 m and that of each of the stiffeners is 0.004 m. 


8.5 Figure 8.19a shows a complete tension field beam. The bending moment varies along 
the length of the beam (see Fig. 8.19b). Further, a stiffener is attached on either side of the 
beam. Determine the stresses in the flange and the vertical stiffeners if the thickness of the 
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skin is 0.0013 m, the width of the flange is 0.003 m, and the thickness of each stiffener is 
0.0015 m. All dimensions are in metres. 





7 Ew 


(b) 
Fig. 8.19 Problem 8.5. 
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Appendix I 


Constitutive Equations for Anisotropic Materials 


The generalized Hooke law relating stresses to strains can be written in the contracted 
notation as 


Gj = Cue; (Gi, J = l, eeey 6). (1.1) 
In the tensor notation, it is written as 
Ci; = Cijxr€x: (1, J; k, l= l, 2, 3): (1.2) 


Table I.1 shows the comparison between the tensor and contracted notations for stresses 
and strains. A general elastic material has therefore to be defined by 36 independent 


Table I.1 Comparison between Tensor and Contracted Notations for Stresses and Strains 





Stress Strain 
Tensor = ~—CCoontracted ‘Tensor —<CConttracted. 
notation notation notation notation 
O11 oO} €11 €1 
022 02 €22 €2 
033 G3 €33 €3 
723 = 023 4 723 = 2€23 €4 
731 = 031 os ¥31 = 2¢31 Es 
712 = O12 o6 Y12 = 2e12 €6 





constants. However, on the basis of strain energy, all the 36 constants are not independent. 
Consider an elastic material subjected to some external load. The work done per unit 
volume is 


W. = $C) j€;€;. (1.3) 
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Thus, 

OW. 

eo (1.4) 
Hence, 

(ce 

de; de; an Cy. (1.5) 


Similarly, it can be shown that 


a2W. 

de; de, I" 
Since the order of differential is immaterial, 

OFF = Chi. (1.7) 


This implies that the off diagonal terms are symmetric. As a result, the number of constants 
reduces to 21. The stress-strain relationship can then be written in matrix notation as 


fou) [ey Ciz cia Cra Cis Cre | fen) 


022 Ci2, C22,-« C23, Cog C25 C26 | | €22 
033 C13, C23, C3334 35 C36 | | E33 
b= { >, (1.8) 
023 C14. C24 034 C4 C45 (Cag | | 23 
O31 Cis C25 C35 Cas C55 C56] 1 ¥>5 
(O12) Cig C26 «(C36 Cag C56 Coe] LY125 


A material whose constitutive equations are given by (I.8) is referred to as an anisotropic 
material. Most materials, in general, are anisotropic. 

If a material has one plane of symmetry (1.e., Z = 0), the constitutive equations (1.8) 
reduce to (see Love [1]) 


Foun) C1 Ciz C13 O O ete] fen) 
522 Ci2 C22 C23 O O Crg | |€22 

fo33] C13 C23.:« C33 0 OO C56 | J 33 L (19) 
023 0 0 O Cy Cas O | | ¥23 
031 0 O O G5 Css OF} | Y31 


Loy ~=— Lets Cre C36 «8  —O Cop | Uva 


Such a material is called a monoclinic material and has 13 independent constants. Here, the 
normal stresses are related to the normal strains and to one of the shear strains. This implies 
that if normal stresses are applied to the material, the deformation then would be due to 


the normal and shear strains. 
If a material has two orthogonal planes of symmetry, then the constitutive equations 
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(referred to the principal material directions) are 











fou [en C2 3 O O Of} Fen) 
022 C2 C22 Coo O ODO O | jen 
033 C13 C23 C33 O O O | | 633 
a Pe (1.10) 
023 0 0 0 C44 '] 0 723 : 
031 0 0 0 0 C55 0 Y31 | 
| 





012) L9 0 0 0 O eee] iy12J 


Equations (I.10) define the stress-strain relations for a three-dimensional orthotropic material 
(e.g., wood and reinforced cement). As can be seen, in such a material, there is no interaction 
between the normal stresses and the shearing strains. Further, the number of independent 
constants is only nine. 

If at every point in a material there is one plane along which the mechanical properties 
are the same in all directions, then the material is termed transversely isotropic. In such a 
material, if (1-2)-plane is the plane of symmetry, then the subscripts 1 and 2 in Egs. (1.10) 
are interchangeable. Further, the constitutive relations are given by 


fon) [eu cr c3 O O 0 “| Fen) 
022 C12 «C11 «C23 0 0 0 | €22 
033 C13 C23 C33:«€©20—S OO 0 €33 
= a (1.11) 
023 0 0 0 C44 0 0 | Y23 
C31 0 0 0 0 C4a 0 | 


| Y31 
012) 0 0 0 0 O (i — C12)/2J Uri25 


Here, the material is described by five independent constants. 

If the material properties are the same in all the directions, relations (I.11) simplify to 
the isotropic material case where the number of independent constants is only two. The 
constitutive relations for such a material are given by 




















O11 [Cr C12 C12 0 0 0 "} fen) 
022 C2 Ci C12 0 0 0 €29 
4033 Ex Ci2, C12 Ct 0 0 0 ; €33 Lo (1.12) 
023 0 0 O (C1 — Cy2)/2 0 0 ¥23 
31 0 0 QO 0 (C11 — C12)/2 0 31 
LZ) |o0 0 9O 0 0 (Cir — C12)/2_| Uv12) 


Sometimes the inverse of the material matrix in relations (I.12) is needed. One source of this 
matrix is Jones [2]. 

In engineering applications, normally the material constants are available in terms of 
elastic moduli, Poisson’s ratios, and shear moduli. Following Jones [2], we can write the 
elements of stiffness matrix c;; for a three-dimensional orthotropic material in the 1, 2, and 3 
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coordinate system as 


fia 1 — v23v32 he 1 — v43V31 
REA * "EEA ”’ 
cay we L221 coy we V2 E V31¥23 _ V2 + vs2v13 
3 Ei Ed ”’ 12 E2E34 E\E,4 ”’ 
(1.13) 
c Vai b V2iV32 V3 + Y12V23 c V32 + ¥12V31 -Y23 e V01¥43 
6m E,E;4 ~ E, E34 : aos E\E,4 3 E\ £24 ; 


C44 = G23, Css = G31, Cog = G12, 


where 4 = (1 — vy2v21 — v23¥32 — ¥31¥13 — 2¥21V32V13)/(E, E23). 

For a three-dimensional isotropic material, the constitutive equations, after replacing in 
relations (1.12) the stiffness coefficients c,, by the engineering constants E, G, and v, can be 
written in terms of X, Y, and Z coordinate axes as 


E 
= + Ga ar + €xx), 
~ 1 + ae a a” + €yy), 


E v 
oe = TENT t tb 
(1.14) 


E 

xz = Gyx: = 21 1 v) XZs 
E 

Ty; = Gyyz — 20 + vy” 


E 
Txyy = Gyxy = 1 +)” 


where e = e€,, + €,, + €,;. 

A thin plate is essentially two-dimensional, and hence the constitutive equations reduce 
to those for a two-dimensional structure. Thus, for an isotropic material (X- and Y-axis 
coincide with principal material axes), 


E 
Cx, = Ta vile + veyy), Cy = = To yley + V€xx); 
. (1.15) 
Txy = Gyxy = 20 + v)"*”" 


In an orthotropic material, for a lamina in the L7-plane (Fig. A.1), the plane stress 
state is defined by setting 


ory = 0, trr = 0, tLr = 0. (1.16) 
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Fig. A.1 Orthotropic Lamina. 


For such a case, Eqs. (I.12) can be reduced by replacing cy by Q,; (only for a two-dimensional 
structure) to 


C oy [On Q2 OO |e, 
OT > =| On QO 0 [er q (1.17) 
zr) LO O Qe) iyzrs 


O,; for i, j = 1, 2, 6 with Q,¢ and Q2, equal to zero are written in terms of the engineering 
constants E,, Er, vzr, Grr as 


= Er Er 
Qu= 1 —vyprvrz’ Qn = T= YrLYLr’ 
(1.18) 
_  MerEr __—s YE —6 
O12 a a YETYTL ~, l aa YerYTL 066 LT 
and these engineering constants are related as 
ver/Ex = YrilEr. (1.19) 


Equations (1.17) are the constitutive equations in the principal material directions for an 
orthotropic material. 

In many materials, e.g., plywood where one 
layer of wood is placed on the other and the 
two layers are glued together, the orthotropic T 
axes do not coincide with the structural axes. In 
such instances, the constitutive equations about 
the principal axes have to be rewritten about L 
the structural axes. Suppose that the X- and Y- 
axis correspond to the structural axes and that 8 
the L- and 7-axis correspond to the principal X 
material axes (Fig. A.2). As shown in the figure, O 
6 is positive. Therefore, the stresses in the trans- Fig. A.2 Coordinate System for 
formed plane (see any standard text on mecha- Material and Structural Axes. 
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nics of materials) are 


[=| [ cos? 6 sin? 6 —2 sin cos 0] [oz | 
y+ = sin? 0 cos? 6 2 sin 8 cos 6 | or >. (1.20) 
UT xy | sin 6 cos 6 —sin @cos @ cos* 6 — sin? 6 | (zz7/j 


A similar relation can be written for the transformation of strains. Substituting the trans- 
formation equations (I.20) in Eqs. (I.17), we obtain 


fox FOn Diz Die] | “ 


ao =| On Oa Oy | = (1.21) 
lew} LOie Ore Decl Lye) 
where 
O11 = Qi cos* 6 + 2(Qi2 + 2Q¢6) sin? 8 cos? 6 + Q22 sin‘ 8, 
O22 = O11 sin* 9 + 2(Qi2 + 2Q¢6) sin? @ cos? 8 + Q22 cos* 8, 
Or2 = (O11 + Q22 — 4066) sin? 6 cos? 6 + Q1.(sin* 6 + cos* 6), a 


Ois = (Qi1 — Qi2 — 2g) sin @ cos? @ + (Qi2 — Q22 + 2Q¢6) sin? 4 cos 4, 
Ors = (Q11 — Qi2 — 2Q¢6) sin? @ cos 8 + (Qi2 — 22 + 2Q¢6) sin 8 cos? 8, 
Os = (Qi + Q22 — 2012 — 2Q¢e) sin? 6 cos? 6 + Qee(sin* 8 + cos* 6). 


The elements of the matrix in Eqs. (1.21) are termed as transformed reduced stiffnesses. It 
should be noted that this matrix is full unlike the matrix in Eqs. (1.17) where there are zero 
elements and only four independent material constants Q1;, Qi2, Q22, and Qgg. Since an 
orthotropic Jamina retains its orthotropic characteristics in the principal material directions, 
it is referred to as a generally orthotropic lamina. 

A composite laminate is made up of several orthotropic laminae, each having different 
material properties given by Eqs. (1.21). 
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Approach 
Bleich’s, 266, 270, 272, 276 
consistent, 53, 58 
dynamic (or vibration), 10 
energy, 2, 5, 102, 161, 289 
equilibrium, 2, 90, 95, 139 
geometrical, 123 
imperfection, 2, 8 
nonconsistent, 56, 58 
Stowell’s, 269, 274, 276 


Beam 

complete tension field, 297 

semi-tension field, 301 
Buckling 

elastic, 138 

flexural, 85 

inelastic, 68, 69 

load, 2, 79 

local, 1 

plate, 138 

post, 138 

torsional, 85, 90, 92, 93 

torsional-flexural, 85, 95 


Column 
beam, 113 
bent, 8 
cantilever, 25, 29, 57 
composite, 23 
eccentrically loaded, 10, 75 
effective length of, 80 
Euler, 5 
idealized, 2 
large deflection of, 20 
short, 68, 79 
simply-supported, 27, 36, 51, 52 
uniform, 11, 49 


with elastic support, 18 
Coordinate 

global, 209, 211, 214 

local, 209, 211, 214 


Design, 1 
optimum, 1 


Elastica, 20 
Element(s) 

bending, 209 

compatible, 45 

complete, 46 

conforming, 45 

membrane, 209 

rectangular plate bending, 212, 217 

triangular plate bending, 210, 215 
Energy 

potential, 6, 34, 46, 103, 161, 177 

strain, 6, 34, 46, 161, 176 
Equilibrium, 139 

inplane, 140 

moment, 144 

stable, 1 

transverse force, 141 

unstable, 1, 4 


Failure 
form, 1 
local, 138 
material, 1 
Formula 
Johnson’s parabolic, 81 
semi-cubic, 81 
straight line, 81 
Frames 
buckling of, 110 
multistoreyed-multibay, 129, 132 
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portal, 118, 121, 124, 127 
rigid jointed, 113 
symmetric, 117 
triangulated, 111 
two-storeyed, 129 

with primary bending, 127 


Length, effective, 110 


Load, critical, 1, 2, 4, 5, 9, 15, 17, 18, 19, 69 


Matrix 


thick isotropic, 195 
thick rectangular, 194 
thin, 138 
unstiffened, 139 
Potential, total, 6, 30, 31, 34, 46 


Rigidity 
bending, 85 
flexural, 2, 146 
torsional, 2, 85 


elastic stiffness, 48, 49, 50, 53, 58,212,217 Section(s) 


geometric stiffness, 48, 49, 51, 53, 55, 58 


reduced stiffness, 228 
Method 
Haarman’s, 123 
Rayleigh-Ritz, 29, 33, 104, 163 
Timoshenko’s, 25 
Mode 


antisymmetric, 122, 123, 126, 131 


symmetric, 122, 125, 130 
Modulus 

double, 69, 71 

elastic, 69, 85 

reduced, 69, 72, 74 

shear, 85 

tangent, 69, 71 


Plates 
circular, 139, 188 
clamped, 190, 194 
composite, 225 
nonuniform, 146 
rectangular, 139 
simply-supported, 191, 194 
square, 205 
stiffened, 139, 179 


channel, 85, 87, 97, 99, 104, 106 
doubly symmetric, 90 
H-, 85 
I-, 87, 90, 92, 93 
inverted 7-, 88 
stepped, 27, 32, 36 
unequal angle, 88 
unsymmetric, 100 
Z-, 87, 90 
Stability, elastic, 6 
Stress 
critical, 4, 152, 156 
normal, 139 
shear, 139 


Technique(s) 
approximate, 25, 163, 252 
finite difference, 37, 200 
finite element, 45, 200, 209 
Galerkin’s, 33, 36, 163, 252 
numerical, 37, 200, 278 
Torque 
applied, 89 
St. Venant, 85, 89, 102 
torsion-bending, 85, 89 


